MODIFIED CLASSES OF REGRESSION-TYPE ESTIMATORS OF POPULATION
MEAN IN THE PRESENCES OF AUXILIARY ATTRIBUTE

ABSTARCT

The use of relevant information from auxiliary variable at the estimation stage and design stage
to obtain reliable and efficient estimate is a common practice is a sample survey. But situations
arise when the available auxiliary information are attribute in nature. There are some existing
estimators based on auxiliary attribute in literature, however, they are less efficient when the bi-
serial correlation between the study variable and auxiliary attribute is negative. Also, some

depend on an unknown parameter of the study variable(Cy)which makes their applicability of

the estimators in real life situations not possible unless if the value is estimated using a large
sample which requires additional resources. In this work, the concept of regression base
estimator was used to obtain estimators that are independent of unknown population parameter
of the study variable and applicable for both negative and positive correlations. The properties
(Biases and MSEs) of the modified estimators were derived up to the first order of approximation
using Taylor series approach. The efficiency conditions of the proposed estimation over the
existing estimator considered in the study were established. The empirical studies were
conducted using both existing population parameters and stimulation to investigate the efficiency
of the proposed estimators over the efficiency of the existing estimators. The results revealed that
the proposed estimators have minimum MSEs and higher PREs among all the competing
estimators. These imply that the proposed estimators are more efficient and can produce better
estimate of the population mean compared to other existing estimators considered in the study.
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1. Introduction

It is well known that when auxiliary information is used appropriately in probability sampling,
the variances of the estimators of population parameters such as population mean, median,
variance, regression coefficient, and population correlation coefficient are significantly reduced.
Auxiliary information recorded from the population elements can be successfully used to design
an efficient sampling design and after sample selection, to further improve the efficiency of the
estimators. If auxiliary variable is available and strongly correlated with the study variable, it is
possible to improve the efficiency by using ratio, product, dual-to-ratio or regression methods of
estimation. The use of these techniques can considerably improve the accuracy of estimates, i.e.
produce estimates that are close to the corresponding population values. There are several
authors who have suggested estimators using some known population parameters of auxiliary
variable(s). The first attempt was made by Cochran (1940) to investigate the problem of
estimation of the population mean when auxiliary variables are present and he proposed the usual
ratio estimator of population mean. Other authors like, Hartley-Ross (1954), Quenouille’s
(1956), Singh (1965, 1967), Abu-Dayeh et al. (2003), Kadilar and Cingi (2005), Khoshnevisan et
al. (2007), Perri (2007), Singh et al. (2007a), Singh et al. (2020), Singh and Kumar (2011), Singh



et al. (2015), Tailor et al. (2012), Lu (2013), Sharma and Singh (2014), Lu and Yan (2014),
Verma et al. (2015), Audu and Singh (2015), Hafeez and Shabbir (2015), Audu et al. (2020a,c),
Audu et al. (2021a,b,c,e,f,g), Audu and Adewara (2017), Ahmed et al. (2016a,b,c,d), Hafeez et
al. (2020), Yunusa et al (2021), Zaman et al (2021), Hafeez et al. (2021) have also considered
the problem of estimating the mean and other parameters of study variables when auxiliary
variables are made available. There are many practical situations when auxiliary information is
qualitative in nature, i.e, auxiliary information is available in the form of an attribute, such as the
height of a person may depend on the fact that whether the person is male or female, the
efficiency of a dog may depend on the particular breed of that dog, or the yield of wheat crop
produced may depend on a particular variety of wheat, etc. Many authors have proposed
estimators based on auxiliary attribute. Naik and Gupta (1996), Singh et al., (2007b), Singh et al.,
(2013), Zaman and Kadilar (2019), Zaman (2020) Audu et al. (2020b), Audu et al. (2021d)
suggested estimators by using auxiliary attributes. All the above-mentioned authors assumed
known population attribute (P). However, the estimators proposed by Zaman and Kadilar (2019)
is less efficient when the bi-serial correlation between the study variable and the auxiliary
attribute is negative and the unknown o in the Zaman (2020) estimator depends on an unknown

parameter of the study variable (Cy) which makes it impracticable in real life situations unless if

estimated using a large sample which requires additional resources. To address the above
weaknesses, new classes of modified estimators were proposed using regression function to
transform the aforementioned estimators.

