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Comparative Analysis of the Molodensky and
Kotsakis Ellipsoidal Heights Transformation between
Geocentric and Non-Geocentric Datums Models

ABSTRACT

The non-availability of ellipsoidal heights of local geodetic Datums has made it necessary for the
application of ellipsoidal heights transformation models to the available global ellipsoidal heights to obtain
their respective theoretical heights in local Datums. It is required to know the accuracy, as well as
reliability of any model of interest before its application. For that reason, this study comparatively
analyses the Molodensky and Kotsakis models for the transformation of ellipsoidal heights between
geocentric and non-geocentric Datums to determine the reliability of the Kotsakis model. The Global
Navigation Satellite System (GNSS) data of the used stations were processed in World Geodetic System
1984 (WGS84) datum to obtain their global geographic coordinates and ellipsoidal heights. The
coordinates, ellipsoidal heights and the transformation parameters between WGS84 and Minna Datums
were applied to the Molodensky and Kotsakis models to compute the Clarke 1880 theoretical heights of
the stations. The Molodensky model was used as a reference to which the Kotsakis model ellipsoidal
heights were compared to obtain the Kotsakis model ellipsoidal heights discrepancies, as well as
residuals. The residuals were used to compute the Root Mean Square Error (RMSE) of the Kotsakis
model. The computed RMSE, as well as reliability of the model is 1.244m. The study concluded that the
low reliability, as well as accuracy of the Kotsakis model might be as a result of the two rotation datum
shift parameters in it as they are the main differences between the two models.

Keywords: Datum, ellipsoidal, geocentric, Height, Kotsakis, model, Molodensky, transformation
1. INTRODUCTION

Practical height computation from the processed observed Global Navigation Satellite System (GNSS)
data requires the application of geoid height to the ellipsoidal height obtained from the processed
observations. Ellipsoidal heights are theoretical heights obtained from the GNSS observations, which are
measured from the surface of the reference ellipsoid to the observed point on the earth surface [1]. Non-
geocentric datum ellipsoidal heights are not readily available in most of the GNSS observation areas and
regions. Most GNSS height adjustments, as well as fitting during observations processing are done using
the orthometric heights of the existing control, used as reference station in the observation. However,
ellipsoidal heights are applied to the GNSS observation for theoretical height adjustment, likewise
orthometric height to spirit levelling for practical heights reduction. The orthometric heights are measured
along the gravity vector direction and referenced to the geoid, as well as the mean seal level [2]. The
ellipsoidal and orthometric heights have their respective reference surfaces. The erroneous use of the
orthometric height for the GNSS observations processing to obtain local ellipsoidal heights of points is as
a result of the unavailability of ellipsoidal heights in the observation area or region. The Clarke 1880
ellipsoid adopted for geodetic computation in Nigeria is flatter and bigger compared to the WGS 84
spheroid (see Figure 1). Nigeria is located between latitudes 4°N and 14°N, which is closer to the equator
than the North Pole. So, it is expected that the ellipsoidal heights computed on the Clarke 1880 are
smaller in value than those computed on the World Geodetic System 1984 (WGS84) ellipsoid.
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Fig.1. Relationship between WGS84 and Clarke 1880 ellipsoids

The local, as well as non-geocentric datum ellipsoidal heights can be obtained from the conversion of
ellipsoidal heights computed on the global, as well as geocentric (WGS84) ellipsoid. The conversion can
be achieved through the application of the 5-parameters Molodensky’s model [3, 4, 5] and the 8-
parameters Kotsakis model [6] for ellipsoidal heights transformation between the geocentric and non-
geocentric Datums, as well as reference frames. The Molodensky model involves the use of the 3
translation datum shift parameters, change in semi-major axis and difference in flattening between the
two reference frames, as well as ellipsoids while the Kotsakis model comprises 3 translation and 2
rotation datum shift parameters, change in scale, change in semi-major axis and difference in flattening
between the two reference ellipsoids. The Molodensky method was recently used by [7] for the
determination of the ellipsoidal height of the Nigerian geodetic/Minna datum and Root Mean Square Error
(RMSE) of 0.00m was achieved. The method was compared with other two methods and was
recommended as the best among the three methods. The Kotsakis method has not really been applied to
Nigeria. Here, the Molodensky method is used as a reference to which the Kotsakis method is compared
to determine its reliability. Consequently, this study comparatively analyses the Molodensky and Kotsakis
ellipsoidal heights transformation between geocentric and non-geocentric Datums models to determine
the reliability of the Kotsakis model.

