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ABSTRACT |

We give a tempered distribution analogue of the Tumarkin result that concerns approximation of

some functions by sequence of rational functions with given poles.
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1. INTRODUCTION

For the needs of our subsequent work we will define the Blashcke product in the upper half plane I1* ,

[T = {z € C|Imz > 0}. Assume

Yn .
——— <00, Z, = X, + iy, € 1T 1.1
z 1 + |Zn|2 n n Yn ( )
n=1
Then the Blaschke product with zeros z, is

_n\m 2 _
B(Z) — (2) H;o:l (lZn+1|)Z Zn 7€ H+ (12) ,

z+i z2+1 z-7,’

Let
Zk,) Zky» ...,szk,k =12,..,Imz #1,Ny < o (1.3)

be given complex numbers. Some of the numbers in (1.3) might be equal and also some of them might be equal to oo( in

that case Imz = 0)

Let Ry be the rational function of the form

cozP + ¢yzP7 4 4 ¢

Ri(@) = (z - zkl)(z - Zkl) w(z= anp)

,Z € 11T, (1.4)



whose poles are some of the number in (1.3) and ¢, ¢y, ..., ¢, are arbitrary numbers (if some Zy;=oo, then in (1.4) we put
linstead z — zy,).

All z,, for which Imz,, > 0, will be denoted by z; , and all those z,, for which Imz,; < 0 will be denoted by z’.

Let
Imzy. (—Imzﬂ, )
Sll( = Zlle and Sll<, = Zlflz
1+|zki | 1+ Zki
With (1.5) we denote the following conditions
Iim Sy < oo, IimSy = o. (1.5)
k— o0 k—co

Let By ebe the Blaschke product whose zeros are the numbers, Zi s Ziys ooes Zka’ from the numbers (1.3), k = 1, 2,

3,.... Assume (1.5). Then u(z) = lim log|By(z)| is subharmonic on I* and differs from -0. Let u(z) be the

k—oo
harmonic majorant of u(z) in I*. Since p(z) < 0 we have that u(z) < 0. Let ¢(z) = e" @@ where v(z) ) is

the harmonic conjugate of u(z).

2. RESULTS

Theorem 1. [4] Assume that (1.5) holds and that ¢ is as above. For a continuous function F on R there exists a
sequence {R)} of rational functions of the form (1.4) which converges uniformly on R to F if and only if F coincide almost
everywhere on R with the boundary value of meromorphic function F on IT* of the form

F(z) = ﬂ ,Z
B(2)$(z)

where { is any bounded analytic function on IT*.

€I+, (1.6)

Let 0 be a nondecreasing function of bounded variation on R. By Lp (dc, R), p > 0 is denoted the set of all

complex valued functions F, for which the Lebesgue-Stieltjes integral exists i.e. fR |F(x)|Pdo(x) < oo.

With (1.7) we denote the following condition:

logo* (x)
—— > — 1.7
J > (1.7)

1+ x2

Theorem 2. Assume (1.5) and (1.7). For a function F € LP(dao,R),p > 0 there exists a sequence {R,} of

rational functions of the form (1.4) such that



limy 00 fR |F(x) — R (x)|Pdo(x) = 0 if and only if F coincide almost everywhere on R with the boundary

value of a meromorphic function F on I1* of the form (1.6), where B and ¢ are as in theorem 1, and y is analytic function
on 1" of the class N*.

Note. N*is the class of all analytic functions on N* which satisfy the following condition

lim

y—-0t

log*|f(x + iy)| log*|f(x)|
[ e [ IO,
R 1+ x2 R 1+x?

S = S(R™) denotes the space of all infinitely differentiable complex valued function ¢ on R™ satisfying
suptern|tPD*@(t)| < o0
for all n-tuple a and g of nonnegative integers. Convergence in S is defined in the following way: a sequence {(p;t} of

functions @3 € S in Sas A = Ay if and only if

lim sup|[tPDE[@x(t) — @(®)]| = 0
}\—)}\0 teRN

for all n-tuple a and g of nonnegative integers.

Again, S’ is the space of all continuous, liear functionals on S, called the space of tempered distributions.

The space S’ is called the space of tempered distributions. We use the convention (T, @) = T(¢) for the value of the
functional Tacting on the function ¢.

Let @eS and f(x) € Li,.(R™). Then the functional Tf on S defined with

(Tp, ) = jR PO ges,

is an element in S’ and it is called the regular distribution generated by the function f.

Let fis a locally integrable function on R. With T; we denote the corresponding regular distribution defined by

(Tp, ) = jR f0e()dx,  @ES.

Theorem 3. Let zy , z,, ""Zka’k =12,..,Imz # 1,N, < oo, are given complex numbers which satisfy (1.5) and F
be of the form (1.6) (as in Theorem 2). Let Tg+, F* € LP(R), be the distribution in S’ generated by the boundary value
F*(x) of F(z) on 1*.

Then there exists a sequence, {R}}, of rational functions of the form (1.4) and, respectively, a sequence of
distributions {TRk}, Tg, € S’ generated by Ry, satisfying

(i) T, = Tpr, k> 00in &

(i) Tm [* [R(x)IPlo(x)] dx < o, forall @eS.
n—-oo

Proof.



(i) General idea is to prove the convergence in S’ in weak sense and to use Banach Steinhaus theorem to obtain
the strong convergence (note that the space S is of second category).
We start with applying Theorem 2, and obtain a sequence {Ry}, of rational functions of the form (1.4) for which the

following holds
lll_r)gloL |F*(x) = Rg(®)|Pdx = 0. (2.1)
Triangle inequality implies
IRellioe) = (fy IReGOIPAG(9 )P =(f, IRe(x) = F*(x) + F*(9)Pdo(x) )

< (Jg IR(®) = F*(x)[Pdo(x) )% + (f IF*(x)|Pdo(x) )% <,
Hence Ry (x) € LP(R).

Now choose arbitrary €S and fix it. We denote with q the Hélder conjugate of p, i.e.
1 1
—+—-=1,
P q
1 1
[ 10000 < [Ireecadx = ([ 11PaP ([ locordx)s
R R R R

for arbitrary function f € LP, ¢ € S.

We use the previous and obtain

[(Treo @) — (Tee, @)] = |/ Ri(®) @®)dx — [ F* () p(x)dx|

= |17 [R(®) — F* )] dx| < [° |Ry () — F*(0) () dx

1

(e oGl dx)*

LA IEY

< (f IR - F* QI dx)

1
<M (f, IRk = F* (0l dx)’ = 0, (2.1) when k — oo,

In the previous calculations we used M = sup{lgo(x)llx € R} which is obviously finite since the inclusion S L7 is

continuous and dense for arbitrary 1 < g < oo . The discussion on the start of the proof implies the claim or Tg, — T-,

k — o in S’ in the strong topology.

(i) Let @€eS be arbitrary and fixed. Then Minkowski inequality implies



1 1
(f |Rk<x)|pcp(x)dx>psm<f |Rk(x)—F*(x)+F*(x)|pdx>p
R R
1

1 p
sm(f IRk(X)—F*(x)lpdx>+M5<f |F*<x)|pdx) 1+,
R R

1

The integral I; tends to 0 when k — oo which implies that fR IRkX) P (x)dx < MillF"‘llp + C, for arbitrary k € N.

The latter implies (ii).

3. CONCLUSION

We were able to consider (tempered) distribution variant of Tumarkin result concerning approximation with rational
functions. We embed LP functions continuously into S” in a natural way and consider analog result, but now for their
representation in S’.
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