On a Class of Curvature Properties of Projectively flat

Finsler («,3)-metric
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Abstract: In this paper, we study a class of Finsler metric inthe form F = a + 8 + % —
4

= Where a = faijyiyf is a Riemannian metric, § = b;y' is a 1—form. We obtain a

necessary and sufficient condition for F to be locally projectively flat. Further, we prove that
such projectively flat Finsler metrics with the constant flag curvature must be locally
Minkowskian.
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1. Introduction

In Finsler geometry, one of the fundamental problem is to study and
characterize the projectively flat metrics on an open domain U < R™. The
Beltrami theorem tells us that a Riemannian metric is locally projectively flat if
and only if it is of constant sectional curvature. Projectively flat metrics on U
are Finsler metrics whose geodesics are straight lines. However, there are
locally projectively flat Finsler metrics which are not of constant flag curvature
and there are Finsler metrics of constant flag curvature which are not locally
projectively flat.

It is well-known that every locally projectively flat Finsler metric is of
scalar flag curvature. It is known that a Randers metric is projectively flat if and
only if « is projectively flat and £ is closed[1].

The main purpose of this paper is to study locally projectively flat Finsler
2 4
metrics inthe formF = a + f + 267 _ B with constant flag curvature.

a 3a3’

2. PRELIMINARIES



Let M be an n-dimensional smooth manifold. We denote by TM the
tangent bundle of M and by (x,y) = (x,y") the local coordinates on the
tangent bundle TM. A Finsler manifold (M, F) is a smooth manifold equipped
with a function F: TM — [0,00), which has the following properties:

* Regularity: F is smooth in TM\{0};

* Positively homogeneity: F(x, Ay) = AF(x,y),forA > 0;

Strong convexity: the Hessian matrix of F*, g;;(x,y) = 2( v ) IS
positive definite on TM\{0}. We call F and the tensor g;; the Finsler metric and
fundamental tensor of M respectively.

For a Finser metric F = F(x,y), its geodesic curves are characterized by
the system of differential equations ¢:+2G*( ¢) = 0, where the local functions
G' = G'(x,y) are called the spray coefficients and given by following

i1 u (9%F] k _ OIF*]
G" = 29 {E)xkayly dx! }’ y € IM.

A Finsler metric F = F(x,y) on an open domain U < R" is said to be
projectively flat, if all geodesics are straight lines. This is equivalent to G/ =
P(x,y)y*, where G' = G'(x,y) are the geodesic coefficients of F, which are
given by

6= 79" {[Fnyym ~ 1211}

Lemma 2.1. [8] The geodesic coefficients G* are related to G} by

Gi = Gl + 61=2Qasy} + [{-2Qasy + roo} = + H{=2Qas, — roo}{b' — s},

(2.1)
where G denote the spray coefficients of a and
_ o' _ (DI(Q_S(DI) _ 0"
Q = o—s¢’ J = 20((@—s9'+(b2-52)¢'") ' H= 20((0—s0+(b2—52)0'")
(2.2)
_B _
Where s ==,b = 18| -



Lemma 2.2. [8] An (a, f) —metric F = a(z)(g), where s = g IS projectively

flat on an open subset U < R™ if and only if

(Am@® = ymy)GF + a®Qs;o + Ha(=2aQs, + 1g0)(ha — sy,) = 0,
(2.3)

where y; = a;;y’.

For an (a, ) —metric F = a@(s) where s = g and @ =@(s) is a C* function
on the (—by, by) with certain regularity, a = /aijyiyf Is a Riemannian metric
and B = b;(x)y' is 1-form on M.

Let us define b;/; by

i H

where 6! = dx' and 6/ = I}/ dx* denote the Levi-Civita connection form of
a.

Let
1
Tij = E( bisj +bjsi),

Sij = %(bi/j —bjsi)-
Clearly, B is closed if and only if s;; = 0. (a, f) —metric is said to be trivial if
r;j = s;; = 0. put
Tip = Tij)’j» Too = Tij)’jyj» = bi"”ij:
Sio = Si¥?,  s;=Db'sy;,
ro = 1yl, so =5y

3. PROJECTIVELY FLAT FINSLER (a, B) - METRIC WITH CONSTANT FLAG
CURVATURE



2p _ B*

Foran(a,p) —metricF=a + f +=——-=,0(s) =1+ s + 252 —
4
S?,s = f/a.

