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Abstract

Hoffman introduced the variational Kurzweil-Hentock-Stieltjes integral on a real-valued function
and presented some of its properties. In this paper, we defined the variational Kurzweil-Henstock-
Stieltjes integral on a compact interval in R™. Fundamental properties such as uniqueness,
linearity property and monotonocity property of both the integrand and integrator, additivity

and integrability over a subinterval are provided. In addition, a characterization of the variational

Kurzweil-Henstock-Stieltjes integral is established by formulating the Cauchy Criterion.

Keywords: Variational Kurzweil-Henstock-Stieltjes Integral, PUL-Stieltjes Integral
2020 Mathematics Subject Classification: 26A42, 28B20, 34N05, 49Q15

1 Introduction

In the past centuries, Isaac Newton and Gottfried Wilhelm Leibniz started the modern theory of
integration. In 1660’s, Newton coined the term ”calculus” as he created the theory of fluxions and
invented the method of inverse tangents to solve areas under the curves [9]. During 1680’s, Leibniz
discovered the reversal process for finding the tangent lines to solve areas [1]. Both of them found
out that integration, being a process of summation, is inverse to the operation of differentiation.
This discovery paved way for many applications to mechanics, physics, and other fields. Meanwhile,
Bernhard Riemann introduced the Riemann integral by separating the notion of integration from
differentiation through limiting process for solving areas. He considered all functions on an interval
for which this process of integration could be defined as the class of integrable functions.
However, it was discovered during the nineteenth century that the Riemann integral had many
shortcomings [8]. In 1902, Henry Lebesgue introduced the Lebesgue integral to overcome the
drawbacks of Riemann integral [4]. But, learning Lebesgue integration needs the notion of measure
theory making it a hard one and it had its defects as it cannot integrate highly oscillating functions.
In 1950’s, Czech mathematician Jaroslav Kurzweil and English mathematician Ralph Henstock
independently established another integration process that remedied the inadequacy of the Lebesgue
integral. This integration process is called the Kurzweil-Henstock integral or the Generalized
Riemann integral that can integrate highly oscillating functions [1]. Then, it was realized that




for real-valued functions, this integration process is equivalent to the variational Kurzweil-Henstock
integral, which is a corollary of Saks-Henstock Lemma [10].

In the Riemann, Lebesgue, and Kurzweil-Henstock integrals, a given function is integrated with
respect to the identity function. However, their are mathematical problems that can be obtained
through the extension of the notion of integral towards integrals in which the given function is
integrated with respect to a function different from the identity function. This type of integral had
been known as the Stieltjes integral, the extension of any integrals with respect to an integrator
which does not have to be the identity in general. This concerns many papers due to its applications
in functional analysis, theory of distributions, generalized elementary functions, as well as various
kinds of generalized differential equations, including dynamic equations on time scales [13]. There
are number of papers concerning Henstock-Stieltjes Integral, one of those is the formulation of the
PUL-Stieltjes Integral, a Henstock-Stieljes type of definition that utilizes the notion of a partition
of unity [5, 6].

In [3], a characterization of the variational Kurzweil-Henstock integral of Banach-Valued functions
on the closed interval [0,1] was presented. Skvortsov and Solodov [11] established the definition
of variational Kurzweil-Henstock integrability to a Banach Space valued functions [11]. In [7],
a descriptive characterization of the variational Kurzweil-Henstock Stieltjes integral on the real
line including its simple properties was provided. This present study generally aims to define
variational Kurzweil-Henstock-Stieltjes integral on a compact interval in R™ and provide some of
its basic properties such as uniqueness, linearity property and monotonocity property of both the
integrand and integrator, additivity, integrability over a subinterval and the Cauchy Criterion of
such integral.

2 Preliminaries

In this section, some terminologies were discussed for a better undertanding of the paper. Throughout,
R™ denotes the n-Euclidean space, RT is the set of positive real numbers, N is the set of natural
numbers, Z, ([a, b]) is the collection of all compact subintervals of [a, b] and V ([u, v]) is the collection
of all vertices of [u, v].

