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Harmonic Centrality and Centralization

of Some Graph Products

Abstract

Harmonic centrality calculates the importance of a node in a
network by adding the inverse of the geodesic distances of this node
to all the other nodes. Harmonic centralization, on the other hand,
is the graph-level centrality score based on the node-level harmonic
centrality. In this paper, we present some results on both the harmonic
centrality and harmonic centralization of graphs resulting from some
graph products such as Cartesian and direct products of the path P2

with any of the path Pm, cycle Cm, and fan Fm graphs.
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1 Introduction

Centrality in graph theory and network analysis is based on the importance
of a vertex in a graph. Freeman [4] tackled the concept of centrality being a
salient attribute of social networks which may relate to other properties and
processes of said networks.

Among the many measures of centrality in social network analysis is
harmonic centrality. Introduced in 2000 by Marchiori and Latora [7], and
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developed independently by Dekker [3] and Rochat [10], it sums the inverse
of the geodesic distances of a particular node to all the other nodes, where it
is zero if there is no path from that node to another. It is then normalized
by dividing by m − 1, where m is the number of vertices in the graph. For a
related work on harmonic centrality in some graph families, please see [8].

While centrality quantifies the importance of a node in a graph,
centralization quantifies a graph-level centrality score based on the various
centrality scores of the nodes. It sums up the differences in the centrality
index of each vertex from the vertex with the highest centrality, with this sum
normalized by the most centralized graph of the same order. Centralization
may be used to compare how central graphs are. For a related work on
harmonic centralization of some graph families, please see [9].

In this paper, we derive the harmonic centrality of the vertices and the
harmonic centralization of products of some important families of graphs.
Graphs considered in this study are the path Pm, cycle Cm, and fan Fm with
the Cartesian and direct product as our binary operations. Our motivation is
to be able to obtain formulas that could be of use when one determines the
harmonic centrality and harmonic centralization of more complex graphs. For
a related study on graph products using betweenness centrality, see [6].

All graphs under considered here are simple, undirected, and finite. For
graph theoretic terminologies not specifically defined nor described in this
study, please refer to [1].

2 Preliminary Notes

For formality, we present below the definitions of the concepts discussed in this
paper.

Definition 2.1 [2] Let G = (V (G), E(G)) be a nontrivial graph of order
m. If u ∈ V (G), then the harmonic centrality of u is given by the expression

HG(u) =
RG(u)

m− 1
,

where RG(u) =
∑

x ̸=u
1

d(u,x)
is the sum of the reciprocals of the shortest distance

d(u, x) in G between vertices u and x, for each x ∈ (V (G) \ u), with 1
d(u,x)

= 0
in case there is no path from u to x in G.

Definition 2.2 The harmonic centralization of a graph G of order m is
given by

CH(G) =

m∑
i=1

(HGmax(u)−HG(ui))

m−2
m
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where HGmax(u) is the largest harmonic centrality of vertex u in G.

In graph G in Figure 1, we have the harmonic centrality of each
node calculated as HG(a1) = 37

72
,HG(a2) = 29

36
,HG(a3) = 23

36
,HG(a4) =

5
6
,HG(a5) = 3

4
,HG(a6) = 13

18
, and HG(a7) = 35

72
. Clearly, HGmax(u) = 5

6

from node a4; thus, the harmonic centralization of graph G has a value of

CH(G) =
( 5
6
− 37

72
)+( 5

6
− 29

36
)+( 5

6
− 23

36
)+( 5

6
− 3

4
)+( 5

6
− 13

18
)+( 5

6
− 35

72
)

7−2
2

=
13
12
5
2

= 13
30
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Figure 1: Graph G with u ∈ V (G), where HG(a5) =
3
4
and CH(G) = 13

30

Definition 2.3 The nth harmonic number Hn is the sum of the reciprocals
of the first n natural numbers, that is Hn =

∑n
k=1

1
k
.

