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GLOBAL WEAK SOLUTIONS FOR THE WEAKLY DISSIPATIVE
DULLIN-GOTTWALD-HOLM EQUATION

ABSTRACT. In this thesis, we are concerned with the existence and uniqueness of global
weak solutions for the weakly dissipative Dullin-Gottwald-Holm equation describing the
unidirectional propagation of surface waves in shallow water regime:

Ut — QP Ugat + Coltz + Uy + Vzzr + AU — @Pter) = 07 (Uaplizs + Ullzzs).

Our main conclusion is that on ¢y = —% and A > 0, if the initial data satisfies certain
sign conditions, then we show that the equation has corresponding strong solution which
exists globally in time, finally we demonstrate the existence and uniqueness of global weak
solutions to the equation.
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1. INTRODUCTION AND MAIN RESULT

Recently, Novruzov [24] studied the finite-time blowup criteria on the Cauchy problem
for the weakly dissipative Dullin-Gottwald-Holm equation:

Ut — 0P Ut + Colz + Butly + Yilzrr + AU — %ty
= 0?(2up gy + Ullgar), t>0, 2 €R, (1.1)
U(O,.ZE) = Uo(f’?)a T € R?

where the constants o (o > 0) and % are squares of length scales, co > 0 is the linear
wave speed for undisturbed water resting at spatial infinity and u(¢, z) stands for the fluid
velocity. On account of the weakly dissipative term A(u — o®u,, ), the Eq.(1.1) is called the
weakly dissipative Dullin-Gottwald-Holm equation.

When o = 1, v = 0 and A = 0, Eq.(1.1) becomes the celebrated Camassa-Holm (CH)
equation

Ut — Ugpt + CoUy + SUUL = 2UzUpy + Ulgrr, >0, x € R, (1.2)

where cg is a dispersive coefficient related to the critical shallow water speed. Eq.(1.2) was
originally proposed as a model for the unidirectional propagation of shallow water waves
over a flat bottom and u(¢, z) is the the fluid velocity at time ¢ in the spatial = direction
[2, 15]. A rigorous justification of the derivation of the Camassa-Holm equation as an ap-
proach to the governing equations for water waves was provided by Constantin and Lannes
[11]. Eq.(1.2) was also found independently as a model for nonlinear waves in cylindrical
hyperelastic rods [12]. It was claimed in [18] that the equation might be relevant to the

modeling of tsunami, also see the discussion in [10]. In the last 30 years, the CH equation
1
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and its various generalizations were intensively studied in the PDE community due to its
many very interesting and remarkable properties: complete integrability in the sense of an
infinite-dimensional Hamiltonian systems [2, 14], existence of peakon and multi-peakon
[2, 3], geometric formulations [4, 17, 21], existence of both permanent waves and breaking
waves [6, 7, 8, 9].

Series interesting results on the blowup issues for the CH type equations have been ob-
tained by Brandolese and his collaborators. To the best of our knowledge, these blowup
criterion are sharp (some details can be found in [1]). Their results highlights how local
structure of the solution affects the blowups. A key observation in his argument is that the
convolution terms are quadratic and positively definite, therefore the nonlocal integration
can be estimated below by local terms.

When A = 0, Eq.(1.1) becomes the Dullin-Gottwald-Holm(DGH) [13] equation provid-
ing a model to describe the unidirectional propagation of surface waves in a shallow water
regime. The equation was derived by the method of asymptotic analysis and a near-identity
normal form transformation from water wave theory. Recently, several global existence for
strong solutions to the DGH equation on the line was studied by Z. Y. Yin [26] and on the
circle was presented in [27]. The DGH equation has global solutions [19, 26]. On the other
hand, it has low regularity solutions [22] and global weak solutions [28].

Our aim, in this paper, is to prove the existence and uniqueness of global weak solutions
to Eq.(1.1) provided the initial data satisfies certain conditions.

Observe that, Setting

u? o?
F(u) := <2 — Oj;u> +px <u2+2u320+ (co+(32)u>,

where p(z) := ie"il. Then, the weak solution of Eq.(1.1) is defined by
Definition 1.1. Let ug € H'(R) and u € L{° ([0,T); H'(R)) satisfies the following

loc

identity
T
/ / (uthr — Auth + F(u)by) dadt + / o ()0, z)dz = 0,
0 R R

forall ¢ € C2° ([0,T) x R), where C2° ([0,7) x R) denotes the space of all functions on
[0,7) x R, which may be obtained as the restriction on [0,7") x R of a smooth function
on R? with compact support contained in (—7',T') x R, then w is called a weak solution to
Eq.(1.1). If w is a weak solution on [0, T") for every T" > 0, then it is called the global weak
solution to Eq.(1.1).