From the (a, ) —metric,
(s? —1)(5s2 —1—4b?) > 0.

By Lemma (2.1), we can compute

3 + 125 — 453
O =30 252 7 59
2
H =T rap? —ssz /

B (1—-52)(3 + 125 —4s3)
"~ 2(1+ 4b2? —552)(3+ 35 + 652 — 5%)

By Lemma (2.2), we have the following equation

(3 + 12s — 4s3)

2a (3+ 125-45%)

(1 + 4b2 —552) {—2a 3(1-s2)2 0 t
oo} (b — syp). (3.1)
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Theorem 3.1. LetF = a + B + % — 3% be a Finsler metric on a manifold

M. F is projectively flat if and only if
(1)  GL= ny' —2ta?bl,
(2) bl/] = T[(l + 4b2)aij - 5blb]],

where 7 = t(x), n = n;(x)y' and b;,; denotes the coefficients of the
covariant derivative of £ with respect to a. In this case,

G'= (n + 2tay)y’, (3.2)
where

_ (1-s3)(3 + 125—4s?)
T 4(3 4 3s + 652 —s%)

s, s = B/a. (3.3)



Proof: First, we rewrite (3.1) as a polynomial in y* and o, which is linear in a.
This gives

0 = 3(a® — B[(4b* + 1) — 58%](@mi@® — YmY)GE
= a*(3a® + 12Ba? —4B3)s,[(1 + 4b?)a? — 587]
= 2a?[-2a?Ba® + 12Ba? — 4B3)s, + 3rye(a? — ?)?]
* (ba® — Byy). (3.4)

The coefficients of & must be zero (note that a®¥¢™ is a polynomial in y%). We
obtain

3a’s;[(1 + 4b%)a? —5B%] = 12a’sy(bja® — By)).
Then
sl(1 + 4b*)a® —5B%] = 4so(ba® = Byy). (3.5)
Contracting (3.5) with b! yields
(a? — B?)s, = 0. (3.6)
For a? — B%? + 0, we have
So = 0.
Then it follows from (3.5) that
S0 = 0. (3.7)
This implies that £ is closed.
Now, equation (3.4) is reduced to

0 = 3(a® —B?)*[(1 + 4b*)a* —58%](ama® — Ymy)GY'
+ 4a*(3pa’ — B)spl(1 + 4b*)a? — 567]
+ 2a?[-8a*(3Ba* — f%)sy + 3rge(a® — B2)?](bia® — Byy).

We can rewrite the above identity as follows:



[(1 + 4b2)a2 - Sﬁz](amlaz _YmYI)chn
3(a? _'BZ)Z{ +2150a%(ba® — yiB) }
spl(1 + 4b®)a? — 5,82]}

—4s (blaz — By1)

Since a*B(3a? — p?%) is not divisible by (a? —B?)?, then {s,o[(1 +
4b%)a? —5B2] — 4s,(b;a® — By;)} must be divisible by (a? — B?)2.

= —4a*p(3a? — ,82){

This is impossible unless s;,[(1 + 4b?)a? — 5B%] — 4s,(b,a? — By;) = 0.
Then we conclude that £ is closed.
Since s;; = 0, equation (3.4) is reduced to

[(1 + 4b*)a® —5B%](ama® — YymY)GT + 2150a’(bia® —y, ) = 0.
(3.8)

Contracting (3.8) with b, we get
[(1 + 4b*)a® = 58%](ama’® — ymB)GY = —2rg0a*(b*a® — 7).  (3.9)

Note that the polynomial(1 + 4b?)a? — 582 is not divisible by a? and
bza,z _ ﬁz_

Thus (b, a? — y,,f)GE is divisible by a?(b?a? — p?).
Therefore, there is a scalar function T = t(x) such that
Too = T[(1 + 4b*)a? — 5B2]. (3.10)
By (3.9) and (3.10), the formula for G* can be simplified to
G' = G.L + 2tyay’ + 2ta?b’, (3.11)
where y is given in (3.3).
Now, we compute GL. Plugging (3.10) into (3.8) and contracting with b' yield
(b — Byy,)GE + 21a?(b?a?® — p?%) = 0. (3.12)
Rewriting above equation
a?(GMb,, + 2tb%a?) = B(y,GI + 2ta?p). (3.13)