The definitions for the binary operations of graphs considered in this study
are given below.

Definition 2.4 (Cartesian product of graphs) Let G and H be graphs.
The vertex set of the Cartesian product G□H is the Cartesian product V (G)×
V (H); where two vertices (u, v) and (u′, v′) are adjacent in G□H if and only if
either (i) u = u′ and v is adjacent to v′ in H, or (ii) v = v′ and u is adjacent
to u′ in G. [1]

Definition 2.5 (Direct product of graphs) Let G and H be graphs.
The vertex set of the direct product G × H is the Cartesian product V (G) ×
V (H); where two vertices (u, v) and (u′, v′) are adjacent in G×H if and only
if (i) u and u′ are adjacent in G and (ii) v and v′ are adjacent in H. [1]
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Drawn below are the paths P2 and P3, and the products P2□P3 and P2×P3.
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(a)PathP2 (b)PathP3 (c)P2□P3 (d)P2 × P3

Figure 2: (a) Path P2 (b) Path P3 (c) Cartesian Product P2□P3; and (d) Direct
Product P2 × P3.

3 Main Results

The Cartesian and direct products of special graph families considered in this
paper are again that of path P2 with path Pm of order m ≥ 1, path P2 with
cycle Cm of order m ≥ 3, and path P2 with fan Fm of order m+ 1 ≥ 2.
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Figure 3: (a) Path Pm; (b) Cycle Cm; and (c) Fan Fm.

Theorem 3.1 For the Cartesian product of the path P2 = [u1, u2] and the
path Pm = [v1, v2, ..., vm], the harmonic centrality of any vertex (ui, vj) is given
by

HP2□Pm(ui, vj) =



1

2m− 1

(
2Hm−1 +

1

m

)
for 1 ≤ i ≤ 2, j = 1 or j = m

1

2m− 1

[
2
(
Hj−1 +Hm−j

)
+
1

j
+

1

m− j + 1
− 1

]
for 1 ≤ i ≤ 2, 1 < j < m.
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Proof : The product of P2 and Pm is also called a ladder graph Lm of order
2m. Considering the structure of the product P2□Pm or Lm, we can partition
its vertex set into two subsets V2(Lm) = {(u1, v1), (u1, v2), ..., (u1, vm)}
and V2(Lm) = {(u2, v1), (u2, v2), ..., (u2, vm)} with P2 = [u1, u2] and
Pm = [v1, v2, ..., vm]. For (ui, v1) and (ui, vm) with i = 1, 2 we have

RLm(ui, v1) = RLm(ui, vm) = RLm(u1, v1)

=
∑

x∈V1(Lm),x ̸=(u1,v1)

1

dLm((u1, v1), x)
+

∑
x∈V2(Lm)

1

dLm((u1, v1), x)

=
1

d((u1, v1), (u1, v2))
+

1

d((u1, v1), (u1, v3))
+

...+
1

d((u1, v1), (u1, vm))
+

1

d((u1, v1), (u2, v1))
+

...+
1

d((u1, v1), (u2, vm−1))
+

1

d((u1, v1), (u2, vm)

=
[
1 +

1

2
+ ...+

1

m− 1

]
+
[
1 +

1

2
+ ...+

1

m− 1
+

1

m

]
= 2

m−1∑
k=1

1

k
+

1

m

= 2Hm−1 +
1

m

As for (ui, vj) ∈ V (Lm), where i = 1, 2, and j = 2, 3, ...,m− 1,

RLm(ui, vj) = RLm(u1, vj)

=
∑

x∈V1(Lm),x ̸=(u1,vj)

1

dLm((u1, vj), x)
+

∑
x∈V2(Lm)

1

dLm((u1, vj), x)

=
∑

1≤k≤m,k ̸=j

1

dLm((u1, vj), (u1, vk))
+

m∑
k=1

1

dLm((u1, vj), (u2, vk))