The following result proved in [25] clarifies the relation between strong and weak solu-
tions.
Proposition 1.1. Every strong solution is a weak solution. Furthermore, if u is a weak
solution and uw € C ([0,7T); H*(R)) N C* ([0,T); H*"Y(R)),s > 2, then it is a strong
solution.

Next, the result of global weak solutions is

Theorem 1.1. Let v = —cqa? and A\ > 0. Assume that ug € H'(R) and yo := (ug —
U0 z2) € M(R). Assume further that there exists xo € R such that

suppy, C (—o0,x9) and suppyo+ C (xp,0).
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Then Eq.(1.1) has a unique weak solution

u € W™ (Ry x R) N LT, (Ry; HY(R))

loc loc

with initial data u(0) = wg, moreover the unique weak solution
u€ C(Ry; H'(R) N CH(Ry; L*(R))

and
y(t,-) = (u(t,) — @Pug(t,-)) € Ly, (Ry; M(R)) .

Remark 1.1. Let us comment on the proof of Theorem 1.1. With the Lemma 2.4, we know
that there exists a unique global solution u to Eq.(1.1) in the space C([0,00); H*(R)) N
C1([0,00); H*~1(R)), when v = —coa?, A > 0 and the initial data g satisfies a certain
sign condition. To prove the existence of the global weak solutions to Eq(1.1), we make
a suitable approximation of the initial data ug € H'(R) by smooth functions u§ which
produces a sequence of global solutions " (¢, -) of Eq.(1.1) in H*(R), s > %, then we prove
that there is a subsequence of {u"},,>; which converges pointwise a.e. to a function u €
H lloc(R x R) that satisfies Eq.(1.1) in the sense of distributions. By Gronwall’s inequality,
the uniqueness of global weak solutions to Eq.(1.1) can be obtained. Note that if A = 0, the
Theorem 1.1 is reduced to the global weak solutions for Dullin-Gottwald-Holm equation

presented in [28].

The remainder of the paper is organized as follows. Some preliminary results on Eq.(1.1),
such as the local well-posedness of the Cauchy problem of Eq.(1.1) and global solution to
Eq.(1.1), are addressed in Section 2. In the last section, we demonstrate the existence and
uniqueness of global weak solutions to Eq.(1.1) provided the initial data satisfies appropriate
conditions.

Notation: In the following, for a given Banach space X, we denote its norm by || - || x.
For 1 < p < oo, the norm in the space LP(R) will be denoted by ||-||» and ||- || ;s will stand
for the norm in the classical Sobolev spaces H*(R) for s > 0. We denote by * the spatial
convolution. We use (-|-) to represent the standard inner product in L?(R). The duality
paring between H'(R) and H'(R) is denoted by (-, -). Let M(R) be the space of Radon
measures on R with bounded total variation and M™ (IR) be the subset of positive measures.
Finally, we write BV (R) for the space of functions with bounded total variation and V( f)
for the total variation of f € BV (R). We denote p(x) := ie_%' the fundamental solution

of (1 — a28§) ~ on R and define the two convolution operators p4 , p— as

_z
e «

porf@) =50 [ et ra,

(X

-
porf@ =5 [ et .

Thenp = py +p—.pr = 2p— — 2p4.
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2. PRELIMINARIES

In this section, we will recall several useful results in order to prove the main results.
With gy :=u — gy, o > 0, Eq.(1.1) takes the form of a quasilinear evolution equation
of hyperbolic type

{yﬁ—(u—sz)yx+()\+2ux)y+(co+O})uwzo, t>0.zeR

y(0?$) = UO(x) - O‘2u0,xx(l')y xr € R.

Note that if p(z) := ie_%', then (1 —a?02)"1f =px fforall f € L2(R) and p* y = u.

Using this identity, we can rewrite Eq.(2.1) as the equivalent equation
up + (u — Jy)ug = —0zp * (u2+%2u§+(co+%)u) —Au, t>0, zeR,
u(0, ) = up(z), z € R.

2.2)

The local well-posedness of Cauchy problem for Eq.(2.2) with initial data ug € H*(R), s >

3 can be obtained by applying Kato’s theorem [16]. In fact, we have following well-

2
posedness result.

