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Abstract

Analytic dependence on a complex parameter appears at many places in the
study of differential and integral equations. The display of analyticity in the solution
of the Fredholm equation of the second kind is an early signal of the important role
which analyticity was destined to play in spectral theory. The definition of the
resolvent set is very explicit, this makes it seem plausible that the resolvent is a well
behaved function. Let T be a closed linear operator in a complex Banach space X.
In this paper we show that the resolvent set of T is an open subset of the complex
plane and the resolvent function of T is analytic. Moreover, we show that if T is a
bounded linear operator, the resolvent function of T is analytic at infinity, its value
at infinity being 0 (where 0 is the bounded linear operator 0 in X). Consequently,
we also show that if T is bounded in X then the spectrum of T is non-void.
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1 Introduction

The display of analyticity in the solution of the Fredholm equation of the second kind is
an early signal of the important role which analyticity was destined to play in spectral
theory. The utility of analytic functions and the calculus of residues in connection with
expansion series of spectral functions has been known since the work of Cauchy [6], [7]
and [1] . The uses of analyticity in operator theory were originally apparent in a classical
context which required no recognition of analyticity in any sense other than what was
entailed in speaking of complex valued analytic functions of a complex variable. This
was so because the differential and integral operators under consideration were acting
on numerically valued functions. For example, in the solution of the Fredholm’s integral
function, the function D(s, t : λ) is a numerical function of s, t and λ [10]. A significant
progression has been made towards a conscious recognition of the concept of an analytic
function with values which are not merely complex numbers but are, instead, elements of
a function space, or space of an operator, or even abstract.

Definition 1. Let X be a complex normed linear space and T a linear operator in X.
If λ ∈ ρ(T ), we represent the continuous inverse (λI − T )−1 by R(λ : T ) and call it the
resolvent (at λ) of T . The domain of the resolvent function R(.;T ) is ρ(T ) (Obviously,
its range is in B(X)).

If X is a Banach space and T is closed, then for each λ ∈ ρ(T ), R(λ : T ) ∈ B(X) and thus
for each λ ∈ ρ(T ) the operator R(λ : T ) determines a one-to-one correspondence between
DT and RλI−T = X. However, in the case of an arbitrary linear operator T , the domain
of R(. : T ) is still ρ(T ), however the values R(λ : T ) for each λ ∈ ρ(T ) are bounded
linear operators whose domains are dense in X; it does not follow that R(λ : T ) ∈ B(X)
for λ ∈ ρ(T ) in the general situation. We wish to emphasize that our interest ahead lies
mainly in situations where X is strongly complete (this of course means H = K, a Hilbert
space in our context). For a closed T , the resolvent set ρ(T ) is an open subset of C (see
proposition 3 ahead). Thus the resolvent function R(.;T ) is a particular case of a function
Q whose domain is an open subset of the complex plane and whose values are elements
of B(X), that is, Q is an operator-valued function and DQ is an open subset of C. Before
defining analyticity concepts in the case of such functions, we prove some useful results
connected with the resolvent function. Most of the definitions and theorems can be found
in [2], [5], [8], [9] and [4]

1.1 The resolvent function

Proposition 1. Let T be a closed linear operator in a complex Banach space X. If
λ, µ ∈ ρ(T ), then

R(λ : T )−R(µ : T ) = (µ− λ)R(λ : T )R(µ : T ) (1.1)
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R(λ : T )R(µ : T ) = R(µ : T )R(λ : T ) (1.2)

Proof. R(λ : T ) = R(λ : T )(µI − T )R(µ : T )
=R(λ : T ){(µ− λ)I + (λI − T )}R(µ : T )
=(µ− λ)R(λ : T )R(µ : T ) +R(µ : T )

Although DT need not coincide with X, the distributive laws for operator multiplication
hold in the situation considered here, as may be checked directly; also

R(λ : T )(λI − T ) = IDT
, (λI − T )R(λ : T ) = IX .