1.1 Notations

Y: Study Variable

Y : Population mean of variable.
y : Sample mean

N: Population Size

n: Sample size

n': Sample Size at first phase

N
A= Zqﬁi : Total number of unit in the population possessing attribute ¢

i=1

n
a= Z¢i : Total number of unit in the sample possessing attribute ¢
i=1

P :% . Population proportion attributes

p= a. Sample proportion of attributes
n



p' = i : Sample proportion at first phase
n

C, == : Coefficient of population variation of the study variable

y

x| <|»

C, = £ : Coefficient of variation of auxiliary attribute ¢

¢

f= %: Sampling fraction

= ”—j : Coefficient of population kurtosis of the form of the auxiliary attribute ¢

20~ &

S . . N : .
Pys =—*" - The population point of bi-serial correlation between the study variable y and

5454

auxiliary attribute ¢

A= (l—ij Correction Factor
n N

p = P: Dual to ratio in single phase.
-n

2. Literature Review

Let y, be i-th characteristic of the population and ¢, is the case of possessing certain attributes.
If ith unit has the desired characteristic, it takes the value 1; if not then the value 0. That is:

_{1 , if ithunit of the population possesses attribute 2.1

o, otherwise
Let A= X" 4 and a = X!, =4 be the total count of the units that possess certain attribute in

the population and the sample, respectively. P :ﬁ and p - 2 denote the proportion of
n

unit in the population and sample possessing attribute ¢ respectively.

Naik and Gupta (1996) defined ratio estimator denoted by t,; of population mean when the prior

information of population proportion of units, possessing the same attribute is available which

modifies ratio estimator by Cochran (1940) as in (2.2). The Bias and MSE of t,; are given as in
(2.3) and (2.4) respetively

t, = % P 2.2)



Bias(tys) =Y 4(C; - p,,C,C, ) (2.3)
MSE(t,s) = AY*(C; -2p,,C,C, +C; ) (2.4)
However, the estimator t,; is less efficient when the point bi-serial correlation (py¢) IS negative

and when the difference between sample and population proportion is large due to sample

information.
Singh et al. (2007b) modified the estimator of Naik and Gupta (1996) using exponential

transformation to reduce the effect of distance between sample and population proportions. The
estimator denoted tg as well as its Bias and MSE are as given in (2.5), (2.6) and (2.7)

respectively.

Lers yeXp(P; Ej (2.5)

Bias(tgs ) = AY £4C2 5 = PwC,C j (2.6)
— (1

MSE (ts) :ﬂYZ(ZCZ PC,C,+C ] (2.7)

However; ty is less efficient when the point bi-serial correlation ( p,, )is negative.

Singh et al., (2013) proposed a ratio-product exponential type estimator which is applicable
when bi-serial correlation is either negative or positive. The estimator denoted ti; as well as its

Bias and MSE are as given in (2.8), (2.9) and (2.10) respectively.

= P-p p—P

te = ex l-a)ex 2.8

ST YK(Z p(P+pj+( 0!) p(p+pD (2.8)
C, 1

Bias(t, ) = AY 3 +py¢C C, E—a (2.9)

_ 2| 2 (1 1

MSE(ts;) =AY ?| C2 +C; Z+ @ |[+2p,C,C,| 5~ (2.10)
C 2K +1

where K, = p,, =, a = —2— = a,(say)
Cy

MSE (tg; ) = AY °C; (1- 9, ) (2.11)

However, t.; is a function of « which depends on unknown parameter of the study population

