On Fractal Properties for Pre-image Entropy

Abstract. Fractal dimension for pre-image entropy is introduced for
continuous maps throughout this paper. First we show the definition
of pre-image entropy dimension of a dynamical system from different
topological versions. Then we give those basic propositions of pre-image
entropy dimension and the formula for power inequality and forward
generator. Relationships among different types of pre-image entropy di-
mension are studied and an inequality relating them is given. Some ba-
sic examples are provided to compare those values of polynomial growth
type with the pre-image entropy dimension. After that, this study con-
structs a symbolic subspace to attain any value between 0 and 1 for

pre-image entropy dimension.

Key words and phrases fractal dimension, forward generator, polynomial growth type.

1 Introduction

Fractal geometry is a traditional approach that uses Mandelbrot’s original exploration
of self-similarity studies its properties, see [21]. A fractal is a geometric or disinte-
grate pattern that must be broken down into subparts, and individual reduced parts.
in order to maintain self-similarity, it look like to original one. Because the concept
of fractal dimensional issue related to the self-similarity is extensively used for iden-
tifying roughness, fractal dimension plays a crucial role in order to analyze complex
objects that are found in nature, but was failed to be analyze by Euclidian geometry.
Fractal dimension is an imperative aspect of fractal geometry that provides indicative
application in different research fields, including image processing, pattern recognition,
computer graphics and many more. Good references can be found in [11, 12, 20, 25].
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The complexity of the fractal set can be described by the value of entropy. Topo-
logical entropies represent the orbit complexity of a dynamical system (X,7T), where
T is a continuous map from the compact metric space X to itself, and have been ex-
tensively studied (e.g. see [9, 13, 18, 19]). This value measures the exponential growth
rate of the number of separating orbits for an arbitrary topological dynamical system.
Moreover, topological entropy is one of the fundamental dynamical invariants associ-
ated with a continuous map. These entropy invariants have been discussed extensively
and numerous early studies have been cited in [27].

When a mapping T is invertible, it is clear to show that topological entropy
hiop(T™1) equals hye,(T). However, if the mapping 7' is non-invertible, several possibil-
ities lead to entropy-like invariants for non-invertible maps. During 1990s, several au-
thors have studied entropy-like invariants for non-invertible maps. Particularly, Hurley
[17], Nitecki and Przytycki [24] give two point-wise entropies h,,(T") and h,(T"), which
are vaguely analogous to topological entropy. Cheng and Newhouse [5] later defined two
other such invariants, one topological and the other measure-theoretic in nature, and
proved a “pre-image variational principle” relating these two invariants. Pre-image en-
tropy takes past behavior into account through the backward mapping. A good survey
of pre-image entropy for continuous map can be found in [5, 17, 19, 22, 24, 28, 29].

Although systems with positive entropy are much more complicated than those
with zero entropy, zero entropy systems have various levels of complexity, and have
been studied by [2, 4, 8, 10, 15]. Previous authors adopted various methods to classify
zero entropy dynamical systems. For instance, Carvalho [2] introduced the notion of
entropy dimension to distinguish the zero topological entropy systems and obtained
some basic properties of entropy dimension. Ferenczi and Park [10] investigated a new
entropy-like invariant for the action of Z or Z? on a probability space.

Researchers have used several notions, including sequence entropy [14] and maximal
pattern entropy|[16] to analyze topological entropy zero systems. Pre-image entropy is
another fundamental dynamical invariant associated with a continuous map. This
type of entropy roughly measures the complexity of the structure of the map from
the backward orbit. Zero pre-image entropy generally means that the continuous map
exhibits a less complicated dynamical behavior everywhere at each backward orbit.
Motivated by the technique of entropy dimension [4], the similar approximation can be
discussed for zero pre-image entropy.

The purpose of this paper is to introduce the pre-image entropy dimension to quan-
tify the complexity of zero pre-image entropy measurable dynamics. It should be a
measure of the growth behavior of uncertainty from all backward orbits at each point.
Section 2 first defines the pre-image entropy dimension and then gives some properties
of it. Relationship among different forms of entropy dimension is discussed and section

3 obtains an inequality about them. This study considers some popular examples to



compare those values between polynomial growth type of pre-image entropy and pre-
image entropy dimension. Section 4 reveals if these values are the same or different.
Section 5 presents an example to show that every value in (0,1) can be attained by the
pre-image entropy dimension of dynamical systems.