=
[ 1

j − 1
+

1

j − 2
+ ...+

1

3
+

1

2
+ 1

]
+
[
1 +

1

2
+

1

3
+ ...+

1

m− j

]
+
[1
j
+

1

j − 1
+ ...+

1

3
+

1

2

]
+
[
1 +

1

2
+

1

3
+ ...+

1

m− j + 1

]
=

[ 1

j − 1
+

1

j − 2
+ ...+

1

3
+

1

2
+ 1

]
+
[
1 +

1

2
+

1

3
+ ...+

1

m− j

]
+
[ 1

j − 1
+

1

j − 2
+ ...+

1

3
+

1

2
+ 1

]
+
[
1 +

1

2
+

1

3
+ ...+

1

m− j

]
+

1

j
+

1

m− j + 1
− 1

= 2(Hj−1 +Hm−j) +
1

j
+

1

m− j + 1
− 1
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Thus, after normalizing we get

HP2□Pm(ui, vj) =



1

2m− 1

(
2Hm−1 +

1

m

)
for 1 ≤ i ≤ 2, j = 1 or j = m

1

2m− 1

[
2
(
Hj−1 +Hm−j

)
+
1

j
+

1

m− j + 1
− 1

]
for 1 ≤ i ≤ 2, 1 < j < m.

Theorem 3.2 For the Cartesian product of path P2 = [u1, u2] of order 2
and cycle graph Cm = [v1, v2, ..., vm, v1] of order m, the harmonic centrality of
any vertex (ui, vj) is given by

HP2□Cm(ui, vj) =


1

2m− 1

(
4Hm−1

2
+

3−m

m+ 1

)
if m is odd

1

2m− 1

(
4Hm

2
+

2

m+ 2
− m+ 2

m

)
if m is even.

Proof : The Cartesian product of P2 and Cm is also known as a prism
Ym of order 2m. Considering its structure, we can partition its
into two subsets V1(Ym) = (u1, v1), (u1, v2), ..., (u1, vm) and V2(Ym) =
(u2, v1), (u2, v2), ..., (u2, vm). If m is odd, we have
RYm(ui, vj) = RYm(u1, vj)

=
∑

x∈V1(Ym),x ̸=(u1,vj)

1

dYm((ui, vj), x)
+

∑
x∈V2(Ym)

1

dYm((ui, vj), x)

=
[
1 + 1 + ...+

1
m−1
2

+
1

m−1
2

]
+
[
1 +

1

2
+

1

2
+ ...+

1
m+1
2

+
1

m+1
2

]
= 4

m−1
2∑

k=1

1

k
+ 2

( 2

m+ 1

)
− 1

= 4Hm−1
2

+
3−m

m+ 1

If m is even, we have

RYm(ui, vj) =
∑

x∈V1(Ym)

1

dYm((ui, vj), x)
+

∑
x∈V2(Ym)

1

dYm((ui, vj), x)

=
[
1 + 1 +

1

2
+

1

2
+ ...+

1
m
2

]
+
[
1 +

1

2
+

1

2
+ ...+

1
m+2
2

]
= 4

m
2∑

k=1

1

k
+

1
m+2
2

− 1− 1
m
2

= 4Hm
2
+

2

m+ 2
− m+ 2

m
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Normalizing and consolidating these results we get

HYm(ui, vj) =


1

2m− 1

(
4Hm−1

2
+

3−m

m+ 1

)
if m is odd

1

2m− 1

(
4Hm

2
+

2

m+ 2
− m+ 2

m

)
if m is even. ■

Theorem 3.3 For the Cartesian product of path P2 of order 2 and fan
graph Fm of order m + 1 in Figure 3c, the harmonic centrality of any vertex
(ui, vj) is given by

HP2□Fm(ui, vj) =



3m+ 2

2(2m+ 1)
for i = 1, 2 and j = 0

5m+ 14

6(2m+ 1)
for i = 1, 2 and j = 1,m

5m+ 18

6(2m+ 1)
for i = 1, 2 and 1 < j < m

Proof : Vertices (u1, j0) and (u2, j0) are adjacent to m+ 1 vertices, and have a
distance of 2 to m vertices. Thus,