Definition 2.1. [8] A compact interval in R™ is a set of the form [a,b] = []_,[as,b:], where
—co<a; <b<ocofori=1,--- n.

Definition 2.2. [8] Two compact intervals [g,7],[s,t] € R" are said to be non-overlapping if

Hz 1(q17rl)ﬂHrL 1(’517 1) =, where q= (q17q27"' ,qn),'r = (T17T27"' ,Tn),S = (517527"' 7571)
and t = (tl,tg, ,tn)

Definition 2.3. [12] The volume of an interval in R™ is the product of the lengths of its sides,
vol([a, b]) = [T/, (bs — a;), whenever —oo < a; < b; < oo fori=1,---,n.

Definition 2.4. [8] A function ¢ : [a,b] — R is called a gauge on [a, b].

Definition 2.5. [8] If {[q1, 1], [g2, 2], - - , [@p, Tp] } is a finite collection of pairwise non-overlapping
subintervals of [a, b] such that [a, b] = J}_, [gk, 7], then we say that {[q1, 1], [q2,72],- -, [@p, Tp]}
is a partition D of [a,b]. A partition D of [a,b] is a net if for any k € {1,2,---,p}, there is a
partition Dy, of [ak, bx] such that

P
H Uk, vk ¢ [uk,vp] € Dy for k=1,2,--- ,p}.

Definition 2.6. [8] A point-interval pair (t,I) consists of a point ¢ € R™ and an interval I € R".
Here, t is a tag of I.



Definition 2.7. [8] For each & € R", we define ||| - ||| the mazimum norm of x by

[|z||| = max{|z;| :i=1,--- ,n}, where @ = (z1, -+ ,Zn).
Definition 2.8. [8] Given x € R” and r > 0, we set B(x,r) = {y € R" : |||l — y||| < r}, where
w_y:(wl_y17"' 7mn_y’ﬂ)7a’:(m17'“ ’x’"«)a andy:(yla'“ 7y”ﬂ)'

Definition 2.9. [8] A Perron partition P of [a,b] is a finite collection of point-interval pairs
{(te, gk, 7)) : k = 1,2,--- ,p} where {[q1,71],[q2,72],- - ,[gp,Tp]} is a partition of [a,b] and
ti € [qu,mi] for k=1,2,--+ ,p.

Definition 2.10. [8] Given a gauge § defined on {1, - ,%,}, the Perron partition P of [a,b] is
said to be d-fine if [qx,rx] C B(tk,0(tx)) for k =1,2,--- ,p.
Lemma 2.1. [8] (Cousin’s Lemma) If 0 is a gauge on [a,b], then there exists a d-fine Perron

partition of [a,b].

Definition 2.11. [8] A finite collection {(¢x, [gk, Tx]) : K = 1,-- -, p} of point-interval pair is said to
be Perron subpartition of [a, b] if ty € [qx,rs] for k =1,2,--- p and {[q1,71], [g2,72], -, [g@p, Tp]}
is a finite collection of non-overlapping intervals in [a, b] .

For brevity, we denote {(¢x,[gk,7x]) : k=1, -+ ,p} by {(¢,[g,7])}.

Definition 2.12. [8] Given a gauge ¢ defined on {t1,--- ,t,}, the Perron subpartition S of [a, b]
is said to be d-fine if [gk, 7] C B(tx,d(tr)) for k=1,2,--- ,p.

Lemma 2.2. [8] (Saks-Henstock Lemma) If f € KH|a,b], then for every £ > 0 there exists a
gauge 0 on [a, b] such that

> _|f@)yvol(lg, ) — (K H) fl<e
(tla,r)es la7]
for each d-fine Perron subpartition S = {(¢, [g,r])} of [a, b].

Definition 2.13. [2] A real-valued set function F' defined on a class of sets .# is called additive (or
finitely additive) if

F(QJ) = sz;F(Ji)

k
for all k£ € N and all disjoint sets J1, J2, -, Jr € # such that U Ji € S.