Lemma 2.1. [24] Given ug € H*(R), s > % there exist a maximal T' = T (ug, o, ¢, Y, A)
> 0 and a unique solution u to Eq.(2.2), such that

u = u(-,ug(x)) € C([0,T); H*(R)) N C([0,T); H*~'(R)).
Moreover, the solution depends continuously on the initial data, i.e. the mapping
up = u(-,uo(x)) : H*(R) = C([0,T); H*(R)) N C([0,T); H*(R))

is continuous and the maximal time of existence T' > 0 can be chosen to be independent of

s.
The following lemma gives the precise blowup scenario.

Lemma 2.2. [24] Given ug € H*(R),s > 3, the solution u = u(-,uo(z)) of Eq.(2.2)

blows up in a finite time T' > O if and only if

)] ) = .

The next lemma, which was addressed in [24], plays a role of conservation laws in the

liminf (| inf
t—T z€R

proof of the main results and can be easily proved by integration by parts.

Lemma 2.3. Let ug € H*(R),s > 3 and T > 0 be the maximal existence time of the
corresponding solution u to Eq.(1.1). Then we have

/(u2 + o?ul)de = ™M / (ug + o*uf ,)dz, Yt € 10,T). (2.3)
R R

Proof. In view of Eq.(1.1), it is easy to see that

i / (u2 + a2u§) dr = / (2uut + 2a2umuzt) dr = / 2u(ut - oz2umt)dx
dt Jr R R

= 2/ u [a2(2uxum + Ulggy) — CoUy — 3UUL — YUgze — AU — a2um)] dx
R

= —2/\/ ulu — aPug,|dr = —2/\/ (u? + o®u?) dz,
R R
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this completes the proof of Lemma 2.3. O

Next, we consider the following differential equation:

q(t,x) = u(t,q(t,x)) — L&, tel[0,T), 2.4)
q(0,z) = x, z € R
A direct calculation shows that
dg.(t,z)
= = ug(t, q(t, )y, tel0,T), 2.5)
qx(ovx):]-a z € R.

Applying classical results in the theory of ordinary differential equations, one can show that
the map ¢(t, -) is an increasing diffeomorphism of R with

Gz (t,x) = exp </Ot uz(s,q(s,x))d3> >0, V(t,x) € [0,T) x R,

where u(t, x) is the corresponding strong solution to Eq.(2.4). From Eq.(2.5), we define
k = co+ %, then

d
- (it a(t, )@z (t,2)) = ()2 + Yo tids + 29(q)qutar = —AYG — ktaqa-

If k = 0, then y(t, q(t, z))q2(t, ) = e Myo(x)q2(0,2) = e Myo(z), we can obtain the
identity connecting the same sign of potential y = u — a®u,,, at time ¢ with the same sign
of Yo-

Next, we will show the proof of the global solution u to Eq.(2.2) in C(]0, c0); H*(R)) N
C([0,00); H*1(R)).
Lemma 24. Let v = —coa? and X > 0. Assume ug € H*(R),s > 3 is such that
Yo(z) = ug — a?ug 1z satisfies yo(z) < 0 for x € (—o0, 0], yo(x) > 0 for v € [z, 0)
for some point o € R and yo changes the sign. Then there exists a unique global solution
u of Eq.(2.2) in C([0,00); H*(R)) N C*(]0, 00); H¥~1(R)). Moreover,

1
x tu 2 - t7
ua(t,) > ——[u(t, )|
and
1 max(1, @)

1
ua(t,2) = ——[Ju(t, 2) [ > ——

t 0 R.
o min(l,a) HuOHH17 ( ,.’E) € [ 700) X

Proof. Since ¢(t,x) is an increasing diffeomorphism of R for ¢ € [0,T), it is easy to see
that

(2.6)
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and y(t,q(t,z0)) = 0, ¢t € [0,T). With p(z) := ief%‘ the fundamental solution of
(1 — a28§) ~on R, the two convolution operators p , p— are defined as
e_i

o L

a +oo y
porf@ =5 [ et ),

p+* f(x) =

thenp =py+p_,po=2p_—L1p,=1p—2p, =2p —1lp Notethaty :=u— 0tz

and u(t,z) = p*xy(t,z), z € R, it follows that

1 2
um(tax) = au(t,lﬁ) - ap—l- * y(tvx)

2 1
= —p_x*xy(t,r) — —ult,x).
Sp-*y(t,z) — —ult, z)
As a consequence, it can be deduced from the above equations and (2.6) that for z >

q(t, o),

2 1
uz(tax) = ap— * y(t,m) - Eu(t7x)