2. METHODOLOGY

The adopted methodology involves the transformation of geocentric datum (WGS84) ellipsoidal heights
obtained from the GNSS observations to local ellipsoidal height in the Nigeria Minna datum using the
Molodensky and Kotsakis methods and comparing their results. The application of the two methods
requires the use of the 5-parameters Molodensky change in ellipsoidal height computation model, 8-
parameters Kotsakis model, datum shift, as well as transformation parameters between the WGS84 and
Minna Datums, and the two Datums, as well as ellipsoids properties (semi-major axis and flattening).

2.1 The 5-Parameters Molodensky Model

The 5-parameters Molodensky model used for the transformation of ellipsoidal heights between
geocentric and non-geocentric reference frames is [3, 4, 5, 7, 8]

ANycses =Ty COS@COSA+T, cospsin A +T, sin go—Aa(Ri] + Af (SJRN sinp (1)

N

Where,
T, , T, T, =Translation parameters between WGS84 and Minna Datum.
@, A = Geographic coordinates (Latitude and Longitude) of points.
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a = Equatorial radius of the Clarke 1880 ellipsoid.

b = Polar radius of the Clarke 1880 ellipsoid.

f = Flattening of the Clarke 1880 ellipsoid.

Aa = Change in equatorial radius between the two ellipsoids (Minna minus WGS84)

Af = Change in flattening between the two ellipsoids (Minna minus WGS84)

a
Ry = Radius of curvature in prime vertical = (2)
(L-e?sin? go)%
2 2
a“-b
e? = Eccentricity squared = 2f — f? = > (3)
a

b=a(l- f) (4)
Having computed Ahy5sg,, the non-geocentric (Clarke 1880) ellipsoidal heights ( hepe1880) are obtained
using [5, 7]

Nejarkersso = Mwasss + ANysss ®)

2.2 The 8-Parameters Kotsakis Model

The 8-parameters Kotsakis model used for the transformation of ellipsoidal heights between geocentric
and non-geocentric reference frames is [6]

h'—h=dh(t,) +oh(t,))+h(t,) +h(s,) +h(e, )+ h(HB) +

(6)
+ Sh(Sa) + Sh(sF)
Where,
()=t cospcosi 7
oh(t,) =t, cospsin A (8)
oh(t,) =t,sing ©)
o(e,) =—&,Ne’sin pcosesin A (10)
M(g,) =&,Ne?singpcospcosi (11)
Sh(®) = (AW + h)& (12)
oh(oa) =—-Woaoa (13)
() =28 D in2 o5 (1)
W

W =,1-¢e’sin’ ¢ (10)

N in equations (10) and (11) is the radius of curvature in prime vertical as given in equation (2)
The quanties Ja=Aa=a’—a and & =Af = f'— f correspond to the difference in the numerical

values for the semi-major axis and the flattening of the reference ellipsoid, as these are used in the
respective reference frames, GRF1 and GRF2 [6].

2.3 Transformation Parameters between WGS84 and Minna Datum (Clarke 1880 Ellipsoid)

The transformation parameters from WGS84 to Minna datum are [9]



T, =93.809786m+0.375857310m
T, =89.748672m £ 0.375857310m
T, =-118.83766m=0.375857310m
R, =0.00001082r829 +0.0000010311322 (12)
R, =0.0000018504213+ 0.0000015709539
R, =0.0000021194542+0.0000013005997
S=0.99999393+0.0000010048219

2.4 The Nigerian Geodetic and WGS 84 Datums

The Nigerian geodetic datum (Clarke 1880 ellipsoid) and WGS84 ellipsoid semi-major axes (a) and
flattening (f) are respectively [10] 6378249.145m and 1/293.465, and 6378137.000m and

1/298.257223563. Ja=Aa=a’'—a=112.145
S =Af = f'—f =0.0000547971395185F

2.5 Root Mean Square Error (RMSE)

The Root Mean Square Error (RMSE) of a model is computed to indicate its accuracy, as well as
reliability. Here, the RMSE is computed by comparing the transformed ellipsoidal heights obtained from
the two models using the Molodensky model as a reference. The computation of the RMSE of the
transformation model is done using [11]

RMSE = /EZef (12)
L)

Where,
2 2
e = (hMolodensky - hKotsakis)
h = Molodensky model ellipsoidal height

Molodensky
Nyowaris = Kotsakis model ellipsoidal height.
n = Number of points.