=1
Definition 2.14. [8] Let g : [a,b] — R. The total variation of g over [a,b] is given by
Var(g, [a,b]) = sup Z |Ag([u,v])| : D is a partition of [a, b]}
[u,v]€D

where

Ag([u’”]) = Z (g(t) H(fl)x{uk}(tk)) (*)

teV([u,v]) k=1
and [u,v] € Z, ([a, b]).
Example 2.3. When n =1, (x) becomes
Ag([ur,v1]) = glun)(=1) 0D 4 glor)(=1) =0 = g(v1) — g(w).

Theorem 2.4. [8] If {I,,I>, - ,I,} C Z,([a,b]) is a finite collection of non-overlapping intervals
in R™, then there exists a net Do and JNI, € I,([a, b]) for somer € {1,2,--- ,p} such that J C I,.



3 Main Results

This part finally introduces the variational Kurzweil-Henstock-Stieltjes integral on [a,b] C R™ and
presents some of its basic properties.

Definition 3.1. Let f,g : [a,b] — R be functions. The function f is said to be wariational
Kurzweil-Henstock-Stieltjes integrable (or simply vK H S-integrable) with respect to g on [a, b], if
there exists an additive function F : Z — R, where Z is the set of all compact subintervals of [a, b]
satisfying the following condition: Given € > 0, there exists a gauge ¢ such that

‘f(t)Ag([u,v]) ~ F([u])| <

(t;[u,v]))eP

for every d-fine Perron partition P = {(¢, [u,v])} of [a,b]. Here, if such additive function F exists,

we write F([u,v]) = / f dg, for all [u,v] € T and we say F is the indefinite vIK H S-integral
[u,v]

of f with respect to g.

Throughout this paper, denote by v K HS([a,b],g) the set of functions f : [a,b] — R which
are v K H S-integrable with respect to ¢g on [a, b].

Example 3.1. Let Q be the set of all rational numbers, and define the function f : [0,1] — R by

setting
)1, z€0,1]NnQ
f(w)_{o, z 0,1~ Q.

and g(z) = z. We show that f is v K H S-integrable with respect to g.
Note that Q is a countable set. Put (r,)n=; as an enumeration of [0,1] N Q. Fix € > 0. Define
a gauge d on [0,1] by setting

€

§(z) = { 2
1, z €[0,1]\ Q.

xr =7, for some n € N

Let P be a d-fine Perron partition of [0, 1], then

Yo F®OA(we)) 0= > [f®)lg(v) —g(w)] -0

(& [u,v])eP (t,[u,v])eP

= > O~

(& [u,v])eP

= > If®e-wl+ Y If®)w@-u)
(t,[u,v])EP (t,[u,v]€P)
teQN(0,1] t€[0,1\Q

= > If®w@-u|
(t,[u,v])EP
teQN[0,1]

= Y w-w

(t,[u,v])€P
teQn[o,1]



< Y20

(t,[u,v])EP
teQn[0,1]

@
= Z 2 (2n+1 )
(t,[u,v])eP
teQn[o,1]

1
<2 B ()
(t,[u,v])eP
teQn|o,1]

Since € > 0 is arbitrary, we conclude that f € vKHS[0,1] and F([0,1]) = fdg = 0.
(0,1]

Now, we will provide some fundamental properties of v K H S-integral.
Theorem 3.2. (Uniqueness) There is at most one value satisfying the Definition 3.1.

Proof: Let F,G : T — R, where Z is the set of all compact subintervals in [a, b] be additive functions.
Suppose F(J) and G(K) for all J, K € Z be the values of the v K H S-integral with respect to g
on [a,b] such that Definition 3.1 holds. Fix € > 0. Since both F(J) and G(K) for all J,K € T
satisfy Definition 3.1, there exist gauges, 61 and 82 on [a, b] respectively, such that

> 1A - FI)| < 3

(¢,J)EP;

for every d1-fine Perron partition P1 = {(¢,J)} of [a, b] and

Y |F(e)A(K) - GE)| <

(s, K)EP,

N ™

for every d2-fine Perron partition P> = {(s, K)} of [a,b]. Define § by setting
d(x) = min{d1(z), d2(x)} (3.1)

forall x € [a, b]. Then § is a gauge on [a, b]. By Cousin’s Lemma, we can fix a d-fine Perron partition
P of [a, b]. Equation (3.1) implies that P is both d;-fine and d2-fine. Denote ¥ = {I : (§,I) € P}.
We claim that F(I) = G(I) for all I € €. Let J € €. Observe that