1(t)+1/+oo_z(t)d>1(t)
=——u(t,z) + —eo e ay(t,z)dz > ——u(t,x),
a a? - Y a

while, for z < q(t, =),

1 2
uf(ta .Z') = Eu(tv Q?) - ap-i- * y(t,a:)
Cult.o) - et [ eyt > ult o)
= —ull,r) — —F¢€ « €ca z)az —ul\t,x).
« Y ag oo y ) — a Y

By (2.3), the above two inequalities and the Sobolev embedding theorem, we obtain

L0 g, (h2) € 0.00) xR, 27)

1
) 2 (e -5 B

In view of Lemma 2.2, this shows the existence time 7" = oo and the proof of Lemma
2.4 is completed. 0

Let us now recall a partial integration result for spaces (below (-, -) is the H ~!(R) duality
bracket).

Lemma 2.5. [20] Let T > 0. If
fog € 12(0,7): H'®) and U9 ¢ 20,7y 5 (),

then f, g are a.e. equal to a function continuous from [0, T into L*(R) and

10a0) ~ ato) = [ (L g )ar+ [(9D 1))

forallt,s € [0,T].
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Throughout this paper, we will employ the mollifiers which are denoted by {py, }n>1,

-1
pn (1) = (/ p(&)d£> np(nz), r €R, n>1,
R
where p € C°(R) is defined by

ex?-1 for|z| < 1,
0, for |x| > 1.
Then we have the following auxiliary result which plays a key role in the proof of unique

global weak solutions.

Lemma 2.6. [5]
(a). Let f : R — R be uniformly continuous and bounded.
(i) If p € M(R), then

lim [pn % (f12) = (pn * [)(pn * )] =0 in L'(R).

n—o0

(ii) If g € L*°(R), then
Tim (o0 % (£9) = (pu * F)(pux9)] =0 in L¥(R).
(b). Assume that u(t,-) € WH1(R) is uniformly bounded in W1 (R) for all t € R,.. Then
forae te Ry
d
/ |pn * uldz = / |on * u|sgn(pn * u)dx
dt Jr R

and J
/ |pn * uglde = / |on * uzt|sgn(pp * ug)dx.

3. GLOBAL WEAK SOLUTIONS
The last section will show that there exists unique global weak solutions to Eq.(2.2).

3.1. Proof of Theorem 1.1. Before proceeding with the existence of global weak solutions,
it still requires to put the following lemma in the first place, which will be effectively applied
in the following analysis.

Lemma 3.1. Let ¢y = —%, A > 0. Assume ug € H*(R), s > 3 and that there exists
xo € R such that

{QO(:E) S 07 lfl‘ S Zo, (31)

yo(x) >0,  ifx > mo.
Then the corresponding strong solution u to Eq.(2.2) satisfies
maz(l, o)
min(1, «)
(i) llua(t, Mz < 551yt e
(#id) u(t, )y < ly(E,-)llze,
(i0) lhta(t, Y21 < =yt

(Z) HU(t, ')HLOO < HU’O”Hla
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Moreover, if yo € L'(R), theny € C* (R ; L'(R)) and

1 max(1l,o)

ly(t, ) < e[a min (o Ul g1 ] ol

Ll.

Proof. By Lemma 2.3 and Sobolev’s embedding theorem, we have

1
(e, Mz < ot s < 222

2

min(1, ) loll-

Since y(t, z) := u(t, x) — a”ugy(t, x), it follows that u = p * y and u, = py * y. Note
that ||pg ||~ = ﬁ, Ipllzr = 1and ||pg|lr = L. With Young’s inequality, (ii)-(iv) are
clear.

With the hypothesis of Lemma 3.1, (2.1) clarifies that y; := —(u— Jz )y — (A+2uz)y. S-
incew € C' (Ry; H*(R))NC! (Ry; HH(R)) , s > 3and y(t, ) == u(t, ) — 0Pug, (L, ),
it follows thaty, € C (Ry; L' (R)) . Note that yo € L'(R) andy € C' (Ry; L?(R)) . Then
it is easy to deduce thaty € C* (R ; L*(R)).