By interchanging λ and µ in 1.1, we get
R(µ;T )−R(λ;T ) = (λ− µ)R(µ;T )R(λ;T )

Comparing this relation with (1.1), we get at once relation (1.2).

The commutativity relation (1.2) is a special case of the following general result:

Proposition 2. Let X be a complex Banach space, T ∈ B(X) and S be a closed linear
operator in X.

(i) If T ↔ S, then T ↔ R(λ : S) for each λ ∈ ρ(S)

(ii) If for some λo ∈ ρ(S), we have T ↔ R(λo;S), then T ↔ S.

Proof. (i)Let T ↔ S. Then Tx ∈ DS and STx = TSx for all x ∈ DS. Let λ ∈ ρ(S).
Then (keeping in mind that Tx ∈ DS for all x ∈ DS)

(λI − S)Tx = λTx− STx = λTx− TSx = T (λI − S)x∀x ∈ DS.
This gives on pre-multiplication by the operator R(λ;S)(which belongs to B(X) since
λ ∈ ρ(S), S is closed and X strongly complete)

R(λ;S)(λI − S)Tx = R(λ;S)T (λI − S)x∀x ∈ DS (1.3)

Since R(λ;S) determines a one-to-one correspondence between its domain X and its
range DS, we can put X = R(λ;S)y for exactly one y ∈ X, also the x′s exhaust DS as
y′s exhaust X. Thus (1.3) implies

TR(λ;S)y = R(λ;S)Ty forall y ∈ X
since R(λ;S)(λI − S) = IDS

and (λI − S)x = y. But this means that
T ↔ R(λ;S) for each λ ∈ ρ(S).

(ii)Suppose λo is some element of ρ(S) such that T ↔ R(λo;S).
Then

TR(λo;S)(λoI − S)X = R(λo;S)T (λoI − S)x∀x ∈ DS

that is,
Tx = R(λo;S)T (λoI − S)x ∀x ∈ DS (1.4)

This means that Tx ∈ DS since the element R(λo;S)T (λoI − T )x belongs to DS (since
R(λo;S) maps onto DS). Then, on pre-multiplying both sides of (1.4) by (λoI − S) we
get

(λoI − S)Tx = T (λoI − S)x ∀x ∈ DS (1.5)

Relation (1.5) yields STx = TSx for all x ∈ DS and this with the condition Tx ∈ DS for
all x ∈ DS yields T ↔ S
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Remark 1. Proposition 2 establishes that in order for a T ∈ B(X) to commute with
a closed operator S it is necessary that T commute with the resolvent R(λo;S) for each
λ ∈ ρ(S) and it is sufficient that T commute with R(λo;S) for at least one λo ∈ ρ(S)

As a converse to proposition 1 we have:

Proposition 3. Let X be a Complex Banach space and let {Rλ} be a family of bounded
linear operators with domain X defined at every point λ in a subset Ω of C such that

(i) Rλ −Rµ = (µ− λ)RλRµ for each pair λ, µ ∈ Ω

(ii) Rλy = 0 ⇒ y = 0 for at least one λ ∈ Ω
Then there exists a unique closed linear operator T with resolvent R(;T ) such that
R(λ;T ) = Rλ for each λ ∈ Ω.

Proof. By hypothesis, there is at least one value of λ, say λ = µ such that Rµy = 0 implies
y = 0. If λ is an arbitrary point of Ω and y is an element for which Rλy = 0, then using
(i), we have

Rµy = Rλy + (λ− µ)RµRλy = 0.
Hence y = 0. The correspondence between the domain X of Rλ and its range RRλ

is therefore one-to-one. By inverting the correspondence and using the inverse in an
appropriate manner we can define an operator T in X in the following manner. Let y ∈
RRλ

, then y = Rλx for some x ∈ X. We assign to y the unique element x−λy = x−λRλx.
We shall prove the correspondence

y 7→ x− λRλx
is independent of λ. To do this, it is necessary to show that if λ, µ ∈ Ω and x ∈ X are
given, there exists an element x′ ∈ X such that Rλx = Rµx

′ and x− λRλx = x′ − µRµx
′.