2 Fractal dimension

This section introduces the upper and lower pre-image entropy dimension of a dynam-
ical system, and then gives those basic propositions of pre-image entropy dimension
and the formula for power inequality.

Note that for a nonnegative sequence {a, },>1, if

. 1 . .
lim sup — a,, is finite for s = s,
n—oo N°

with simple calculation, then the value of

) 1
limsup — a,
n—oo N

is zero for all s > s. If

lim sup — a,, = o0,
nS
n—oo

then

lim sup — a,, = o
nso

for all sg < s.
This indicates that the value of

lim sup — a,,
n—oo MN°
jumps from oo to 0 at both sides of one critical point s, which is similar to a fractal

measure and will be useful in the following. Reference materials can be found in [8, 26].

2.1 Some definitions

In this paper, a topological dynamical system (TDS, for short) is a pair (X, 7"), where
(X,d) is a compact metric space and 7' : X — X is a continuous function. Before
defining the notion of the fractal dimension of pre-image entropy for a TDS, recall
some notations of topological entropy. Given a TDS (X, T'), denote by Cx the set of
finite covers of X and C% the collection of finite open covers of X. Given two covers
U,V € Cx, note that U is finer than V if for every U € U, there is a set V' € V such
that U C V; this is denoted by U = V. It is obvious that U VYV = U and UV V = V if

3



Uvy ={UNV :UelU,V € V}. Given two integers m < n and a cover U € Cx, let
Uur =\, T7U. IfU € C§, then XU, A) denotes the number of sets in a subcover
of U with the smallest cardinality on the subset A of X. According to this definition,
it is obvious that X(U V V, A) < (U, A)R(V, A).

Topological entropy considers the complexity of a given system by forward orbits
on the whole space. This paper investigates the fractal dimension of pre-image entropy,
which considers the complexity of a given system by backward orbits at each point.
The definition can be given by using open covers as follows.

Definition 2.1. Let (X,T) be a TDS, U be a finite open cover of X and s > 0 be
a real number. The upper and lower s-pre-image entropy of T with respect to U are
defined as

n—1
D(s, T,U) = hmsup—log sup  N( \/ T=U, T %), (2.1)
n—oo N° zeX,k>1
and
n—1
D(s, T\U) = hmmf— log sup N \/ T=U, T %), (2.2)
n—oo n? TEX k>1

Here, T~*2 means T7%(z). When s = 1, D(s,T,U) is just the pre-image en-
tropy of T" with respect to U, (usually denoted by h,..(T,U)), see [5]. It is clear that
D(s, T,U) < D(sp,T,U) when s > sy > 0 and the graph of D(s,T,) against s shows
that there is a critical value of s at which D(s,T,U) jumps from oo to 0. Therefore,
define the upper pre-image entropy dimension of T' with respect to U from this critical
value by

D(T,U) =inf{s >0: D(s,T,U) =0} =sup{s > 0: D(s,T,U) = o0}
Similarly, the lower pre-image entropy dimension of T' w.r.t. U is
D(T,U) =inf{s > 0: D(s,T,U) =0} =sup{s > 0: D(s,T,U) = oo}

It is then clear that 0 < D(T,U) < D(T,U). If D(T,U) = D(T,U) = s, then this
cover U has pre-image entropy dimension s.

Definition 2.2. If (X,T) is a TDS, then the upper and lower pre-image entropy
dimension of T are defined as

Dyre(T) = sup{D(T,U) : U € C%}, (2.3)

and
D,,.(T) = sup{D(T.U) : U € %}, (2.4

It is clear that 0 < D (T) < Dpe(T). When 0 < D

—pre

D, (T)= D,ye(T), this value
represents the pre-image entropy dimension of (X,7") and is denoted by D,,.(T).
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2.2 Dynamical properties

The following propositions are the basic properties of pre-image entropy dimension in
the topological version. Statement 3 of the following lemma shows that the stability
property of upper pre-image entropy dimension of open covers is true.