HP2□Fm(ui, v0) =
1

2m+ 1

[
1(m+ 1) +

1

2
(m)

]
=

3m+ 2

2(2m+ 1)

For vertices (u1, v1), (u1, vm), (u2, v1) and (u2, vm), each is adjacent to three
vertices, each has a distance of 2 to m vertices, and each has a distance of 3
to m− 2 vertices; therefore,

HP2□Fm(ui, v1) = HP2□Fm(ui, vm) =
1

2m+ 1

[
1(3)+

1

2
(m)+

1

3
(m−2)

]
=

5m+ 14

6(2m+ 1)

As for vertices (ui, vj) for i = 1, 2 and 1 < j < m, each is adjacent to four
vertices, each has a distance of 2 to m vertices, and each has a distance of 3
to m− 3 vertices; thus,

HP2□Fm(ui, vj) =
1

2m+ 1

[
1(4) +

1

2
(m) +

1

3
(m− 3)

]
=

5m+ 18

6(2m+ 1)
. ■

Theorem 3.4 For the Cartesian product of P2 = [u1, u2] of order 2 and
path Pm = [u1, u2, ..., um] of order m, the harmonic centralization is given by
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CH(Lm) =



4

(m− 1)(2m− 1)

[
2(m− 1)Hm−1

2
− 2Hm−1

+
2(m− 1)

m+ 1
− m− 1

2
− 1

m
if m is odd

−

m−1
2∑

i=2

(
2Hi−1 + 2Hm−i +

1− i

i
+

1

m− i+ 1

)]
2

(2m− 1)(m− 1)

[
4(m− 2)Hm

2
− 4Hm−1

−m2 − 2

m
+

2m− 4

m+ 2
if m is even.

−2

m−2
2∑

i=2

(
2Hi−1 + 2Hm−i +

1− i

i
+

1

m− i+ 1

)]

Proof : The product of P2 = [u1, u2] and Pm = [u1, u2, ..., um] of order is a ladder
graph Lm of order 2m. In a ladder graph, if m is odd, then vertices (u1, vm+1

2
)

and (u2, vm+1
2
) will have the maximum harmonic centrality of 4

2m−1

(
Hm−1

2
+

1
m+1

− 1
4

)
. So,

CH(Lm) =
1

2m−2
2

[(4(2(m− 1))

2m− 1

(
Hm−1

2
+

1

m+ 1
− 1

4

))
− 4

2m− 1

(
2Hm−1 +

1

m

)

− 4

2m− 1

m−1
2∑

j=2

(
2Hj−1 + 2Hm−j +

1− j

j
+

1

m− j + 1

)]
=

4

(m− 1)(2m− 1)

[
2(m− 1)Hm−1

2
− 2Hm−1 +

2(m− 1)

m+ 1
− m− 1

2
− 1

m

−

m−1
2∑

j=2

(
2Hj−1 + 2Hm−j +

1− j

j
+

1

m− j + 1

)]
.

On the other hand, if m is even in the product, vertices
(u1, vm

2
), (u2, vm

2
), (u1, vm+2

2
) and (u2, vm+2

2
) will have the maximum harmonic

centrality of 1
2m−1

(
4Hm

2
− m+2

m
+ 2

m+2

)
. So,
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CH(Lm) =
1

2m−2
2

[ 4

2m− 1

(
4Hm−1

2
− 2Hm−1 −

m+ 3

m
+

2

m+ 2

)
+

2(m− 4)

2m− 1

(
4Hm

2
− m+ 2

m
+

2

m+ 2

)
− 4

2m− 1

m−2
2∑

j=2

(
2Hj−1 + 2Hm−j +

1

j
+

1

m− j + 1
− 1

)]
=

2

(m− 1)(2m− 1)