Because a? is not divisible by 8, there exists a 1-formn = n;y* such that



GMb,, + 2th?a? = np, (3.14)

GMy,, + 2ta? B = na’. (3.15)
From anyone of the above two equations, we have

GL = ny' — 2ta?b'. (3.16)
This proves (1). Fromdf = 0and 7y, = 7[(1 + 4b?)a? — 5B%], we get (2).
In this case, G'=(n + 2tay)y'.

Hence, we proved the theorem.

2 4

Lemma 33. If F = a +  + 2 _E g projectively flat with the constant

a 3a3

flag curvature K = A (constant), then1 = 0.

Proof: First, we assume that F is locally projectively flat so that in a local
coordinate system the spray coefficients of F are in the form (3.2).

It is known that if the spray coefficients of F are in the form G = Py!, then F
is of scalar

curvature with the flag curvature

K = (P% — Poxy")
FZ

Then

¢ = O e e et (3.17)
Observe that

S kY’ = r;,l_o + %{bm“ — sym}Gy* = ta(l—s?),
k 2 m
Axky ™ = EG(I Ym = 2(n — 218)a.

We obtain

= nz_nxkyk+4tz)(2a2—2Txkyk)(0-’—2T2“2)('(1—52)+ 8125)(052. (3.18)

F2

By (3.18), the equation K = A multiplied by 8a®?F*, we can get



Aa® + Ba* + 12%3a® + 24Aa*B™ — 1B = 0

where A and B are the homogeneous polynomials in y of degree 11 and 12
respectively.

Rewriting the above equation as
(Aa? + 12AB8*3)a® + (Ba* + 242p™a? — 2p1%) = 0.
We must have
Aa? + 12281 = 0, (Ba?+ 24pY1)a? = Ap1S. (3.19)

Since B2 is not divisible by a, we conclude from the second identity in (3.19)
that 4 =

Now, we consider the trivial case when ¢ = 0in (2). In this case
bi/j = 0, G' =GL = ny".

By Lemma 3.3, F has the zero flag curvature, thus a has the zero flag curvature,
I.e., a is locally isometric to the Euclidean metric. Hence, we have proved the
following

oA 2[32 ﬁ4
Proposition 1. Let F = a + f +— — e be a Finsler metric on a
manifold M. Suppose that F is a 10ca11y projectively flat metric with the zero
flag curvature. If T = 0, then « is a flat metric and S is parallel with respect to

a. In this case, F is locally Minkowskian.
By using Lemma 3.3 and Proposition 1 we prove the following theorem.
2
Theorem 3.2. Let F = a + B + i —— be a Finsler metric on a manifold

M. Suppose that F is a locally pm]ectzvely flat metric with the constant flag
curvature. Then a is a flat metric and £ is parallel with respect to «. In this
case, F is locally Minkowskian.

Proof: We only need to show that = 0. Under the assumption that K = 0,
we obtain

da® + ¥ = 0, (3.20)

where



@ = (32412 B —187y)a® + (72(n? -no)B — 25272B° + 541,%)a*
+ (144(m?% -ny) 3 — 1044712%B° + 426 1, a?
+ (=24(* -no) + 2047*B* — 787,8)p>,

Y = 27t%a® + (36(n% -ny) + 774 1%B%* — 18 1,8)a®
+ ((180(n? -np)B?* — (1665)p*t?) + 330 7of°)a’
+ (120(n% -ny)B* — 576 12B° + 432 1,(°)a*
+ (—48(n? -ny)P°® + 28812B% — 176 14B7)a?
+ (4% -no — 16 T2p* + 1675)B°,