A total of 11 GNSS points located within Edo State were used in the study. The observation of the points
was carried out with 5 dual-frequencies GNSS receivers. The geographic coordinates and ellipsoidal
heights of the points were processed on the WGS84 ellipsoid using the Compass Post-processing
software as the study involves the transformation of global dataset to local. Table 1 shows the geocentric
(WGS84) datum geographic coordinates and ellipsoidal heights of the used stations.

Table 1: Geographic latitudes, longitudes and ellipsoidal heights of stations

WGS 84 Datum

Station Latitude (Decimal. Longitude (Decimal. Ellipsoidal Height
Degree) Degree) (m)
PBG134 6.649591731 6.452589697 288.3613
PBG135 6.649728933 6.453639294 287.9072
PBG137 6.668296786 6.569276181 79.7948
PBG138 6.668789994 6.569233031 79.3260
PBG139 6.668562142 6.569937992 75.3667
BEMG606 6.301587494 5.631167753 97.4262
ENV100D 6.302732483 5.631117192 96.5354




EDRPO1 6.078586636 5.668000589 58.5810
EDRP02 6.078633864 5.669642153 58.5242
UHA100 6.740425822 6.431753056 188.3327
UHA101 6.740359064 6.461059308 184.7541

The changes in ellipsoidal heights between the WGS84 and Clarke 1880 spheroids and the Clarke 1880
ellipsoidal heights regarding the Molodensky model were respectively computed using equations (1) and
(5) while those of the Kotsakis model were computed using equation (6). The computations were done
with computer programs developed in this study, as shown in Figures 2 and 3 for Molodensky and
Kotsakis models respectively. The reliability, as well as the root mean square error of the Kotsakis model,
was computed using equation (12).
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Fig. 2. Molodensky model change in ellipsoidal heights computation
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Fig. 3. Kotsakis model Clarke 1880 ellipsoidal heights computation
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3. RESULTS AND DISCUSSION

Table 2 presents the discrepancies in the ellipsoidal heights and Root Mean Square Error, RMSE of the
Kotsakis model. They were computed to show the range of the discrepancies, as well as the differences
in ellipsoidal heights between the two models and the accuracy of the Kotsakis model relative to the
Molodensky model. It can be seen from Table 2 that the minimum and maximum discrepancies of the
Kotsakis model ellipsoidal heights are -0.1775m and 1.7459m respectively. It implies that the Kotsakis
model ellipsoidal heights discrepancies range from -0.1775 to 1.7459m. The computed range is limited to
the used stations, as well as the location of the points (Edo State). | can also be seen in Table 2 that the
RMSE of the Kotsakis model is 1.244m which implies that the model has a reliability, as well as accuracy
of 1.244m. The low accuracy of the model might be as a result of the two rotation datum shift parameters
terms in it since they are the main differences between the two models.

Table 2. Transformed ellipsoidal heights discrepancies and RMSE of Kotsakis model

hocaLminna (M) DIFFERENCE/ DIFFERENCE

DISCREPANCY  SQUARED (m?
STATION heLosAL MOLODENSKY KOTSAKIS m) Q (m?)

MODEL MODEL

PBG134 288.3613 269.7339 268.2733 1.4606 2.1335
PBG135 287.9072 269.2811 267.8179 1.4633 2.1411
PBG137 79.7948 61.3100 59.5655 1.7446 3.0436
PBG138 79.326 60.8408 59.0971 1.7436 3.0402
PBG139 75.3667 56.8826 55.1367 1.7459 3.0482
BEMG606 97.4262 77.9814 78.1566 -0.1752 0.0307
ENV100D 96.5354 77.0894 77.2670 -0.1775 0.0315
EDRPO1 58.581 39.3993 39.0484 0.3509 0.1231
EDRPO2 58.5242 39.3447 38.9894 0.3554 0.1263
UHA100 188.3327 169.5986 168.3520 1.2466 1.5540



UHA101 184.7541 166.0600 164.7334 1.3266 1.7599

Kotsakis Model RMSE = 1.2443m

4. CONCLUSION

The study has comparatively analyzed the Molodensky and Kotsakis ellipsoidal heights transformation
between geocentric and non-geocentric Datums models and determined the accuracy, as well as
reliability of the Kotsakis model. The study has determined the range of the discrepancies of the Kotsakis
model limited to the used stations to be -0.1775 to 1.7459m. It has also determined the accuracy of the
Kotsakis model to be 1.244m. It again stated that the low accuracy of the model might result from the two
rotation datum shift parameters terms in it.
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