Since yo(z0) = 0, it follows from y (¢, q(t, z))q2(t, x) = e Myo(x) thaty (t, ¢(t, z0)) =
0. Based on this relation and y; := —(u — J3)yz — (X 4 2ug)y, in view of Lemma 2.4, it
follows that

517 i 0
— | ydx = — ydr = —(u— —5)Yz — 2yuy — Aydx
dt Jg dt Jy(t,20) iy 02

= / — YUy — Aydx
q

(t,l‘o)

< (sup(—ux)Jr)\)/y*daf-
x€ER R

In view of Lemma 2.3, (2.7) and Sobolev embedding, then

1 1 1 max(1, @)
— < —|ult, )| < —||ult, - < —— .
sup (—tz) < 2 [t < 2 e, < 2 e g

Thus, it follows that

d n 1 mazx(1, «) /
— de < | ———~ A Tdz.
dt Ry T= <a min(1l, a) Ioll + > Ry v

By Gornwall’s inequality, we can obtain

lmt'zz(l,a) Ale
/ yTdr < e[a min(La 140l 1+ ] /yo+dx.
R R

Repeating the above proof, the same estimate for y~ is available. The proof of Lemma 3.1

is completed. U
Next, we will show the main result-Theorem 1.1.

Proof of Theorem 1.1. We split the proof of the theorem in two parts:

Part I: Existence proof. To show the existence of global weak solution we proceed in
several steps:

Step (i). We make a suitable approximation of the initial data ug € H'(R) by s-
mooth functions ug which produces a sequence of global solutions u"(t,-) of Eq.(2.2) in
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H*(R), s > %, then we prove that there is a subsequence of {u"},>1 which converges
pointwise a.e. to a function u € H, llo (R x R) that satisfies Eq.(2.2) in the sense of distribu-
tions.

Assume that and that y := (up — ug z2) € M(R). Then the relation ug = p * yo holds
true. By Fubini’s theorem and Young’s inequality, then

lluollr = [lp *yollpr = sup / o(x) (p*yo) (x)dx
pEL®(R) R
ol oo (R)<1

= sup /gp(:c)/p(a:—f)dyo(x)dx
€L (R) R R
llellzoo (R)<1

~ s / (0 * ) (€)dyo €)
peL>(R) R
lell oo (R)<1

< sup |[[p*ellrellyollm
peL>(R)
llell Lo (R)<1
< sup  []pllpllellzellyollm
peL>(R)
llell oo (R)<1

= [lyollwm-

3.2)

Observe that, setting

yg:l(—i> (pn*y()*)—l<i> (Pn90);

where [(r) denotes the right translations by » € R, i.e., I(r)f(z) = f(x + r). Due to the
definition of p,, and the assumptions of the theorem, we get supp(py, *y, ) C (—00, zo + %]
and supp(py, * yg') C [zo — L, 00). Therefore, it follows that

yo(x) <0, ifx <z,
yo(x) >0, ifx > zo.

Let us define ug := p * yj € H*(R) forn > 1. By Lemma 2.2, Lemma 2.4 and (3.3), we
obtain global strong solutions

(3.3)

u" =" (-, u) € C([0,00); H¥(R)) N CH([0,00); H*H(R))

foreach s > 3 and all (¢, ) € Ry x R. Note that p*yj= € H'(R) and I(F)pnllpr = 1.
Since supp(l(F2)pn) — {0} as n — oo, it can be found that

uy =p*yy =p* {l (—;) (pnxyg) — 1 (;) (pn*yg)]
1) ) =1 (5) e O0

S pryl —pryy =uo in HY(R) as n — co.

With Young’s inequality, in view of (3.2), we obtain for all n > 1
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] = [ (—711) (p* (pnx ug)) — 1 <;> (p* (pn *yO))HL1
< l(—n) (pn* (P 7))

1 1
< z(—) oull o vl + Hz () o
n 1 n

< lpllzr lyg llae + ol el llae = llyoll -

—_

N

Similarly, we can obtain the following estimates

luglize < Ipllzzllyg lm + 2l cellyg v = l1pll 22 ol

_ 1
lugllzee < lIplle=llyg llaa + Pl zellyo v = 5= lvollass

g e < (ol o llae + 12l e lyg e = lpll e lyollas,

1 1
1 < i (=3 ) ]|t aa+ e (7))

LOO
By virtue of Lemma 2.3, Lemma 2.4 and (3.6), then
maz(1, )
n t . o < n t . < Y n
ot e < 1) < T
maz(1, o)
<
< P ol ol
unt, Mge < (e, M < 2L iy
) L2 = ) H! > mm(l,a) 0llH
mazx(1, «)
<
= mm(l,a) ||pHH1Hy0||M7
e, e < un (e, M < 220Dy
x\Y L2 = ) H! = mm(l,a) 0llH
maz (1, )
< .
< Tl ool

The above inequalities imply that

un(t) (wn(t) = 35) |

o?