YoOFWD) =G = Y |F) = f(@)Ag(T) + f(@)Ag(T) = G(T)]

(=, J)eP (x,J)EP
< ¥ {0 - r@a) s, - )}
(x,J)eP
= Y |f@A) - FWD)|+ > [f@)AJ) - G(J)]|
(@, J)eP (z,J)EP
<3ty

Since € > 0 is arbitrary, Z |F(J) — G(J){ = 0. Hence, ‘F(J) — G(J)’ =0 for all J € ¢.Thus,
(z,J)eP
F(J)=G(J) forall J € F. O



Theorem 3.3. (Linearity of Integrand) Let g, f1, f2 : [a,b] — R be functions. If
f1, f2 € vKHS([a,bl,g), then for any o, 8 € R, afi + Bf € vKHS([a,b],g) and

/w(ah+ﬁhﬁw=a/) frdg+ 8 [ hdg
[a,b] [a,b] [a,b]

a,b

Proof: Let g, f1, f2 : [a,b] > R, a, 8 € R and € > 0 be given. Suppose that f1 and f> are viK HS-
integrable with respect to g on [a,b]. Put F = f[a bl f1 dg and G = f[a b] f2 dg. Then there is a
gauge 41 on [a, b] such that

oo, PO < iy

for every d:-fine Perron partition Py = {(¢,J)} on [a,b]. In the same manner, there is a gauge 62
on [a, b] such that

g

for every da-fine Perron partition P> = {(s, K)} on [a,b]. Define ¢ by setting
0(x) = min{di(x), d2(x) } (3.2)

for all € [a,b]. Then 4 is a gauge on [a, b]. Hence, we can choose a d-fine Perron partition P of
[a,b] . By (3.2), P is both 4;-fine and d2-fine. Consequently,

> lefit) + Bf2(6)]Aq(T) — {aF (J) + BG(I)}]

(t,J)eP

= > |a{lA®]Ag() = F(I)} + B{[f2#)] 26 () = G(J)}]

(t,.])EP
< Z {|O‘{[f1(t)]Ag(J)*F(J)}‘+|5{[f2(t)]Ag(J)*G(J)H}

(t,J)eP
= |af Z 1) Ag(J) — F(JI)| + |8] Z |f2(0)Ag(J) — G(J)]

(t,J)eP (t,J)eP
€ €
<l HsgE
e €
<(|a|+1)m+(|ﬂ|+1)m
e, €
“373
= e
Thus,
/[b](af1+5f2) dg =« : b]fl dg + 8 [ b]f2 dg. O

Proposition 3.1. Let g1,92 : [a,b] — R be functions. Then for any «, 8 € R,

Acgr 50 ([t 0]) = 0 gy ([, 0]) + B gy ([, 0]), where [1s,0] € o ([, b]).
Proof: The proof is obvious. |
Theorem 3.4. (Linearity of Integrator) Let f, g1, g2 : [a,b] — R be functions. Suppose

f € vKHS([a,b]l,g1) NvKHS([a,b],g92). Then for any o, 8 € R, f € vKHS([a,b],ag1 + Bg2)
and

fdbm+ﬁm%=a/ Fdg+8 [ fdg.
] [a,b] [

[a,b a,b]


Highlight


Proof: Using the same arguments in the proof of Theorem 3.3 and by Proposition 3.1 the result
follows. =

Theorem 3.5. Let f1, f2,9 : [a,b] — R be functions. If fi, fo € vKHS([a,b],g) and
fi(z) < fa(z) for all € [a, b], then

fidg < f2 dg.
[a,b] [a,b]

Proof: Let fi1, f2,9 : [a,b] = R and € > 0. Assume that fi; and f» are vK H S-integrable with
respect to g on [a, b] and fi(x) < fo(x) for all € [a,b]. Denote F = f[a p J1 dg and
G = f[a . f2 dg. Then there exists a gauge 1 on [a, b] such that