Lemma 2.1. If (X,T) is a TDS and U,V € C%, then the following statements are
true.

(1) If U =V, then D(T,U) < D(T,V) and D(T,U) < D(T,V);
(2) For any 0 < m < n, we have D(T,U) = D(T,U") and D(T,U) = D(T,U");
(3) D(T,UV V) =max{D(T,U), D(T,V)}.

Proof. Since the proof is trivial for (1) and (2), we only prove (3) here. For any
nonnegative real number s with max{D(T,U ) D(T,V)} < s, note that

n—1
lim sup — log sup N \/ T7U, T %z) =0,
n—oo MN° zeX,k>1 )
and
1 n—1 ~ ;
lim sup —log  sup N(\/ TV, T "x) =0,
n—oo MN° zeX,k>1 i—0
which implies
1 n—1
limsup —log sup N( \/T UV V), T )
n—oo MN° zeX k>1 0,
1 n—1 1 n—1
< limsup —log sup ¥N( \/T"L{ T z) +limsup —log sup N( \/T WV, T ")
n—oo MN° eseX k>1 n—oo MN° reX,k>1

= 0
Therefore, D(T,U4 V V) < s. Since s is arbitrary,
D(T, UV V) <max{D(T,U), D(T,V)}.
From (1), we conclude that D(T,U V V) = max{D(T,U), D(T,V)}. O

Notice that if a, = logsup,ey 1 R(Vio, YT, T %), then {ay }n>1 is a monoton-
ically increasing sequence. Given a fixed positive integer r > 1, for any n € Z7, there
exists [ € N such that Ir <n < (I + 1)r. Thus,

(Ir)® ap air < an < (L+ D) a@py _ @4y

(L+1)r)s (Ir)s (I+1)r)s = ns = (Ir)s (L4 1)r)s (Ir)s
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which implies that

a”l’l/]‘

(2.5)

ap a . . pQp ..
lim sup — = lim sup and liminf — = liminf
n—oo ns n—oo (nT)s n—oo N’ n—oo (n’r)s

for any fixed positive integer 7.

Obviously, pre-image entropy dimension as defined above is an invariant of topo-
logical conjugacy. This value reveals to consider those two pre-image entropy zero
dynamical systems as being not the same or being not equivalent by different pre-
image entropy dimension. The basic proposition of pre-image entropy dimension is the
power rule. The inequality of the power rule can be shown as follows. The inverse part
of inequality is still unknown.

Theorem 2.1. For each positive integer r and 0 < s < 1, we obtain
D(s,T",U) <r*-D(s,T,U)

and
D(s, T",U) <r®-D(s, T,U),

for any U € C%.

Proof. First show that
r—1
D(s,T",\/ T~'U) = r* - D(s, T,U)
=0
for any open cover U of X. In fact, for each positive integer r and 0 < s < 1,

r—1 n—1 r—1

E(S,TT,\/T’Z'Z/{) = limsup log sup N( \/T mi( \/T U), T ")

=0 n—00 (m’) r€X k>1 i=0

nr—1

= limsup ——log sup N( \/T_IMT k)

n—0o00 (TLT) rzeX,k>1

nr—1

= rs~li£n_)s;1p (r): logxes;?}:xN \/ T—U, T %)

= 5. D(s,T,U) (using (2.5))

which implies
r—1

D(s, T"U) < D(s,T",\/ T~U) =" - D(s, T.U)
=0
for any open cover U € C%. The same arguments yield that

D(s, T",U) <7r*-D(s, T,U).



In a metric space (X, d), define the diameter of a cover U as

diam(U) = sup diam(A),
AeU
where diam(A) denotes the diameter of the set A. If U,V are open covers of X and
diam(U) is less than a Lebesgue number for V, then we have & = V. The following
lemma is a direct application of this fact.

Lemma 2.2. If (X,T) is a TDS and {U,} is a sequence of finite open covers of X
with lim diam(U,,) = 0, then

n—oo

lim D(T,U,) = Dp(T) and lim D(T,U,) = D,,.(T).