C, (coefficient of variation)
Zaman and Kadilar (2019) proposed family of ratio exponential estimators using known
information of auxiliary attribute. The estimator denoted by t,, as well as it’s Bias and MSE are

givenin (2.12), (2.13) and (2.14) respectively



kP +1)—(kp+1
fo = yEXp[EkP+I;+EkE+I;] (2.12)
Bias(t, )= AY (6°C; -6,,,C,C, )i =12,.......... 9 (2.13)
MSE(t,) = AY *(6;C; - 20,,,C,C, +C})i=12........9 (2.14)
P P P (AP

here 91:2(P+ﬁ2(¢))1 02:2(P+C¢)1 63:2(P+p¢y); 6’4:2(ﬂ2ﬁ()¢()¢;+c¢)’
0. = C,P . g = C,P : _ PyP .= B (¢4)P

T 2CPB(9) 7 2CPp,) T 2pPC) T 2(A(9)Ppy)
-0 = py¢P

 ApuPrA(9))

However, the estimator of t, is less efficient when the point bi-serial correlation (py¢) IS
negative.

Zaman (2020) suggested an improved class of estimator for the population mean by modifying
Zaman and Kadilar (2019) as in (2.15). The MSE of t,; is given as in (2.16).

Zi=y(ﬁjaexp[(kp+l)_(kp+l)] (2.15)

P (kP+1)+(kp+1)
MSE(t,) =Y ?(o*C? +67C2 - 220 C? +C + 20p,,C,C, ~26C,C, );i=01,2,...,9 (2.16)
MSEmin(yZi);$? *Ci(1-p%) (2.17)
- =M;i ~0,2,..,9

¢
However, the estimator t;;is a function o which depends on unknown parametersC,

3. Suggested estimators

Having studied the estimator of Zaman and Kadilar (2019) and Zaman (2020), the modified class
of estimators denoted by t; and t, for the population mean are proposed as follows.

tpi=(7+b¢(P—p))exp(ﬁtii:glgtgi:;] i =12, 9 3.1)



qi

Where p” =

(7+b, (P—p)(kP+1))

kp™ +1

NP —np
N-—-n

exp[(kp*+l)(kP+l)

(kp"+1)+(kP+1)

Table 1: Members of the proposed estimator t ;

] =012, ... 9

(3.2)

Estimators Values of kand|
K |
tp1=(7+b¢(P—p))exp[$+F2’%J L B,(9)
tp2:(7+b¢(P—p))exp[$+pzc:¢] 1 C,
tp3=(7+b¢(P—p))exp(ﬁJ 1 Pys
(s - o 08| [0 c
=70, (P))orp| & (ch(;;;’)ﬂz(@] G £
tys =(7+b, (P—p))exp C¢((;¢+(F;)—+P;pyJ C, Py
ty =(7+b, (P p)exp py:gfp;f;cJ P C,
RETRT T .
t, = (7+b, (P—p))exp py¢(§f(r;;222(¢>J P £,9)




Table 2: Members of the proposed estimator t

Values of kand |
Estimators K I
I, (P-p)(kP) [p p) 1 0
q0 — * EXp
p P+p

t1=(y+b¢(P:p)(P+py¢))exp£ p**—P J 1 B,(9)
! P +py P+p +2p,

_(y+b( )(P+C,) 1 C,
e p’ +C [P+p +2C J

(y+b(P p) P+py¢ ( ] 1 Py
tys = exp
! p’ + Py P+p +2py¢
t :(7+b(P p)(B,(#)P+C, ) ( L,(@)(p" —P) J B () C,
" B (#)p +C, B,(#)(P+p)+2C,
t:(7+b¢(P—p)(C¢P+ﬂz(¢)))exp( C,(p"-P) ] Cy A
45 C,p" +5,(9) C,(P+p)+25,(¢)
t=(7+b¢(P—p)(C¢P+py¢))exp( C,(p"-P) J C, Py
" C,p +p,, C,(P+p)+2p,
t (7+b¢(Pp)(,0y¢P+C¢))eX[ p,(p P) ] Py c,
i 0 +C, p,(P+p)+2C,
t=(V+b¢(P—p)(ﬂz(¢>P+py¢))exp( B ~P) J 9 P
® B(#)p +p,, B(#)(P+p)+2p,,
t =(7+b¢(P—p)(py¢P+ﬂ2(¢)))eX( p,,(p"~P) J Py 5,(9)
" PIRYAC) P,s(P+0)+25,(9)