Z )fl(t)Ag(J) —F(J)' < %

(t,J)EP,
for every 61-fine Perron partition Py = {(¢,J)} on [a, b]. In the same manner, there exists a gauge
d2 on [a, b] such that

> |f(e)a(K) - G| <

(s, K)EP;

N ™

for every do-fine Perron partition P> = {(s, K)} on [a,b]. Define ¢ by setting
0(x) = min{di(x), d2(x) } (3.3)

for all € [a,b]. Then 0 is a gauge on [a, b]. Let P be a d-fine Perron partition of [a, b]. By (3.3),
P is both §;-fine and d2-fine. Notice that

> h@A(H)< Y fa(®)Ag(H).
(z,H)EP (x,H)EP

Now,

> Y |A@AH)-FH)| > > {F(H)- fi(x)A(H)}.

(z,H)EP (z,H)EP
This indicates that

%> Yo {FH)-h@AH)} = Y FH) - ) fi(@)A(H).

£
2

(z,H)EP (x,H)EP (z,H)EP
So,
SN FHE)< Y fl(w)Ag(H)—i—g. (3.4)
(z,H)e P (z,H)eP
Similarly,
%> > R@A(H)-GH)| > > {f(@)A(H) - GH)}.

(e, H)EP (z,H)EP
This would mean that
€
3> S {f@A(H)-GH)}= > f@)A(H)- Y  GH).
(x,H)EP (z,H)EP (z,H)EP

And so,
> R@A(H) +< Y GH)+e (3.5)

(z,H)eP (z,H)eP



By (3.4) and (3.5),

g €
S ORE) < Y A@AE) LIS Y h@a, )+

(z,H)EP (z,H)EP (z,H)EP

< Y. G(H)+e
(z,H)EP
Thus,
fidg < f2 dg. O
[a,b] [a,b]

Proposition 3.2. Let g1,¢92 : [a,b] — R be functions. If ¢g1(t) < g2(¢) for all ¢ € [u,v], where
[u,v] € Z.([a, b]), then Ag, ([u,v]) < Ay, ([u,v)).

Proof: The proof is obvious. O

Theorem 3.6. Let f,g1,g2 : [a,b] = R be functions. If f € vKHS([a,b],g1) NvKHS([a,b], g2)
and g1(x) < g2() for all © € [a, b], then

/ fdg1§/ [ dga.
[a,b] [a,b]

Proof: The proof is similar to that of Theorem 3.5 and by Proposition 3.2, the theorem holds. [l

Theorem 3.7. (Cauchy Criterion) Let f,g be real-valued functions defined on [a,b]. Then
f e vKHS([a,b],g) if and only if for every € > 0, there exists a gauge § on [a,b] such that

NI RS f(S)Ag(K)‘<s

(t,J)ep (s, K)eQ

whenever P = {(t,J)} and Q = {(s, K)} are §-fine Perron partitions of [a, b].

Proof: (=) Let f,g: [a,b] = R and € > 0. Assume that f is v K H S-integrable with respect to g

on [a, b]. Then there exists an additive function F' = f[a . f dg and a gauge 6 on [a, b] such that

S F®A) - F()| <

(t,J)ePy

(3.6)

DO | ™

for every d-fine Perron partition Py = {(¢,J)} on [a,b]. Let P = {(¢,J)} and
Q = {(s, K)} be any d-fine Perron partitions of [a, b]. By (3.6),

S A - Y f(s)Ag(K)‘<e.

(t,J)eP (s, K)eQ

(«=) Suppose for each n € N there exists a gauge d,, on [a, b] such that

ORFCIVE B SN OIVE S

(t,J)EPy (s, K)€EQn

for every d,-fine Perron partitions, P, = {(¢,J)} and Q. = {(s, K)} of [a,b]. Define a gauge 6,
on [a, b] by
Oy () = min{d1 (), o2(x), -+, on ()} (3.7)

for all ¢ € [a,b]. By (3.7), we can fix a d;,-fine Perron partition of [a, b].