It is evident that, if one element x′ exists such that Rλx = Rµx
′, it must be unique. The

element x′ is defined by x′ = x+ (µ− λ)Rλx.
Then

Rµx
′ = Rµx+ (µ− λ)RµRλx = Rλx by (i)

and also
x′ − µRµx

′ = x′ − µRλx = x+ (µ− λ)Rλx− µRλx = x−Rλx.
We now take DT to be the range RRλ

and the operator T defined on DT which takes the
element y = Rλx of DT to the element x − λRλx. Note that DT is a linear subspace of
X(for it is the range of Rλ ∈ B(X)) and T is linear. The linear subspace DT ,RRλ

and
the linear operator T are independent of λ as we have seen.
If λ ∈ Ω, we have λy − Ty = x, y = Rλx; so λI − T and Rλ are inverses of each other.
Since Rλ ∈ B(X), it is closed.; the same is true for λI − T . Hence T is closed. It is now
evident that ρ(T ) ⊇ Ω and that R(λ;T ) = Rλ for every λ ∈ Ω. It is also clear that T is
uniquely determined by Rλ

The functional equation (1.1) satisfied by the resolvent, when it exists suggests strongly
that the resolvent must depend ”analytically” on the complex variable λ in a sense to be
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explained below. First we prove

Proposition 4. Let T be a closed linear operator in Banach space X. Let λo ∈ ρ(T ).
Then for all λ satisfying |λ−λo| < ∥R(λo;T )∥−1. The inverse map (λI−T )−1 exists and
is bounded

Proof. Since λo ∈ ρ(T ), it follows that (λoI − T )−1 ∈ B(X), that is, (λo;T ) ∈ B(X). If
x ∈ DT , we can write x = R(λo;T )(λoI − T )x;
hence

∥x∥ ≤ ∥R(λo;T )∥∥(λoI − T )x∥
Thus ∥(λoI − T )x∥ ≥ ∥R(λo;T )∥−1∥x∥ for all x ∈ DT .
Suppose λ ∈ C and

|λ− λo| < ∥R(λo;T )∥−1 (1.6)

then
∥(λI − T )x∥ = ∥(λoI − T )x− (λo − λ)Ix∥ ≥ ∥(λoI − T )x∥ − |λ− λo|∥x∥
≥ (∥R(λo;T )∥−1 − |λ− λo|)∥x∥ ∀x ∈ DT .

This shows that (λI −T )x = 0 implies x = 0 (since (λI −T ) is bounded from below) and
thus (λI − T )−1 exists for such λ
Furthermore

∥(λI − T )−1∥ ≤ ∥R(λo;T )∥{1− |λ− λo|∥R(λo;T )∥}−1

Remark 2. It is important to note that we may not conclude λ ∈ ρ(T ) for |λ − λo| <
∥R(λo;T )∥−1 since we have not yet proved that RλI−T is dense in X. We shall now show
that all such λ do belong to ρ(T ) and that R(λ;T ) can be expressed in a ”Taylor series”
expansion about λo which converges in norm to R(λ;T ) just like analytic functions of a
complex variable. This property is referred to by saying that R(λ;T ) is a holomorphic
function (of λ) in each component (maximally connected subset) of ρ(T ) [4].

Proposition 5. Let T be a closed linear operator in a complex Banach space X and
λo ∈ ρ(T ). Then all points λ ∈ C satisfying |λ − λo| < ∥R(λo;T )∥−1 belong to ρ(T ) and
for these values of λ we have

R(λ;T )−
∑∞

n=0(λo − λ)nR(λo;T )
n+1

where the convergence on the right hand side is in the uniform sense, that is, in the
norm of B(X). In other words, ρ(T ) is an open subset of the complex plane and in each
component (the maximally connected subsets) of ρ(T ), R(λ;T ) is a holomorphic function
of λ.

