Approximation properties of linear positive operators with
differences

Abstract. This paper is the study of approximation properties of differences of linear positive

operators. Here we have discussed quantitative estimates for the differences of Baskakov with
Baskakov-Szasz and Baskakov-Durrmeyer operators. Difference properties of Baskakov-Szasz and
Baskakov-Durrmeyer operators also have given. Finally, we obtain the quantitative estimate in terms
of the weighted modulus of smoothness for these operators
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1. Introduction

In the year 1953, Korovkin found the most powerful and easiest criterion in order to decide
approximation process with linear positive operators on continuous functions. After that a
considerable amount of research on linear positive operators has been done by various
mathematicians. e.g. [1], [2], [3], [4], [5], [6], [7] etc.

In the recent years, the study on the difference of linear positive operators is an active area of
research. Difference of summation integral type operators was studied in the last few years. Such
problem was initiated by A. Lupas [8]. The operators involved are usually on continuous functions
defined on real intervals. Aral-Inoan-Rasa [9], Acu et. al. [10], V. Gupta [11], Gupta-Tachev [12]
discovered some noteworthy results on difference of such operators.

What we hope to achieve in this paper is the study of approximation properties of difference on
generalized Baskakov operator. First, we recall classical Baskakov operators [13], which for f €
C[0, o0) are defined as
o (Mt+u-—1 —n—
Ba(f, ) =iz (" T U T ) k@ + s (), (1.1)

We consider F, ,,, G, E = R, where E is a subspace of C[0, ) having polynomials of degree up to
four. Following operators have been defined for the difference of operators

Mn(f: x) = Z pn,an,u(f): Ln(f' x) = Z pn,an,u(f):
u=0 u=0

where F, ,,(eg) = Gy (ep) = 1.

We can define operators (1.1) as B, (f,x) = Yoz Pnu()Fau(f) = Xm0 Pnu(X)f (%), (1.2)



where py, ,,(x) is function having Baskakov basis and it is defined as p,,(x) = (n + Z - 1) x*(1+

x)

Notations: Throughout the present papers following notations are used d” = F(e;), uf = F(e; —dFey)*, k €

N.
Operators applied for differences:
Baskakov-Szasz type operators: In [14] The Baskakov-Szasz type operators are defined as

Sn(f,%) = n X0 Pru(®) f, dnau(Of @),
Pru(x) is defined in (1.2) and gp o (£) = "

u!

Operators (1.3) can also be written as S,, (f, x) = Y00 Pnw (0) G ().

Baskakov-Durrmeyer type operators: These operators are defined as, see [15]

Dalf,) = ) PraCOHuf).
u=0

1 o U1
where, nuoc) = B(wn+1) fo (1+£)n+u+t f(t)dt

2. Basic Results

Here we establish some lemmas and propositions, which are useful for the proof of main theorems.
Propositionl: Denoting F,,(f)=f (%) such thatF,,(e)) =1, dfmu:=F,,(e)
considering ugn'“ = Fpy(e; — dfueg)k, k € N, then we have
Hy" = Fr(ey — dfnneg)? = 0
U™ = Fpu(ey — dfieg)* = 0.
Proposition 2: Letf(r) € C5[0,0),r =0,1,2. Let x € [0, ), then for n € N, we get

14 ”6
10, — Lor el <y + 202 (1 4y 6o) 4 207,60,

o Fnu Gnu
where, ¥(x) = £20 P () (45 + 5™

o) Fn,u Gn.u o] nu nu
and 87 = ¥zop,, () + ™), 63 = T, (D) (@ — d)2
Cg[0, ) denotes the class of continuous and bounded functions defined for x = 0,

Il = sup [f(x)| < oo.
X€[0,00)

Lemma 1: Some moments of the operators discussed in (1.2) are as follows

(1) Bn(e()'x) = 1;
(ii) B,(e},x) = x,
Gi)  B,(epx) =~ w,

n

(1.3)

and



. x 3(n+1)x2 (n+1)(n+2)x3
(1V) Bn(e3,x) = n_z + 2 ’

x  Im+Dx?  6mAD)(m42)x®  (m+1)(n+2)(n+3)xt
) By(eyx) == +——5—+ 3 + 3

n n n

le n

Recurrence relation for above moments is given as

By (e, x) + xB, (e, x).

x(1+x)
Bn (em+1' x) = n

3. Difference between the operators

In this section, we allocate quantifiable estimations for difference of Baskakov operators with
Baskakov-Szasz type operators, Baskakov operators with Baskakov-Durrmeyer operators and with
Baskakov-Szasz operators with Baskakov-Durrmeyer operators.

Proposition 3: By simple calculations as e, (t) = t*, where k € N°, we obtain

(u+k)

Guulew) = Jy 4, (Ot dt =

Hence d“ = G, (e;) = wl
2

and ;" = Gy ey fve 02 = Grules ) + (2) = 26,,(e, ) ()

=(u+2)(u+1)_(u+1) =(u+1)
n

n? n?