oo

We claim that the sequence, <Z(t’J>€Pn F)AG(T) > is a Cauchy sequence of real

n=1
numbers. Let € > 0. Choose N € N such that — < e. If n; and ns are natural numbers
that satisfy min{ni,n2} > N, then P,, and P, are both 6},,(,, n,}-fine Perron partitions of
[a,b]. Hence,
1 1
Z f)Ag(JT) - Z f(s)Ag(K)’ < min {n1, na} < N
(t,J)EPp, (8,K)€EPn, 1,72

oo
This means that <Z(t’J)€Pn F®)AL(T) > is a Cauchy sequence of real numbers. Then the

n=1

[e’s}

sequence <Z<tyJ>€Pn F@)Ag(J) > converges to, say, F' € R. Next, the remaining part is to
n=1

prove that f is v/ H S-integrable with respect to g on [a,b] and F = f[a 5] f dg. Let P be a

On-fine Perron partition of [a,b]. Notice that the sequence, (0;)n=; of gauges is non-increasing

since d;, > 051 for all n € N, then P, is dx-fine for every natural number n > N. Consequently,

n—o0o

> FWAT) - F‘ =

S AT~ lim 3 f(t)Ag(J)'

(t,J)eP (t,J)eP (t,J)E Py,
LRI SIS SRV
(t,J)eP (t,J)EP,
1 1 1
im — < lim — = — <e.
<nh—>ngon 7nh—>n,olo N N <€
Thus, the theorem holds. O

Theorem 3.8. Let f, g be real-valued functions defined on [a,b]. If f € vKHS(|a,b],g), then
f e vKHS(I,g) for all I € T,,([a,b)).

Proof: Let f,g : [a,b] - R and ¢ > 0. Assume that f is v/K H S-integrable with respect to g on
[a,b] and I € Z,,([a, b]). By Theorem 3.7, there is a gauge d on [a, b] such that

Yo fOA) — Y f(8)Ag(K)| < (3.8)

(t,J)ep (s,K)eQ

for every 4-fine Perron partitions P = {(¢,J)} and Q = {(s, K)} of [a,b]. Suppose that I = [a,b],
then we are done. Assume that I C [a,b]. Then we can choose a finite collection H C Z,([a, b])
such that I ¢ H and H U {I} is a net of [a,b]. For any H € H U {I}, fix a d-fine Perron partition
Pu ={(t,H)} of H. Let Pr = {(¢t,J)} and Qr = {(s, K)} be -fine Perron partitions of I. Then

P=Pr U |J PuandQ=Qr U | Pu
Hen HeH
are 0-fine Perron partitions of [a, b]. Notice that
SINCIVE D SEVCIIEES Sl i) SEFCRNA]
(¢,J)EP (¢,J)EP; HeH “t,L)ePy

and

S feAE) = Y f(s)Ag<K>+Z[ > f(t)Agw)}

(s,K)eQ (s, K)eQr HeH ~(t,L)ePy



This means that
S 0D = Y AT - S [ > f<t>Ag<L>}
(t,J)ePy (t,J)epP HcH

and

Y A E) = S f(s)A(K) — Y [ T f(t)Ag<L>]

(s,K)€Q (s,K)€Q Hen Yt,LyePy
By (3.8), we obtain

S IOAM = Y J(8)8(K)|

(t,J)ePr (s, K)eQr
=| 3 A - D F()A(K)| <=
(t,J)eP (s,K)eQ
Since € > 0 is arbitrary, the theorem follows. |

Corollary 3.9. If f is vK HS-integrable with respect to g on [a,b], then f is vKHS-integrable
with respect to g on I for all I € T,([a,b]) and

f«xIdg:/Ifdg.