Proof. We know that R(λ;T ) ∈ B(X) for each λ ∈ ρ(T ). If λo ∈ ρ(T ) and λ is such that
|λ− λo| < ∥R(λo;T )∥−1 then∑∞

n=0 |λo − λ|n∥R(λo;T )n+1∥ ≤
∑∞

n=0 |λo − λ|n∥R(λo;T )∥n+1 <∞;
(we have a geometric series of common ratio less than 1 on the right side). Hence the
operator sums Sm defined by

Sm =
∑m

n=0(λo − λ)nR(λo;T )
n+1 m = 0, 1, 2, ...
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(which belongs to B(X)) converges uniformly to an operator S
If x ∈ X and Sx−y, then we have y = s− limm→∞Smx; note that

Smx ∈ DT = DλI−T for each x ∈ X . . . (∗)
(Note Sm → S in the norm of B(X) implies Sm

s−→ S)
we must now show that S is the inverse of λI − T , that is, λI − T is invertible and
(λI − T )−1 = S. When x ∈ DT = DλI−T ,

S(λI−T )x = S − limm→∞Sm(λI−T )x = S − limm→∞
∑m

n=0(λo−λ)nR(λo;T )n+1(λI−
T )

=S − limm→∞[
∑m

n=0(λo − λ)nR(λo;T )
n+1{(λoI − T )x− (λo − λ)x}]

=S − limm→∞[
∑∞

n=0(λo − λ)nR(λo;T )
nx−

∑m
n=0(λo − λ)n+1R(λo;T )

n+1x]
=S − limm→∞[x− (λo − λ)m+1R(λo;T )

m+1x] = x
Since |λo − λ| < ∥R(λo;T )∥−1.
On the other hand, if x ∈ X, putting Sx = y = S−limm→∞ym, where ym = Smx (see (1.6)
above) and noting that ym ∈ DλI−T , we have (λI−T )Sx = (λI−T )(S− limm→∞Smx) =
(λI − T )(S − limm→∞ym)
We first compute (λI − T )ym and then employ the hypothesis that T is closed:

(λI − T )ym = (λI − T )[
∑m

n=0(λo − λ)nR(λo;T )
n+1x]

=
∑m

n=0(λo − λ)n[(λoI − T )− (λo − λ)I]R(λo;T )
n+1x

=
∑m

n=0(λo − λ)n[R(λo;T )
nx] =

∑m
n=0(λo − λ)n+1R(λo;T )

n+1x

=x− (λo − λ)n+1R(λo;T )
m+1x

S−→ x as m→ ∞
Since |λo − λ| < ∥R(λo;T )∥−1.

Since ym
s−→ Sx, (λI − T )y

s−→ x and λI − T (T is closed by hypothesis). We obtain that
Sx ∈ DλI−T and (λI − T )Sx = x. Then from the relations between λI − T and S. We
see λI − T is invertible and (λI − T )−1 = S. Thus λ ∈ ρ(T ) and we can identify S with
R(λ;T ) when |λo−λ| < ∥R(λo;T )∥−1. It thus follows that the resolvent set ρ(T ) is either
ϕ or open, consequently σ(T ), the spectrum of T , is closed.

Suppose X is a Banach space and T ∈ B(X). Then we saw earlier that for |λ| ≥
∥T∥, λI − T is invertible and (λI − T )−1 =

∑∞
n=0 λ

−n−1T n. Thus {λ ∈ C : |λ| > ∥T∥} ⊂
ρ(T ) also for such λ we have

∥(λI − T )x∥ ≥ (|λ| − ∥T∥)∥x∥;
so we obtain ∥R(λ;T )∥ ≤ (|λ| − ∥T∥)−1 for λ satisfying |λ| > ∥T∥. Moreover, σ(T ) is
bounded since σ(T ) ⊆ {λ : |λ| ≤ ∥T∥}
Thus σ(T ) is compact for T ∈ B(X). We summarize all these results in the next propo-
sition 6.