L2
g
< [l @ @llz2 + [z uz (0l 2

(e @l + 25 ) Nzl

v maz(1l,a)

IN

maz(l, )

— a2 min(1,a)

forallt > 0 and n > 1. With Young’s inequality and Lemma 2.3, then

R[OS

p P * vy |l

Yo lam = llyollm-

2
T e W A

3.5

(3.6)

3.7

(3.8)

(3.9)

(3.10)
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Dap * <[u”(t)]2 s [“Z(t)]2> |

2
2

W) + 5 [0

a? [mam(l, a)

< ”pmHLQ

Ll
< 1, —
< mazx(1, 5 )
By (3.8), (3.10), (3.11) and Eq.(2.2), we find that

2
2 2
e nalalol ool

| Sure, ], = e e < @1+ Qo+,

forallt > 0 and n > 1. Here

L2

Q1 = Am‘”(“ O‘)) el Tollac,

max( a) v\ maz(l,a)
Qo = Pl lyollae + —5 ) ——=—=lpllalvollm,
a) a?) m )

in(1, in(l,a
o2 [maz(1,a)]?
) [ (1, @)

Qs = mazx(1. % ] 12l 22 P12 9ol

For fixed T' > 0, with (3.8),(3.9) and (3.12), we have

min(1, «)

T
[ (e e+ e ) o <

< mazx(1, )HZ%HB”U (t )”1%11

3.11)

(3.12)

(3.13)

where K is a positive constant depending only on «, v, A, ||p||z1, ||P2]lr2s |vollm and

T. Therefore the sequence {u"},>1 is uniformly bounded in the space H' ((0,T) x R).

Thus, we can extract a subsequence such that

u™ — y weakly in H' ((0,T) x R) for ng — oo

and

" — wa.e on ((0,7) x R) for ny — oo,

(3.14)

(3.15)

for some u € H'((0,7) x R). Given t € (0,7), it follows Lemma 3.1 and (3.5) that

u(t,-) € BV (R) with

V [ug(t, )] = llugs (8, )l < @72 (lu™ ()l o+ ly™ (&) )
< 207 %[ly" ()|

1 maz(l,a

< sa-2elEEERS ol ey

1 maz(l,a

<207 2% [am”“o”HﬁA]tHyOHM

Using Young’s inequality and relation ul* (¢, -) = p, * y"*(t, -), we can obtain

(3.16)
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[uz® ()L = llpz * y™ (¢, )| Lo
< prHL‘”Hynk(tv ')HL1 (3.17)

L [Ameeay ol +A]

a min(1l,a)

<
— 202

By Helly’s theorem [23], there exists a subsequence,again denoted by {ul*(t,-)}n,>1,

1%oll a1

which converges at every point to some function v(¢, -) of finite variation with

1 max(l,a)
a min(l,a)

_ U AT
Vo(t, )] < 22 polls ATy

In view of (3.15), we have that for almost all ¢ € (0,T"), ul*(t,-) — ux(t,-) as nx — oo,
in D'(R). This enables us to identify v (¢, -) with u, (¢, -) for a.e. t € (0,T).Therefore,

uk — uy a.e.on (0,7) x R for ny, — oo (3.18)
and fora.e. t € (0,7),

1 maz(l,a
a min(1, a)

Vg (t, )] = st ) e < 2072 ol +A] T

With Lemma 3.1, (3.7)-(3.9) and (3.17), we get

1ol (3.19)

2
«
< Nl @z llw” @llze + 5 luz (@)l oo luz ()] 22

maz(L,)\* 2
< ———) Pl llvollim

min(1, «)
Lmas(l,a) [3 2 ol +]T

a min(l,a)

(3.20)

2
L min(L o) 12l e llyo g -

For ¢t € (0,7, the sequence {[u"(t)]* + %2 [u”(t)]*}n>1 is uniformly bounded in L?(R).
Therefore, it has a sequence, denoted again {[u"(¢)]* + %2 [u? (£)]*}n>1., converging weakly
in L2(R). Fora.e. t € (0,T), we denote from (3.15) and (3.18) that the weak L?(R) — limit
is ([u(t, P+ %2 [uz(t, )]2) Asp, € L?(R), a.e. on (0,T) x R, then

2 2
Oz * ([u”’C ()] + % [ulk (t)}2> — Opp * <u2 + O;ui) as nj — 00. (3.21)

From (3.15), (3.18) and (3.21), we obtain that u satisfies Eq.(2.2) in D’ ((0,T) x R).