=pre
n—00 n—00

Except in very special cases, the pre-image entropy dimension cannot be easily
computed by using those definitions and results, see [6] for some results of computing
topological entropy. Thus, simplifying the definition is also important to us. Again,
assume 7' : X — X is a continuous map. A finite open cover U of X is a forward

generator for T if for every sequence {A, },>¢ of members of U, the set ()~ T "(Ay)

contains at most one point of X. See [3] and [24] for details.

Lemma 2.3. Assume T : X — X is a continuous map of a compact metric space
(X,d). Let U be a forward generator for T. For any e > 0, there exist N > 0 such
that each set in \/5:0 T7"U has diameter less than ¢.

A continuous map 7' from a compact metric space (X,d) to itself is said to be
forward expansive if there exist 6 > 0 such that, for any distinct = # y € X, the
forward images T"x and T"y are more than ¢ apart, for some n. The following lemma

is well-known, e.g. see [27].

Lemma 2.4. A continuous map T from a compact metric space (X,d) to itself is

forward expansive if and only if it has a forward generator.

Using the second item of lemma 2.2 and the above lemmas, the following conclusion
is easily obtained.

Theorem 2.2. Let T : X — X be a forward expansive continuous map of the compact
metric space (X,d). Then there exists a forward generator U such that D(T,U) =
Dyre(T) and D(T,U) = D, .(T).

=pre

3 Relationships among different definitions

This section discusses the relations of different definitions of pre-image entropy dimen-

sions.



3.1 Basic definitions

For convenience, we first recall some concepts and notations adopted by Dou, Huang
and Park [8]. Consider an increasing sequence of integers S = {s;}3°, = {s1 < $2 <
s3...}. For v > 0, denote

D(S,~) = limsup

n—00 (Sn)’Y

and

D(S,~) = lim inf #

It is clear that D(S,v) < D(S,4) if ¥ > 4 > 0. Similarly, graphs of D(S,~) and
D(S,~) against v show that there is a critical value of v at which D(S,v) and D(S,~)
jump from oo to 0. Therefore, the upper dimension of this sequence S is given by

ﬁ(S) =inf{y>0: E(S, v) =0} =sup{y>0: ﬁ(S, ) = o0}
and the lower dimension of S is defined by
D(S) =inf{y > 0: D(S,7) =0} =sup{y > 0: D(S,7) = oo}

It is then clear that 0 < D(S) < D(S) < 1. If D(S) = D(S) = v, this sequence S has
dimension 7.

The following discussion investigates the dimension of a special kind of sequence,
which we call the pre-image entropy generating sequence.

Let (X,T) be a TDS and U € C%. An increasing sequence of integers S = {s;}2, =
{s1 < s9 < ---} is a pre-image entropy generating sequence of U if

1 n
liminf —log sup N(\/ T=5U, T "z) > 0.
n—oo 71 reX k>l 2
Denote by E(T,U) the set of all pre-image entropy generating sequences of U and by
P(T,U) the set of sequence S = {s;}3°; = {s1 < s9 < ---} of Z* with the property
that

n

1
limsup —log sup N(\/ T—5U, T *z) > 0.

n—oo T zeX,k>1 i=1

In other words, P(T',U) is the set of increasing sequence of integers along which &/ has

positive pre-image entropy.

Definition 3.1. Let (X,T) be a TDS and U € C%. Define

DT, U) = SUpges(ran D(S)  if E(T,U)
o 0 if (T, U)

RN

0
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and

D(T.U) = SUDgep(Tu) D(S) ifP(T,U) #0 .
0 if P(T,U) =0

Similarly, define D (T,U) and D,(T,U) by changing the upper dimension to the lower

dimension.

Definition 3.2. Let (X,T) be a TDS, define

D.(X,T)= sup D.(T,U) and D,(X,T) = sup D,(T,U).
UueCS UueC%

Similar definition for D (X, T) and D,(X,T).

The following proposition shall explain why this study defines the entropy generat-

ing sequence as liminf instead of lim sup.

Theorem 3.1. Let (X,T) be a TDS. Then

_ 1 if P(TU)

D,(T.U) = 0 forU € C%.