Proposition 6. Let X be a complete Banach space and T ∈ B(X). Then for all λ ∈ C
satisfying |λ| > ∥T∥ we have λ ∈ ρ(T ) and for these λ we have R(λ;T ) =

∑∞
n=0 λ

−n−1T n,
the convergence of the series on the right being in the norm of B(X). Furthermore,
∥R(λ;T )∥ < (|λ| − ∥T∥)−1 for all such λ. Also σ(T ) is a compact subset of C

Corollary 1.1. If U ∈ B(H) (where H is a complex Hilbert space) is unitary, then σ(U)
is a closed subset of the unit circle {λ : |λ| = 1} in C.
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Proof. Since U is unitary, ∥U∥ = 1. If λ satisfies |λ| > 1, then by the above proposition,
λ ∈ ρ(U). To consider the case when |λ| < 1, we observe that λ = 0 ∈ ρ(U) and
∥U−1∥ = 1. Applying Proposition 5 we find that λ satisfying |λ| < 1 also belong to
ρ(U).

Proposition 7. Let T be a closed linear operator in a complex Banach space X. Then
the resolvent R(;T ) : ρ(T ) → B(X) is a continuous function that is, for any λo ∈ ρ(T )
and any sequence (λn) of elements of ρ(T ) such that λn → λo as n→ ∞, we have

∥R(λn;T )−R(λo;T )∥ → 0.
If σ(T ) is non-void, then for every λ ∈ ρ(T ), we have

∥R(λ;T )∥ ≥ {dist(λ, σ(T ))}−1

For every sequence (λn) of elements from ρ(T ) such that λn → λ,
where λ ∈ σ(T ), we therefore have

∥R(λn;T )∥ → ∞

Proof. Let λo, λ ∈ ρ(T ) such that |λ − λo| < ∥R(λo;T )∥−1. Then by Proposition 5 we
have

∥R(λ;T )−R(λo;T )∥ ≤
∑∞

n=1 |λo − λ|n∥R(λo;T )∥n+1 < |λo−λ|∥R(λo;T )∥2
1−|λo−λ|∥R(λo;T )∥

since the series involved in the middle is a geometric series of common ratio |λo −
λ|∥R(λo;T )∥ < 1. Now

|λo−λ|∥R(λo;T )∥2
1−|λo−λ|∥R(λo;T )∥=

∥R(λo;T )∥
1

|λo−λ|∥R(λo;T )∥−1

and can be made as close to 0 as we please by choosing a λ sufficiently close to λo. Hence
the continuity at λo follows for any λo ∈ ρ(T ).
If λ ∈ ρ(T ) then by Proposition 5 the point λ′ also belongs to ρ(T ) if |λ′ − λ| <
∥R(λ;T )∥−1. Consequently, |λ′ − λ| ≥ ∥R(λ;T )∥−1 for all λ′ ∈ σ(T ) and thus

∥R(λ;T )∥−1 ≤ inf{|λ′ − λ| : λ′ ∈ σ(T )} = dist(λ, σ(T )).

1.2 Analyticity of the resolvent

We now turn to the analyticity property of the resolvent function. First we give a general
definition.

Definition 2. Let G be a non void open subset of C, X a complete Banach space and φ
a map on G into X. φ is said to be analytic on G if ∀ λo ∈ G there is a real r > 0 and
a sequence (Zn)

∞
n=0 of elements of X such that ∀λ ∈ G satisfying

|λ− λo| < r we have that
φ(λ) =

∑∞
n=0(λ− λo)

nZn.