Step (ii). Showing that u € VVlloc Ry x R)N LS, (Ry; H(R)) , then we prove
we C(Ry; H'(R) N CH(Ry; LA(R)).

From(3.12) and (3.20), we infer that the sequence {uy* (t,)}n,>1 and {u™* (¢, ") }n,>1
are uniformly bounded in L?(R) and H'(R), respectly, for all + € R, and k¥ € N. Hence
the family ¢t — u™ € H'(R) is weakly equicontinuous on [0, 7] for any T > 0. Ap-
plying Arela-Ascoli theorem that {u"*},, >1 contains a subsequence, we denote again by
{u"},,, >1, which converges weakly in H!(R), uniformly in ¢ € [0, 7). The limit function
is u and is locally weakly continuous from R into H'(R), i.e.,
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ueCy, (Ry; HY(R)) .
Since for a.e. t € Ry, u™(t,-) — u(t,-) weakly in H*(R). From (3.8), (3.9), we have

1
e, s < timing (el < ing ™ = [l ol

= L) ) ol
— m’m(l,a) PllEIY0lIM,
fora.e. t € Ry. The previous relation implies that v € LS (R4 x R). By (3.17) and (3.18),
for all t € R, we have

1 maz(l,a

1 |Lzestlad +A
g (2, )HLN<76|:amznla)Hu0“H1 ]HZIOH

2
According to the above inequality, we deduce that u, € L7S (R4 x R). Then one can easily
deduce that u € W5 (R x R) N Li2, (Ry; H'(R)) . Note that

loc

min(1,0?)|ul%: g/ (o + a?2) dx < maz(L, o) Jul%,
R

we define ||u||%a = [ (u? + 0?u?) dz and make |[u|? o @ an equivalent norm of H'(R).
Observe that

max(1,a?)

lu(t) = u(s)|F < lu(t) = u(s)|f g, fort, s €Rs

min(1,a?)
and
lu() = u($)17 o = )l 0 =2 (), uls))y o + [u(s)[q: fort, s € Ry

By Lemma 2.3, we have [p(u? + o*u?)dz = e [o (u§ + ouf ,)dz, Vt € [0,T), that
is

max(1,a?)

lu(t) - u(s)|2 < (26 Juo 2o — 2 (u(t),u(s))y,0 ) Fort, s € R,

min(1, a?)

the scalar product in the last line converges to

[u@®)|].0 = e M uoll} o, ass—t,

we conclude that u € C(Ry; H!(R)). From Eq.(2.2) and Young’s inequality, we get u €
Cl(R . I2(R)).

Step (iii). Showing that y € LiS (R ; M(R)).

Note that

L'(R) € (L®(R))" € (Co(R))" = M(R).
By Lemma 3.1 and (3.19), for a.e. ¢ € R, then
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) = a2uat, )| < Nl Vs + 0wt ) aaey

M(R)
<yt ey + o uae (8 ) ey

1 maz(l,a)

< 3e[a min(L,a)

+A|t
ol 2y

9

the above inequality implies that

(u(t, ) - a2um(t, )) € Lpy (Ry; M(R)).
Part II: uniqueness proof. Let u, v € C(R; HY(R)) N CY(R,; L3(R)) be two global
weak solutions of Eq.(2.2) with the same initial data ug. such that

(u(t,) = @®uge(t, ) € Liz. (Ry; M(R))

and

(U(t, )= a2vm(t, )) € Lpy (Ry; M(R)).
Fix T > 0, then we define

M(T) == sup (Jlu(t,") = a®ugs(t,)lm + [Jo(t, ) = @Pvaa(t, )m) -

t€[0,T]
Under the assumption on the theorem, we get the M(T) < oco. With [|p|[re = &=,
Pz~ = ﬁ, Ilpllr = 1and ||pz||; = é, it follows that
u(t, )| = |p* [u(t, ) = o®uzs(t, )] ()]
M(T (3.22)
< pllzluft, ) — 0% (t, Yo < 2o
«
and
|ua (t, )] = [po * [ult, ) — @®uga(t, )] (2)]
M(T) (3.23)
< Ipellzolutt, ) = a%uea(t, )lan < 25 -
for all (¢,x) € [0,T] x R. Similarly,
M(T) M(T)
lu(t, z)] < “on lvg(t, )| < SPER (t,z) € [0,T] x R. (3.24)
Note that
lu(t, Mpr = llp * [ult, ) = oPuga(t, )] m < M(T), (3.25)
M(T
Juatt, Mes = llpe » [t )~ oPuaat )] e < 0 326y
for all (t,z) € [0, 7] x R. Similarly,
M(T
ot )l <MD, et < 1 (m e 1] xR G20

As one can see comparing with (3.2). Let us indicate
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w(t,z) == u(t,z) —v(t,z), (t,z) €[0,T] x R.