(a,b]

Proof: Let I € Z,,([a, b]). Suppose that f is v K H S-integrable with respect to g on [a, b]. We may
assume that I = [a,b] and I C [a,b]. If T = [a, b], then

/f-xI dg:/ I X dg:/ fdg=/fdg.
I [a,b] [a,b] I

And so, we are done. If I C [a,b], then f is v/K H S-integrable with respect to g on I. Note that
we can write [a,b] = ([a,b] ~ I) U I. Hence,

f-xrdg:/ f~xzdg+/f-xzdg
[a,b] [a,b]~T I

:/{avb]\lf«m dg+/1f-(1) dg:/Ifdg-

/ f-xIdg:/fdg o
[a,b] I

Theorem 3.10. (Additivity) Let f,g : [a,b] — R and I,J € Z,([a,b]) that partitions [a,b].
Suppose f € vKHS(I,g) N vKHS(J,g), then f € vKHS([a,b],g) and

[a’b]fdg:/lfngr/deg-

Proof: Suppose f is v K H S-integrable with respect to g on I,J € .%,([a, b]) that partitions [a, b].
Since f is vI/K H S-integrable on I, it follows that there exists an additive function F' such that for
every € > 0, we can choose a gauge §; on I so that

S F(OAI) - F(D)| <

(t,I)ePy

Therefore,

N | M



for every 61-fine Perron partition Py = {(¢,I)} on I. Similarly, since f is v K H S-integrable on J,
it follows that there exists an additive function G such that for every € > 0, we can choose a gauge

d2 on J so that R
S A - G| < £

(s,J)EP2
for every d2-fine Perron partition P, = {(s,J)} on J. Then P; and P, partitions [a, b]. For each

M € 7,([a, b]), define

F(M), ifMCI
(M) =1 G(M), ifMCJ
FMNnI)+GMNJ), ifMZIand M¢J.

Next, let A ={A; C[a,b]:i=1,2,---,p} be a collection of non-overlapping subintervals of [a, b].

So, we have
UK:{(U KJuyuysmyl U (KnI)u(KmJ)]}.

KCJ K{I1,J

KcA

Notice that

UuxuUurl Uy (KmI)u(KmJ)}}

oY K):@{(U K)
KcA KCI KCJ KZI1,J
=F[(|J K)]+F@)+F[ |J (KnD]+G(2)
KCI K¢ZI1,J
+el(U K]+6[ U wna)
KCJ KgZI,J
=Y FK)+ > GE)+{ > FKnD+ > GKNJ)}
KCI KCJ KgI1,J K¢I,J
=Y BK)+ Y OK)+ Y BK)= > B(K).
KCI KCJ KgZI1,J KcA
Hence, ® is an additive function. Now, define § by setting
min{d(x,J),61(x)}, ifxel~J
d(x) = ¢ min{di(x),d(x)}, ifeelIndJ
ifeedTI

mln{d(a:v 1)7 62(1:)}7
for all € [a,b]. Then ¢ is a gauge on [a, b]. And so, there is a §-fine Perron partition P = {(x, H)}

on [a, b]. Then
Pr={(z,K):z eI K=1InH and vol(K) > 0}

is a d-fine Perron partition of I, and
P;={(z,L):xz€J,L=JnNH and vol(L) > 0}

is a d-fine Perron partition of J. Thus, Pr is d1-fine and Py is d2-fine. Consequently,
> f@AH)-H)| = > |f(@)A(H) - F(H)|

(=, H)€ Py

(z,H)EP
+ ) [f@)A(H) - G(H)|
(z,H)EPy
<t4+i=c¢
2 27 7



Since € > 0 is arbitrary, we can conclude that

fdg:/fdg+/fdg. a
[a,b] I J

Theorem 3.11. Let f,g : [a,b] — R be functions and let P be a partition of [a,b]. Suppose
fevKHS(J,g) for all J € P, then f € vKHS([a,b],g) and

[ o= [ 1

Jepr

Proof:

Let P be a partition of [a, b]. Suppose that f is v K H S-integrable with respect to g on J for
all J € P . In view of Theorem 3.8 and Theorem 2.4, we may assume that P is a net of [a, b].
Applying Additivity theorem repeatedly, we obtain the desired result. ]

4 Conclusion and Recommendation

The obtained results in this paper are pretty much standard. In particular, the uniqueness, linearity
and monotonocity of both the integrand and integrator, integrability over a subinterval, Cauchy
criterion and additivity of this integral. As a recommendation, results in the literature may serve
as a backbone for further related topics such as the formulation of Saks-Henstock Lemma and some
convergence theorems.
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