The convergence of the series on the right hand side should be interpreted in terms of the
norm in X.
We say that φ is analytic at infinity if φ is defined in a neighborhood of infinity. That is
∀λ satisfying |λ| > N where N is some positive number and the function ψ defined by

ψ(λ) = φ( 1
λ
) ∀|λ| < 1

N
is analytic in the neighborhood |λ| < 1

N
and then the value of
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φ at ∞ is taken to be ψ(0).
In most situations of operator theory we replace X by B(X), the Banach space of all
bounded linear operators on X.
Another notion of analyticity which may be referred to as weak analyticity is used quite
often [10]. In this case, we say that φ : G → B(X) is weakly analytic if the numerical
function F : G→ C defined by

F (λ) = f(φ(λ)x)
is analytic in the usual sense ∀x ∈ X and f ∈ X∗.
In the case of a Hilbert space H, we may say (using Riesz representation theorem [3])
that φ is weakly analytic if ∀ x, y ∈ H, a numerical function F : G→ C defined by

F (λ) =< φ(λ)x, y >
is analytic in the usual sense.

Proposition 8. Let T be a closed linear operator in a complex Banach space X with a
nonvoid resolvent set ρ(T ). Then for any x ∈ X and f ∈ X∗, the functions

(i) R(.;T ) : ρ(T ) → B(X) λ 7→ R(λ;T )

(ii) R(.;T )x : ρ(T ) → X λ 7→ R(λ;T )x

(iii) f(R(.;T )x) : ρ(T ) → C λ 7→ f(R(λ;T )x)

are holomorphic

Proof. Since ρ(T ) is open, it suffices to show that each of the functions in (i), (ii) and
(iii) has a power series expansion about each point in ρ(T ). Let λo ∈ ρ(T ) and λ ∈ C
such that |λ− λo| < r = ∥R(λo;T )∥−1. By proposition 5, we have

R(λ;T ) =
∞∑
n=0

(λo − λ)nR(λo;T )
n+1 (1.7)

in the sense of norm convergence in B(X); thus (i) is established.
Since uniform convergence implies strong convergence in B(X), we obtain

R(λ;T ) =
∑∞

n=0(λo − λ)nR(λo;T )
n+1x

in the sense of norm convergence in X.
It is also immediate from (1.7) that for each pair (x, f) ∈ X ×X∗

f(R(λ;T )x) =
∑∞

n=0(λo − λ)nf(R(λo;T )
n+1x)

for all λ satisfying |λ− λo| < r. Thus R(.;T ) is weakly holomorphic on ρ(T )

Remark 3. In proposition 8, we do not investigate analyticity at the point at infinity in
the extended complex plane.

In the case of a bounded linear operator we have:

Proposition 9. Let T ∈ B(X), where X is a complex Banach space. The resolvent
function R(.;T ) is analytic at infinity and R(∞;T ) = 0, the zero operator.

Numerical Analysis
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Proof. Since T ∈ B(X), we can select a λ ∈ C such that ∥λT∥ < 1. Then, (I − λT )−1 ∈
B(X) and has the series expansion

(I − λT )−1 = 1 + λT + λ2T 2 + λ3T 3 + ...
where the series on the right side converges in the norm of B(X). If λ ̸= 0 in addition,
then

λ(I − λT )−1 = ( 1
λ
I − T )−1 = R( 1

λ
;T ) = λ(I + λT + λ2T 2 + ...)

Set
ψ(λ) = R( 1

λ
;T )

Thus for λ ̸= 0 and |λ| < 1
∥T∥ , we have

ψ(λ) = λ(I + λT + λ2T 2 + ...)
which is a power series in λ. As the series in the parenthesis converges when λ is small, the
factor λ in front of it guarantees that ψ(0) = 0, the zero operator. Thus R(∞;T ) = 0

We are now in a position to show that if T ∈ B(X), where X is a complex Banach space,
then σ(T ) is always nonvoid. The result is non trivial even in finite dimensional case
where the spectrum just consists of eigenvalues [6], [1]. As linear operators in the finite-
dimensional case are representable by finite matrices, it is enough to show that every
finite matrix has an eigenvalue, which is equivalent to showing that the characteristic
polynomial of every finite matrix has at least one zero(that is, root). This requires us to
show that every polynomial equation (with complex coefficients)has at least one (complex)
root. Thus the finite-dimensional case of the investigation about the nonvoidness of the
spectra is as deep as the fundamental theorem of algebra [5], whose proof is usually based
on the theory of complex analytic functions. The theory of such functions enters the
study of operators in every case even when the dimension of the space is infinite!.