Convoluting Eq.(2.2) for u and v with p,, and using Lemma 2.5, Lemma 2.6, we get for a.e.
t € [0,7] and all n > 1 that

(Z/}R|pn*w|dm:/R(pn*wt)sgn(pn*w)dx
= —)\/R(pn*w)sgn(pn*w)dx—/R[pn*(wux)]sgn(pn*w)da:
— « (vwy)|sgn(pn * w)dz — —= * (wg)|sgn(pn * w)dz
[ twnlsgn(p e = 75 [ (o = (wo)lsgn(p, x w)d
= [ pua s o+ o)) sgn(p, + whdo

a2
— ? /R (pn * Py ¥ [wx(ux + Ux)]) Sgn(pn * w)dx

Using above inequalities (3.22)-(3.27), Young’s inequality and Lemma 2.6. Following
the procedure described in [5, pp.56-57], we deduce that

d
/ |pn * wldz = C(T) / |pn * w|dx + C(T) / |pn * wg|dx + Ry, (1), (3.28)
dt Jr R R

fora.e. t € [0,7] andalln > 1, where C(T) is a generic constant depending on M (T'), ~, «,

and \. Moreover, R,,(t) satisfies

{Rn(t) — 0, n — 0o,
(3.29)

IR, (t)| < G(T), n>1,te€(0,T],

here G(T) is a positive constant depending on M (T), 7, «, A, and the H'(R)—norm of
©(0) and v(0). Similarly, convoluting Eq.(2.2) for u and v with p,, ,, and using Lemma 2.6,
fora.e. t € [0,7] and all n > 1, then, we can derive out

i / |pn * wy|dx = /(pn * Wy )SgN(pn * Wy )dx
=-A / (pn * wa:)sgn(pn * wx)dx - / [pn * (wumx)]sgn(pn,x * w)dm
R R
- /[Pn * (we (ug + Um))]sgn(f)n,z * w)dx
R
= 1o+ (e sgn(pne < wide = 25 [ (o (wr)lsgnipn.c < w)da

o2
- /R <pn * Dy ¥ {uQ —v? + ?(ui + Ui):|> sgn(pn * w)dz.

According to (3.22)-(3.27), Young’s inequality, Lemma 2.6, the identity o202 (p * f) =
p* f — f and following the arguments given in [5, pp.56-57], then
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d/ |pn*wx|d:c:C’(T)/|pn*w|dx+C(T)/ |pn * wz|de + Ry (t),  (3.30)
dt Jg R R

forae. t € [0,7] and all n > 1, where C(T') is a generic constant and R,,(t) satisfies
(3.29). Summing (3.28) and (3.30), an application of Gronwall’s inequality yields that

t
[ ol + a2 wal) (t)de < [ 2ODOR, (s)as
R 0

+ O [ (g, x ] + |pn ] (0,2)da,
R
forall t € [0,7] and all n > 1. Note that w = v — v € WH(R), In view of (3.29) and
Lebesgue’s dominated convergence theorem, we obtain for all ¢ € [0, 7] that
[ (ul+ ) (s a)do < 29O [ (ul + fu) (0,2)da.
R R

Note that w(0) = w;(0) = 0, we deduce that u(t, x) = v(t, z) fora.e. (t,z) € [0,7] x R.
Recalling that 7" was chosen arbitrary, uniqueness is now plain. U

3.2. The Periodic Case. Considering the periodic case, we identify all spaces of periodic
functions with function spaces over the unit circle S in R? and the Eq.(1.1) can be rewritten
as

U — Uy + CoUz + Uty + VUgre + MU — 0Puyy)

= 0?(2Ug Uy + Ullyyy), t>0, zeR, (331)
U,(O,.%') - UO(x>7 S Rv
u(t,x + 1) = u(t, ), t>0,z R
As a corollary of Theorem 1.1, we get
Theorem 3.1. Let v = —coa? and X > 0. Assume that ug € H(S), and yo := (ug —

U0,zz) € M(S). Assume further that exists xo € (0, 1) such that

suppy, C (0,z0) and suppyy C (zo,1).

Then Eq.(3.31) has a unique weak solution

u € C(Ry; H'(S)) N CH(Ry; L*(S))

and
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