0 if P(T,U)=10

Proof. Assume that P(T,U) # (. Thus, there exists S = {s;}32, = {s1 <sa < -} C
Z* such that

n

1
limsup — log sup N(\/ T~5U, T *2) =a > 0.
n—oo 1N zeX,k>1 i=1

Next, take a subsequence of positive integers {n;};>1 such that it attains the previous
limit superior. Without loss of generality, for each j € N, let’s assume that

(1) Nj+1 > 23nj;

(i) 71 > n1 + 20 (Rip1 — Sny)-

Otherwise, we can choose a subsequence of {n;};>1 to satisfy the above two conditions.
Put -
F=5uU{1,2,--- ,nl}UU{sni + 1,8, +2,- ,nit1}
i=1
To simplify, write F' = {t; < t5 < ---}, which implies that

1 " . log sup,ex o1 RV T75U, T )
limsup —log sup R(\/ T7%U, T *z) > limsu reX s =
n—»oopn ngX,Ezl (7\:/1 ) - j*}OOp |Fﬂ [0’1’ 7Snj]|
> i log Sup:véX,kZl N(V;’Zl T_Siua T_kx)
> lim sup
j—00 an
a
==>0
2 Y



where the second inequality follows from condition (ii). Therefore, F' € P(T,U). Since
njy1 > 2s,, for each j € N, it is easy to see that the upper density of F' is at least of
1, hence D(F) = 1. This implies D,(T,U) = 1. O

3.2 Relationships

In the following, those relationships among these different kinds of dimensions are
investigated.

Theorem 3.2. Let (X,T) be a TDS andU € C%. Then,
D (T,U) < D.(T,U) < D,(T,U) < D(T,U).

Proof. 1) D (T,U) < D.(T,U) is obvious by Definition 3.1.
2) To show that D.(T,U) < D,(T,U), it is sufficient to assume that D.(T,U) > 0.
Given 7 € (0, D.(T,U)). There exists S = {5;}2, = {51 < 85 < ---} € E(T,U)

with D(S) > 7, i.e. limsup, g = . Hence,

lim sup
n—+oo T + SrTL

~1. (3.6)

Let F =SU{|n7]:neN} Clearly D(F) > 7. Let F = {t; <ty < ---}. Then for
each n € N there exists a unique m(n) € N such that s, = t,,,). Since

1
{51,852, ,sn ) C{ti,ta, - st} S {51,582, ,snf U{lk7] : k <57},

we have n < m(n) < n + s],. Combining this with (3.6) leads to

I
1SLS£p m(n)

~1. (3.7)

This implies

! log sup,e y p>1 N(Vie, T71U, T ")
im sup
m——+oo m
. log sup,e x y>1 N(V;ign) T-%U, T *x)
> lim sup -
n—00 m(n)
. log sup,ex g1 NV T5U, T *z) n
> lim sup - )
n—oo n m
log su N, T—5U, T
> (liminf & SUPseX k21 (Vizy )) - (lim sup )
n—oo n n—oo 1M\1M
1 N\, T—%U, T*
_ hm 1nf Og SupIGX,]CZl (\/’L—l x) (by (37))

n—00 n

>0 (since S € E(T,U)).

)
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Thus, F' € P(T,U). Hence D, (T,U) > D(F) > 7. Since 7 is arbitrary, we obtain
D(T,U) < D,(T,U).
3) Assume by contradiction that QP(T ,U) > D(T,U). By assumption there exists
€ (0,1) such that D (T,U) > 7 > D(T,U). On the one hand,

hmsupilog sup  N( \/T U, T *2)=0 (3.8)
m—oo M" reXk>1 1
since 7 > D(T,U).
On the other hand, since D, (T,U) > 7 there exists S = {s; < sy <---} € P(T,U)
with D(S) > 7, i.e. liminf, 873 = 00. Hence, there exists ¢ > 0 such that - > for
all sufficiently large n. It follows that

log sup,e x x>1 NV, T7U, T k)

lim sup
m—00 mT

. log SUPgzex k>1 (\/Sn T-U, T~ x)

> lim sup
n—00 37,;
. log Sup,e y p>1 NV, T5U, T *z) n

> lim sup —
n—00 n ST
. log sup,e y g1 N(Vie, T7%U, T "z)

> lim sup e
n—o00 n

>0 (since S € P(T,U)),

which contradicts (3.8). O

Theorem 3.3. Let (X,T) be a TDS and U € C%. Then
D.(T,U) < D(T,U) < D(T,U).