(N +1 +1
oo " = o = d7ve0)" = G(en ) 46, 0e0) (7) + 6nuler ) (7 )

u+1\° u+ 1\*
_4Gn,u(el’ x) <T) + Gn,u(eo; x) ( )

=(u+4)(u+3)(u+2)(u+1)_4(u+3)(u+2)(u+1)<u+1)_|_6(u+2)(u+1)(u+1)2

n* n3 n? n
ut1y (u+1\3 e\t 3@l +au+3)
—4 W)y () o ety
n n n n

Theorem 1: (Difference between Baskakov-Szasz operators and Baskakov operators)
Let £ € C5[0,00),7 = 0,1,2. Let 0 < x < oo, then for any natural number n, we get

"f I o+ (f ' 1)(1+V(X))+2w(f 82(x)),

|(Sn = Bo)f ()] <

where, y(x) =257, 61(x) = M 500 = 5

Proof: Following propositions 1, 2 and 3 and also using Lemma 1, we have

P =Y ) (15 + ) = Y o0
u=0

nx+1

1 1
= ;Bn(ell x) + o

n2z ’
Fn,u Gn,u
8100 = Z P (O (1™ + ™)
u=0
Gnu _ 3X*n(n+1)+15nx +9
= z pnu(x),u4 = o

5% x) = z Do (x)(an,u _ dGn,u)Z
u=0



anu(x) [u u+ 1] n_l2

Collecting above estimates, we get required result.

(u+r—-1)!(n—k)!

Proposition 4: By simple calculations with e, (t) = t*,k € N, we obtain H,,(e;) = o

Hence d*nu = H,, ,(e;) = ;—t

I 2

nu __ Hp oy 2 u u
Mz - Hn,u(el —dm eO) - Hn,u(ez) - 2Hn,u(el) (Z) + Hn,u(eO) (Z)
_ u(u+1) _ (z)z _ u(utn)

T n2-n n)  n?(n-1)

HTLu 4 2
and #4 = Hn,u(el - dHn'ueO) = Hn,u(e4' x) - 4Hn,u(e3'x) (5) + 6Hn,u(32!x) (g)

Uy 3 U4
_4Hn,u (elr x) (;) + Hn,u(eO! x) (E)
wu+3)w+2)u+Du wu+2)(u+Du u (u+ Du u\2
- nmn—-—1n-2)(n—-3) B nn—1)mn-2) (_) nn—1) (ﬁ)

u\ (u\3 u\4 _ 3(w*(n+6)+2nud(n+6)+n?u?(n+8)+2n3 u)
—4 (_) (;) + (Z) n*(n-1)(n-2)(n-3)

Theorem 2: (Difference between Baskakov-Durrmeyer operators and Baskakov operators)

Let f(r) € C5[0,0),r =0,1,2. Let 0 < x < oo, then for any natural number n, we get

1= Bf el <y + 200 (1 4y ),
where, y(x) = (11J;1(+(1)+x) and
8i(x) = Sxx+ D(n + 1) [n3x(x + 1) + n?(11x% + 11x + 3) + n(36x* + 36x + 7) + 6(6x>

n-3)(n-2)(n-1)nd
+ 6x + 1)].

Proof: Using Propositions 1, 3 and Lemma 1, we have the following

pnu Hn’u _ xn+1Dn+2)
y(x) = Z Pnu(x) U, ) S Tam—D

- nu . 3x(x+1)(n+1)
5i(0) = Z pnu(x)(u4 zp””( ),u4 T m-3)(n-2)(n—1)nd

[n3x(x + 1) + n?(11x% + 11x + 3) + n(36x* + 36x + 7) + 6(6x* + 6x + 1)].
Subsequent to proposition 2, we get the result.

Theorem 3: (Difference between Baskakov-Szasz operators and Baskakov-Durrmeyer
operators)

Let f(r) € C5[0,0),r =0,1,2.Let 0 < x < oo, then for any natural number n, we get

16~ r el <y + 22 (14 y ) 4 207, 8,00,

nx+l | x(1+x)(n+1)

where, y(x) = n



52 (x) = 3x%n(n+1)+15nx+9n 3x(x+1)(n+1)
1 n* (n=3)(n—2)(n—1)n3
1
-

6(6x* +6x+1)], 85(x) ==

n

[M3x(x + 1) + n?(11x% + 11x + 3) + n(36x% + 36x + 7) +

Proof: According to Lemma 1, Propositions 2, 3 and 4, we have

_nx+1 x(1+x)(n+1)
T on? n—1n

Y0 = Y D) (5 + )
u=0

3x’n(n + 1) + 15nx + 9n
= 4

n

Gn,u Hn,u
500 = Y p (™ + 1)
u=0

3x(x+1)(n+1)
n-3)Y(n—-2)(n—1)n3

[n3x(x + 1) + n?2(11x?% + 11x + 3) + n(36x2 + 36x + 7) + 6(6x2 + 6x + 1)]

* 1
53(x) = Yo P, (%) (dbr — gfinu)? = =
Combining the estimates and according to proposition 2, we get the result.

Conclusion: The present paper deals with the approximations of the differences of linear positive
operators defined on bounded or unbounded interval in terms of higher order modulus of continuity.

There are several integral and other modifications, variations, and basic extensions of the
Baskakov type operators. Here we have chosen Baskakov basis functions, others can choose
other basis functions comparably.
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