Proposition 10. Let T ∈ B(X), where X is a complex Banach space. Then σ(T ) is
nonvoid.

Proof. Assume the contrary, that is, σ(T ) = ϕ. Then all the points of C belong to ρ(T ).
Also the function F : C → C defined by

F (λ) = f(R(λ;T )x)
for any fixed x ∈ X and f ∈ X∗ is holomorphic on C, that is, an entire function. Since
R(∞;T ) = 0 at infinity(see proposition 9), the function F is bounded in a neighbourhood
of ∞ and therefore in the whole plane. Hence, by Liouville’s theorem [5], of classical
function theory it follows that F (λ) is constant, that is f(R(λ;T )x) is constant. Since
R(∞;T ) = 0, it follows that f(R(λ;T )x) = 0 identically in x, f and λ. Hence, by a
consequence of the Hahn-Banach theorem [5], we have R(λ;T )x = 0 for all λ ∈ C and all
x ∈ X. [If X = H, a complex Hilbert space, we would have < R(λ;T )x, y >= 0 for all
x ∈ H and λ ∈ C. Hence, putting y = x, we get < R(λ;T )x, x >= 0 for all x ∈ H and for
all λ ∈ C. Thus R(λ;T ) = 0 for all λ ∈ C]. This is clearly absurd. Hence the assumption
of void spectrum is unacceptable

Remark 4. (i) We could also prove as below without explicitly referring to proposition
9. In proposition 6 we showed that if |λ| > ∥T∥, then ∥R(λ;T )∥ ≤ (|λ| − ∥T∥)−1.
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This shows that
lim|λ|→∞∥R(λ;T )∥ = 0
For any fixed f ∈ X∗ and any x ∈ X, we have
|F (λ)| = |f(R(λ;T )x)| ≤ ∥f∥∥R(λ;T )∥∥x∥;
hence, for each fixed (x, f) ∈ X ×X∗, we have

lim|λ|→∞f(R(λ;T )x) = 0 (1.8)

If σ(T ) = φ that is, ρ(T ) = C, then F is holomorphic on C, that is, is an entire
function. Moreover, (1.8), shows that each F is bounded.
Hence(Liouville’s Theorem [5]), F is identically 0 on C, etc.

(ii) The conclusion in the above proposition 10 is not valid in real Banach spaces. Note
that in these instances σ(T ) must be a subset of R. Otherwise, we could not mean-
ingfully discuss the transformation λI − T . As an example, consider the linear
operator T on the Hilbert space R2 determined by the matrix

M =

[
0 −1
1 0

]
(1.9)

with respect to the standard base in R2. It is easily verified that λI − T is not
injective if and only if the determinant of the matrix λI −M vanishes at λ (that is,
λ is a root of λ2 + 1 = 0). This shows that σ(T ) = ϕ. However σ(T ) ̸= ϕ for any
self-adjoint operator in a Hilbert space over R.

1.3 Conclusion

The uses of analyticity is operator theory were originally apparent in a classical context
which required no recognition of analyticity in any sense other than what was entailed in
speaking of complex-valued analytic functions of a complex variable. This was so because
the differential and integral operators under consideration were acting on numerically
valued functions. For |λ−λo| < ∥R(λo;T )∥−1 we have shown that all such λ do belong to
the resolvent set of T and that R(λ;T ) can be expressed in a ”Taylor series” expansion
about λo which converges in norm to R(λ;T ) just like analytic functions of a complex
variable. We have thus shown that if T is a closed linear operator in a complex Banach
space X with a non-void resolvent set ρ(T ) then R(λ;T ) is analytic. Moreover if T is a
bounded linear operator in X then R(λ;T ) is analytic at ∞ and R(∞;T ) = 0 (where 0
is the zero operator in X). Consequently we have shown that if T is a bounded operator
in X then the spectrum of T is non-void.
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