Proof. By the definitions, it is clear D(T,U) < D(T,U). Tt suffices to show that
D (T,U) < D(T,U). Without loss of generality, assume that D_(7,U)) > 0. Other-
wise, there is nothing to prove. For any 7 € (0, D (T,U)), there exists S = {s1 < s2 <

--} € &(T,U) such that D(S) > 7, that is, liminf, .o § = co. Hence, there is ¢ > 0
such that 2 > c¢77, ie. s, < en+ for sufficiently large n.

For m E N with m > s, there exists a unique n(m) € N such that s, <m—1<
Sn(m)+1 < c(n(m) + 1)7. Since S € E(T,U),

m—1
hmmf—log sup  N( \/ T7U, T %)
m—oo M7 T€X,k>1
> liminf ———————1log sup N( \/ T=5U, T ")

m—oo ¢T(n(m) + 1) T€X k>1

1 1
> — liminf — log sup N\/T SSU, T *x) > 0.

T k—oo rEX k>1
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This implies that D(T,U) > 7. Finally, as 7 is arbitrary, we conclude that
D (T,U) < D(T,U).
m

Proving that D.(X,T) = D,(X,T) = D(X,T) requires the concept of “indepen-
dent” and some related combinatorial lemma.

Let (X,T) be a TDS. Let Ay, As,--- , Ay be k-subsets of X and W C Z,. Note
that {A;, Ay, -+, Ay} is independent along W if for any s € {1,2,--- ,k}" we have
Nuwew T~ Asqw) 7 0-

Next, recall the following lemma from [8].

Lemma 3.1. [§] Let (X, T) be a TDS and Ay, Ay, - -+, Ay, be k-pairwise disjoint non-
empty closed subsets of X (k>2), U = {AS,AS,--- AS}. ForTt e (0,1],0<n<T
and ¢ > 0 there exists N € N (depending on k,T,1n,c) such that if a finite subset B
of Zy satisfies |B] > N and X(\;,cz T~U, X) > e9PI" | then there exists W C B with
|W| > |B|" such that {Ay, Ag,- -+, Ax} is independent along W .

Let (X,T) be a TDS. Let Ay, As,--- , Ax be k subsets of X and W C Z,. We say
{Ay, Ay, -+, A} is pre-image independent along W, if for any s € {1,2,--- ,k}", then
Nuwew T Asw) T Fz # 0 for some k and z.

The following lemma is obtained by a proof similar to that of lemma 3.1.

Lemma 3.2. Let (X,T) be a TDS, and let Ay, Ay be 2-pairwise disjoint non-empty
closed subsets of X, U = {A§, A5}. For 7 € (0,1], 0 <n < 7 and ¢ > 0 there exists
N € N (depending on T,1n,c) such that if a finite subset B of Z, satisfies |B| > N
and N(V;cp T7U, T~ 2) > e“P" for some k and x, then there exists W C B with
|W| > |B|" such that {Ay, As} is pre-image independent along W.

Based on the lemma above, the following theorem holds.

Theorem 3.4. Let Ay, Ay be 2-pairwise disjoint non-empty closed subsets of a TDS
(X, T) andU = {A$, AS}. Then there exists a sequence F € E(T,U) such that D(F) =
D(T,U) when E(T,U) is nonempty. Hence, by Theorem 3.2, D(T,U) = D, (T,U).

Proof. If D(T,U) = 0 and &£(T,U) is nonempty, then any sequence in &(T,U) will have
upper dimension zero.

