ON MOMENT CONVERGENCE RESULT FOR PROPERLY

NORMALIZED DELAYED SUMS

Abstract
Let{X,,n >1} beasequenceofindependentandidenticallydistributedrandom
variableswithacommondistributionfunction F.Let (S,) bethepartialsumsequence. Set

n+a
Th = Sn+a -Sn = D, Xk . ThesumT,iscalleda (forward)delayedsum.The present work
k=n+1

aims toobtainamomentconvergenceresultforthedelayedsumswhentherandom

variablesarein thedomainofnormalattractionofastablelawwithan indexa, 1 < a < 2.

This result plays a vital role in studying a local limit theorem.
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1.Introduction
Let {Xn , N 21} be a sequence of independent and identicallydistributed (i.i.d)random

variables (r.v.s)withacommondistributionfunction(d.f)F.Let (S, ) bethepartialsum

sequence. LetFbelongtothedomainofnormalattraction(DNA)ofastablelawwith

an indexa, 1 <a <2..Let{An,n>1}and{B,,n>1}bethesequencesof constants. Set
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n+a
Y, = Sn A, and Ty = Spya -Sp = D, Xk . Thesum T, is called a (forward) delayed sum and (an) be
n k=n+1



A a
a sequence of real constants with Lim sup—" < oo,
n— ol

WhenFbelongstothe DNAofastablelaw with indexa, 1 < a <2.0wen[8]
obtained a moment convergenceresult for (Y,). Considering the works of Owen [8], we
envisage thatthe moment convergence result holds for properly normalized delayed
sumswhentherandomvariablesarein the domainofnormalattractionofastablelawwithan index
o, 1 <a <2. This result plays a vital role in studying a local limit theorem.We follow the methods
and methodology of Owen [8].

In the next section, a needed lemmaand the main theorems were presented.
Throughout the paper c, with orwithoutasuffix,standforpositiveconstant.

2. Moment Convergent Result
Lemma
There exists positive constants k and |y, both independent of n, such that, for t > |,

{

T

n

k
1 >t]St_a (1)

nu
Proof

X, if [X|<tn’

Forfixedn and t>1, define Y,= : where r = n . Then we have,
0, otherwise

X;, if -tn'<X, <tn'

Yi:
0, if |X]=tn" or X; e(-oo,tnr]U[tnr,oo)

which implies



n+a, n+a,

DX, if -(a,-Dtn'< DX <(a,-tn’

i=n+l i=n+l
5 -
iThi n+a, n+a,
0, if > X <-@,-Dtn" or > X;>(a,-1tn’
i=n+l i=n+l

Let \/I = Xi - Yi’ Tl,n = Yn+l+Yn+2+ +Yn+an and T2,n = Vn+1+vn+2+ +Vn+an '

Observe that
T T n+a, ) n+a, )
{n—': >t}<:>{n—’;e((- w,t]u[t,oo))}@ D> X;<-tn" (or) D X;>tn 2)
i=n+l i=n+l

n+a,

>t}:{le“ <t (or) le” >t}:{niﬂ Y,<-tn" (or) >, >tn'} ©)

n n i=n+l i=n+l

{ Tin
n r

n+a, n+a, n+a, n+a, n+a,
and {T2n¢0}={2viio}—{z<x.-v.>¢o}-{ Py v}{ ¢ v.:o}

i=n+1

i=n+1 i i=n+1 i=n+1 i=n+1

From the definition of Y;, we have

n+a, n+a, n+a,
{Z Y, =o}@{ > X, <—(a -1’ (or) ¥ X,>(an-l)tn'} 4)

i=n+l iI=n+1 i=n+1

Bythearguments (2),(3) and (4),we getthat
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=a,P(X.- Y1 # 0)=a,P(Y; = X1)=2a,P(Y,=0) =anP(|x1| >tnr), by definition of Y;.
SinceX, ’sareindomainofnormalattractionofastablelawwith index
o ,1<0<2,wehave,forsomeconstantc>0suchthat

F(x) <c|x|” ,if x<0 and1-F(x)<cx®,if x>0 (6)



Since lim supa—n < oo and using (6), one can find some constant c;> 0, such that
n
n— oo

P(T20#0)=a,P(|x:| >tn")D ti%<%
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positive constant. Observe that
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There exists a constant cs> 0, independent of n, such that V(Y1) <cs(tn")*™.

Tl,n — 1-2r 1-2r ry2-o 2-0
\Y o =n7V(Y)) < nc(tn’)™ < ct™. From (8) and (9), we get,
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If we let k=cs(1-B)?+c;, then (7) and (10) give the result.
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C l,™ .
=-00+|f I—é +00 +(C, 2—, again,by Lemmal, we have
o-q
0

» c
=13 (cz + q—zj
a-q

Now quP( -rll-

_n
r

< xj < 1M+ 150 (c#ﬁ) Letting Q =1,"+ 15" [cgﬁlgives(ll) and with
o-q

g=1, equation (12) follows from (11).
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Inparticular,whenqg=1,byobservingthattheuniformintegrabilityof|T,|
impliesthatofT,andagainappealingtotheconvergencetheorem,page183,Loeve [6],

(14)getsestablished.



3. Conclusion

In this work, we established amomentconvergenceresultforthedelayedsums
whentherandomvariablesarein thedomainofnormalattractionofastablelawwithan index

a, 1 <a <2. This result plays a vital role in studying a local limit theorem. See SujitK. Basu [7]
and GootyDivanji and TadewasKoroto[2].
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