[
8Hm

2
+ 4(m− 4)Hm

2
− 4Hm−1

− 2(m+ 3)− (m+ 2)(m− 4)

m
+

4 + 2(m− 4)

m+ 2

− 2

m−2
2∑

j=2

(
2Hj−1 + 2Hm−j +

1− j

j
+

1

m− j + 1

)]
=

1

(2m− 1)(m− 1)

[
4(m− 2)Hm

2
− 4Hm−1

− (m2 − 2)

m
+

2m− 4

m+ 2

− 2

m−2
2∑

j=2

(
2Hj−1 + 2Hm−j +

1− j

j
+

1

m− j + 1

)]
. ■

Theorem 3.5 For the Cartesian product of path P2 of order 2 and Cycle
Cm of order m, the harmonic centralization is zero.

Proof : Each vertex of the resulting graph of P2□Cm will have the same
harmonic centralities of HP2□Cm(ui, vj) =

2
m−1

(4Hm−1
2

+ 3−m
m+1

) if m is odd and

HP2□Cm(ui, vj) =
2

m−1
(4Hm−1

2
+ 2

m+2
−m+2

m
) if m is even. Therefore, this results

to a harmonic centralization of zero. ■

Theorem 3.6 For the Cartesian product of path P2 of order 2 and fan
graph Fm of order m+ 1, the harmonic centralization is given by

CH(P2□Fm) =
4(m− 1)(m− 2)

3m(2m+ 1)

Proof : The vertex with the maximum harmonic centrality would be vertices
(u1, v0) and (u2, v0) having a value of 3m+2

2(2m+1)
. The harmonic centrality of all

the other vertices will be subtracted from this maximum harmonic centrality,
thus
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CH(P2□Fm) =
( 1

2(m+1)−2
2

)[
4
(3m+ 2

4m+ 2
− 5m+ 14

6(2m+ 1)

)
+ (2m− 4)

(3m+ 2

4m+ 2
− 5m+ 18

6(2m+ 1)

)]
=

4(m− 1)(m− 2)

3m(2m+ 1)
. ■

Theorem 3.7 For the direct product of path P2 of order 2 and a path
graph Pm of order m, the harmonic centrality of any vertex (ui, vj) is given by

HP2×Pm(ui, vj) =


Hm−1

2m− 1
for i = 1, 2 and j = 1 or m

Hj−1 +Hm−j

2m− 1
for i = 1, 2 and 1 < j < m

Proof : The resulting direct product of P2×Pm is a graph of order 2m composed
of a pair of disconnected path graphs of order m. Thus, the endpoints will have
a harmonic centrality of Hm−1

2m−1
, while the inside vertices will have a harmonic

centrality value of
Hj−1+Hm−j

2m−1
. ■

Theorem 3.8 For the direct product of path P2 of order 2 and a cycle
graph Cm of order m, the harmonic centrality of any vertex (ui, vj) is given by

HP2×Cm(ui, vj) =


1

2m− 1

(
2Hm−1 +

1

m

)
if m is odd

1

2m− 1

(
2Hm−2

2
+

2

m

)
if m is even

Proof : The resulting graph of P2 ×Cm of order 2m is a pair of cycle graphs of
order m. From what we know of cycle graphs RCm(u) = 2Hm−1 +

1
m

if m is
odd, while RCm(u) = 2Hm−2

2
+ 2

m
if m is even. ■

Theorem 3.9 For the direct product of path P2 of order 2 and a fan graph
Fm of order m+ 1, the harmonic centrality of any vertex (ui, vj) is given by