Assume that D(T,U) > 0 and let {r;} C (0, D(T,U)) be a sequence of strictly
increasing real numbers such that lim; ., 7; = D(T,U). Then, choose a > 0 so that

hmsup—log sup N\/T’L{T ) > a for j € N.

n——4oo N7 zeX,k>1
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Let 7,1 < n; < 7; for 7 € N. By Lemma 3.2, there exists INV; € N such that for
every finite set B with |[B| > N; and R(\/,., T-U, T *z) > ez!B1” for some z € X
and k > 1, we can find W C B with [W| > |B|" and {A;, A2} pre-image independent
along W.

Take 1 =ny < ng < --- such that (n;4+1 —n;)% > jn; + N; and

Tj+1 Nj+1—"Nj
sup  N( \/ TUT %) > sup N( \/ T7UT*z) > e5(njr1—n; )7
TEXEZL zEX k>1

for each j € N. For each j € N there exists W; C {n; + 1,n; +2,--- ,nj41} with
|W;| > (nj41 —n;)™ and {A;, Ao} pre-image independent along W;.

For each set W; and s = (s(2)).ep € {1,2}7, we can find a, € (), 5T *Asz) N
T *z; for some x; € X and k > 1. Let X; = {z, : s € {1,2}"Vi}. Tt is clear that for
any s € {1,2}"7 we have | Moew, T2 A5, NX;NT™ Fz;| = 1. Combining this fact with
1 X;| = 2Wil leads to

R(\/ 77U, T Fx;) > 27l (3.9)
zeW;
Put F = J;2, W; and write F = {tl <ty <ot For n € N with n > |W;]| there
exists a unique k(n) € N such that Z N Wi <n < Z W], Thus,

sup N\/T By, T*2) > max{ sup N( \/ T7U, T *x),

eX,k>1 . €X,k>1
* = z wEWHM

sup  N( \/ T7U, T *z)}

X k>1
N - weWk(7L)+1m{t17"' 7t7l}

> maX{Q‘Wk(n)|72”*ngi) Wiy (by (3.9))

k(n)—1

"—Zizl B ‘Wzl
>27 T
Hence,
1 g — SR W,
liminf —log sup N(\/ T7%U) > lim inf Z Wil log 2
n—+oo 1 z€X,k>1 =1 n—-+o0o 2n
k(n)—1 W
> liminf(= u) -log 2

n—+oo 2 B 2|Wkn |

SO (ny — y)

> liminf(= — log 2

> lim inf(; Ml 108
o] Mk (n)

> lim inf(= — log 2

Uy )

> liminf(: — —— -1 2—11 2> 0

=D T k() BT 2B E T
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This shows F' € E(T,U).
Note that
|Wi| + [Wa| + -+ + |[Wy]

m
lim sup —- > lim sup 7

m—+oo tm k—+o00 [W|+|Wa |4+ Wy
W W W W
Zlimsup‘ i +| 2‘,:_ -+ [ > lim sup’nk‘
k—+o0 Nt k—too Myl
> lim sup w > 1,
k—+o0 N

we have D(F) > n;. Hence, D(F) = D(T,U). This completes the proof.

Remark 1. 1. Lemma 3.2 and Theorem 3.4 are also true for the caseUd = { A, A, - - -

where Ay, Ao, -+, Ay are k-pairwise disjoint non-empty closed subsets of X.

2. Following the proof of Theorem 3.4, it is easy to show that

D(T,U) = D.(T,U);

3. Notice that D.(T,U) < D,(T,U). Hence, D(T,U) = D.(T,U) < D,(T,U).
Theorem 3.5. Let (X, T) be a TDS. Then,

1. Do(X,T) = D,(X,T) = Dp(T).
2. D,(X,T) < D(X,T) < Dpe(T) < D,(X,T).

where those notations come from definition 2.2 and 3.2.

4 Polynomial growth type

]

Another conjugacy invariant that measures the orbit complexity of a dynamical system

(X, T) is defined by the polynomial growth type in [1, 23]. With the same concept and

notation, the upper and lower polynomial growth types of pre-image entropy for TDS

(X, T) are defined as follows:

log sup, e x 41 R(Vicg T-U, T *x)

Poo(T,U) = lim sup

n—oo lOg n ’
and L
(1,04) = lim g 255 Peexiez MVicg U T7)
p""e s 00 10g n )
Set

14

PPTS(T) = Sup{FPTe<T7u) Ue CX} and Ppre( ) = Sup{Ppre<T7u) U e Cg(}u

7A2};



Since

. logn
lim
n—oo N’

=0, for any r > 0,

the velocity of n” to approach oo is much faster than that of logn. More precisely, it
is obvious if the pre-image entropy dimension D,,..(T) = s > 0 or D, (T) = s > 0,
then the value of Pp,.(T) and P, (T) is always equal to infinity.