Where n, = n,xy*, 1o = t,ky*. Note that ¥ and @ are the homogeneous
polynomialsin y and @ = /aijyiyf is in a radical form. Equation (3.20)
implies that
Y =0 & =0. (3.21)
First we start from @ = 0, thatis
{(547%B = 3rp)a* + [12(n% -no)B — 427263 + 97,B%|a? +

[24(n? -1o)B3 — 1741265 + 71toB*]}a? = —[4(n? -1o) + 34262 —
137,B]B°. (3.22)

Since B2 is not divisible by a, there exist scalar functions d; = d;(x), i =
1,2,3, such that

4(n% -ny) + 341%p% — 137, = dya?, (3.23)
d,B? + 24(n?% -ny) — 1741%B% + 711, = dya?, (3.24)
d,B? + 12(n% -ny) — 427%p% + 91, = d;a?. (3.25)

Then (3.22) becomes
54T2ﬁ - 3T0 - _ﬁd3 (326)

From the above equation, we can see that T, must contain the factor . Hence
there is a scalar function d, = d,(x) such that

To = dauf. (3.27)

Plugging this into (3.26), we have



2 3d4—ds
54

Substituting (3.27) and (3.28) into (3.25) and (3.26), we have

2

(3.28)

di B2 + 24(n% -no) — = (3d4-d3) B2 + 71d,B% = dya?,

9

(3.29)

% + 12(1% -no) —2(3ds - d3)B? + 9 duf? = d3a?,

Equation (3.30) multiplied by -2 and added to (3.29) yields
(di —2d, +3ds + 48d,)B* = (d; — 2d5)a’.
Since a? is not divisible by f, we have
dy = 2d3,  dy =<dy —48d,.

Inserting (3.27), (3.28) and (3.32) into (3.30), we can get

1 25 20
(772‘770) =5{d3“2 _;d352 _?d4,32}-

Plugging (3.27), (3.28), (3.32) and (3.33) into (3.22), we obtain
(505 = 48d)a” = (5;d3 — 5B

Since B2 is not divisible by a?, we have

8
§d3 - 48d4 == 0,

LI
27 9
Solving the above two equations, we get
d; =d, =0,
so that
12 = 3ds — d = 0.

54

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)



Thatist = 0.

Now we need to consider ¥ = 0. We have

0 = (36(17 -no) + 774126%)a® + ((180(n? -no)B? — (1665)*72) +

330708°) a® + (120(n? -no)B* — 57612B° + 43278%)a* +

(—48(n? -no)B® + 288128 —1767,87)a? + (4(n? -ny) — 167242 +

167,)B°

(3.35)

Since B2 is not divisible by «, there exist scalar functions ¢; = ¢;(x), i =

1,2,3,4 such that
4 (n? -ny) — 167242 + 167, = c,a?,

c1B? —48(n% -ny) + 28812p% —1761,8 = c,a?,

c,B% + 120(n% -ny) — 5761%B% + 4321, = c3a?,

csfp? + 180(n% -ny) — 16657%6% + 3307, = c,a’.

Then (3.35) becomes

36(n% -ng) + 7741%B% = —c,p2.

(3.36)
(3.37)

(3.38)

(3.39)

(3.40)

From the above equation, we know that n%-n, must contain the factor 2, so

there is a scalar function cc = c5(x) such that

n?-my = csp.
Then , from (3.40) we can get

36¢cs+cC
TZ - _ 5TC4
774

Plugging (3.41) and (3.42) into (3.26), we obtain

(c3B + 216¢sB + 2¢4f + 3307y)B = cua’.

Since 52 is not divisible by a?, we can get

216C5+C3 2
C,=0, 70 =— TS = — =,
4 Y 330 b, 20

(3.41)

(3.42)

(3.43)

(3.44)



Substituting (3.41) and (3.44) into (3.25), we obtain
(cz — 240¢5 — §c3) f? = cza’. (3.45)
From the above equation, we conclude
cs=0, ¢, = 240c:. (3.46)
Plugging (3.41), (3.44) into (3.24), we can get
(c; + 96¢5)B? = 240csa’. (3.47)
Then we have
cs = 0, c, = 0. (3.48)
Inserting above into the third expression of (3.44), we have t2 = 0, so that

T = 0. Hence theorem is proved completely.
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