HP2×Fm(ui, vj) =



m

2m+ 1
for i = 1, 2 and j = 0

m+ 2

2(2m+ 1)
for i = 1, 2 and j = 1 or m

m+ 3

2(2m+ 1)
for i = 1, 2 and 1 < j < m

Proof : The resulting graph of P2 × Fm is of order 2m + 2 composed of a pair
of fan graphs each with an order of m+1. So vertices (u1, v0) and (u2, v0) will
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be adjacent to m vertices and normalized by 2m + 1. While vertices (u1, v1)
and (u1, vm) will be adjacent to 2 vertices and have a distance of 2 to m − 2

vertices. Therefore, 1
2m+1

(
m−2
2

+ 2
)
= m+2

2(2m+1)
. All the other vertices will be

adjacent to 3 other vertices and have a distance of 2 tom−3 vertices, therefore,
1

2m+1

(
m−3
2

+ 3
)
= m+3

2(2m+1)
. ■

Theorem 3.10 For the direct product of path P2 of order 2 and a path
graph Pm of order m, the harmonic centralization is given by

CH(P2×Pm) =



4
(
(m− 1)Hm−1

2
−Hm−1 −

m−1
2∑

j=2

(Hj−1 +Hm−j)
)

(m− 1)(2m− 1)
if m is odd

4
(
(m− 2)(Hm−2

2
+ 1

m )−Hm−1 −
m−2

2∑
j=2

(Hj−1 +Hm−j)
)

(m− 1)(2m− 1)
if m is even

Proof : If m is odd, then the maximum harmonic centrality will be
Hm−1

2

2m−1
for

vertices (u1, vm−1
2
) and (u2, vm−1

2
). Other vertices in the graph are the endpoints

which has a harmonic centrality of Hm−1

2m−1
and all other vertices have harmonic

centrality of
Hj−1+Hm−j

2m−1
. Subtracting from the maximum and normalizing we

get

4
(
(m− 1)Hm−1

2
−Hm−1 −

m−1
2∑

j=2

(Hj−1 +Hm−j)
)

(m− 1)(2m− 1)
.
On the other hand, if m is even, then vertices (u1, vm

2
), (u2, vm

2
), (u1, vm+1

2
)

and (u2, vm+1
2
) will have the maximum harmonic centrality of

Hm−2
2

+ 1
m

2m−1
. The

harmonic centrality of all other vertices will be subtracted from this value and
normalized to arrive at the harmonic centralization value of

4
(
(m− 2)(Hm−2

2
+ 1

m
)−Hm−1 −

m−2
2∑

j=2

(Hj−1 +Hm−j)
)

(m− 1)(2m− 1)
■

.

Theorem 3.11 For the direct product of path P2 of order 2 and a cycle
graph Cm of order m, the harmonic centralization is zero.
Proof : Since the harmonic centrality of the vertices in the direct product of
path P2 and cycle graph Cm have the same values, the harmonic centralization
therefore equates to zero. ■
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Theorem 3.12 For the direct product of Path P2 of order 2 and Fan graph
Fm of order m+ 1, the harmonic centralization is given by

CH(P2 × Fm) =
(m− 1)(m− 2)

m(2m+ 1)

Proof : The maximum harmonic centrality value is m
2m+1

while four vertices

have harmonic centrality values of m+2
2(2m+1)

. As for the other vertices, they

have a harmonic centrality of m+3
2(2m+1)

, so dividing by m to normalize, we have

CH(P2 × Fm) =
1

m

[
2m

( m

2m+ 1

)
− 4

( m+ 2

2(2m+ 1)

)
− (2m− 4)

( m+ 3

2(2m+ 1)

)]
=

(m− 2)(m− 1)

m(2m+ 1)
. ■

4 Conclusion

Harmonic centrality is one of the more recent centrality measures that
identifies the importance of a node, while harmonic centralization quantifies
how centralized a graph is based on the node-level harmonic centrality. In
this paper, we introduced some results on the harmonic centrality of the
nodes and harmonic centralization of graphs resulting from the Cartesian and
direct products of the path P2 with any of the path Pm, cycle Cm, and fan Fm

graphs. For further studies, results can be derived for other families of graphs
and other binary operations.
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