Therefore, if D,..(T) = 0, then the cardinality sup,ecy > NV T7U, T ) is

bounded or goes to oo very slowly. Suppose the cardinality sup,¢ y y>1 2‘2(\/2:01 T~U, T ")

—pre

approaches oo as n — oo, it is meaningful to compare the velocity between logn and
n—1

log sup N( \/T U, T "z) as n — o0.

rzeX
The followmg calculations evaluate some basic examples.

(1) For the two-sided shift 7 on finite symbolic space X = [[* Y where YV =

{0,1,2,.... k},

DPT6<T) = Qpre<T) = Fpre(T) = Bpre(T) = O
(2) For the one-sided shift 7" on finite symbolic space X = [[>, Y where YV =
{0,1,2,...,k},

Dpe(T)=D,..(T) =1, but P,.(T) =P

pre pre

(T) = oc.

(3) Let T\(xz) = Amin{z,1 — x} be a family of functions defined on [0, 1], where
0 < A < 2. These functions are called tent maps.

When 1 < A <2,

Dpe(T) =D,..(T) =1, but P,(T) = P,..(T) = co.

—pre = pre

When 0 < A < 1, we can easily verify that T) is contractive, thus,

Dpre<T) =D (T) = ?pre(T) =P (T) =0.

=pre = pre

5 Conclusion

Zero pre-image entropy systems have various complexity. This paper introduces the no-
tion of pre-image entropy dimension to distinguish the zero pre-image entropy systems
and obtained some basic properties of entropy dimension. Thus, we can consider those
two entropy zero dynamical systems as being not the same or being not equivalent by
different pre-image entropy dimension. We conclude this section by constructing some
examples to show that every number in (0, 1) can be attained by the pre-image entropy
dimensions of the dynamical systems.
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Let T': X — X be a homeomorphism of the compact metric space X. Since the
pre-image of each point is only one point, it is trivial that pre-image entropy dimension
D,.(T) = 0. The Morse system also has zero pre-image entropy dimension, since its
complexity function has linear growth rate (see, for example, [14]). Given each value
between 0 and 1, this section will construct a topological dynamical system which

attains this value for pre-image entropy dimension.

Example 5.1. For any 0 < 7 < 1, there exists a TDS which has pre-image entropy
dimension T.

The TDS comes from a uniformly recurrent infinite 0-1 word constructed by Cas-
saigne, see [7]. The construction of the infinite word is as follows and all notations
follow from [8].

Let N* and {0, 1}* denote the collection of finite or infinite words over N and {0, 1},
respectively. The dyadic valuation word v is defined by the limit of a sequence of finite
words z;, where zyp = 0,21 = 1,241 = 2;j2;,7 = 1,2,---. Define inductively the
substitution ¢ : N* — {0, 1}* and the family (xy)ren of prefixes of the dyadic valuation
word v as follows:

0 1(0) = 0,0(1) = 1

e 11 is the longest prefix of v such that
[¥(xr)| < max(o™' (k+1) — 7' (k) = 1,0), where (t) = t7;

o for all j > 1, 1(2)) = ¥ (@ |10g5)) 00 (j) and P(2) + 1) = V(105 5)) 19 (j)-
Let u = ¢(v) and (X,T) be the TDS generated by u under the left shift. Note

that u is a uniformly recurrent word and its complexity pu(n) satisfies:
log pu(n) ~ T,

and for the forward generating open cover U = {[0]x, [1]x} of X,

n—1

log sup N(\/ T=U, T % z) = log pu(n)
i=0

zeX,k>1

Thus, it is clear that D(T,U) = D(T,U) = 7. Since U is a generator, we have that

D,..(T)=DT,U)=1and D, .(T)=D(T,U) = .

—pre
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