3.1 Properties (Bias and MSE) of t;and t;

Let Sbe the set of n-paired observations(y;,4 )drawn with SRSWOR from a set of

population Q of size N . To obtain the properties of t;and t, the following error terms are
defined.

eO :E, el :p%P SUCh tha.t,y:(1+e0)Y_! p:(1+el)P’




The expectation (E) of the error terms were obtained as in (3.3)

E(e,)=E(g)=0, E(e))=4C’, 3
E(ef)=4C], E(eg)=4p,C,C,,
Express t ;in term of error termse,and e,
-1
T —kP kP
t.=(Y+Ye,-bePlexp| ——¢|1l+——e
 =(V Ve ~byerP) p[z(kPH) 1( 2(kP+1) 1) J
3.4)
Simplify (3.4) up to the first order of approximation, to obtain
ty =(Y +Ye, ~b,e,P)exp(-me +m,’¢]) (3.5)
n
Wherew, = K , @, :[ kP )andJ =—.
2(kP+1) kP +1 N-n

Simplify (3.5), to obtain (3.6)

=Y +Ye,-Ya e +gwf\7ef —@,Yee, —b,e,P+hb,Pe; (3.6)
Subtract Y from both sides of (3.6) to obtain (3.7)
ty —Y =Ye,—(Y +b,P)e, + (g @Y + b¢w2Pjef —Ya,ee (3.7)
Take expectation of (3.7) and apply result of (3.3), the Bias of t ; is obtained as

. 3 :
Bias(t, ) = z((z@zv +b,a,P ]C ~Ya,p,,C,C ) i=123.....9 (3.8)

Square (3.7) up to the first order of approximation, take expectation of the result and apply the
result of (3.3), the MSE of t | is obtained as

_ b,PY b,P
MSE(tpi):Yz/l[Cj (w1+7j C2—2(01+ - mec C J (3.9)

Similarly, express t; in term of error termse and e,



1 1
ty =(Y +Ye, —b¢elP)£1—(k|;le)el] exp((;gz‘]l)el(l Z(EE{FI)%J J
(3.10)
Simplify (3.10) up to the first order of approximation, to obtain (3.11)
ty =(Y +Ye,—b,eP)(1-Jme) exp(-Jm,e — )’ mm,e})
(3.11)
Simplify (3.11) , to obtain (3.12)

2_2
t. =Y +Ye, —Y_(szlw2 3 sz jef ~b,Pe,
(3.12)

Subtract Y from both sides of equation (3.12) to obtain (3.13)

2__2
Jw,

2

ty ~Y =VYe, —Y_[szlwz— jelz_b¢Pel

(3.13)
Take expectation of (3.13) and apply result of (3.3), the Bias of t, is obtained as in (3.14)

. — V! .
Bias(t, ) = —Y,l[J ’w,m, —TZJQ,? i=0,12,....9 (3.14)

Square (3.13) up to the first order of approximation, take expectations and apply the result of
(3.3), the MSE of t, is obtained as

MSE (t, ) = A(Y°C} +b;P°C} - 2Yh,Pp,,C,C,) (3.15)

3.2 Efficiency comparison of t;and t;

The efficiency conditions of the proposed estimators t; and t; over some existing estimators of

Naik and Gupta (1996), Singh et al. (2007), Singh et al. (2013), Zaman and Kadilar (2019) and
Zaman (2020) were established in this section.

: b,P
i. MSE (t,; ) - MSE(tys) <0 = \py¢\>c¢(wl+$7+1j/2cy (3.16)

MSE (t; ) -MSE(t,s) <0 = |p,,|>C,(b,P+Y)/2YC, (3.17)



. b,P
i, MSE (t, )~ MSE(tqs) <0 = |p,|>C, [ {wﬁ - J+1j/4c (3.18)
MSE (t; )-MSE(tss) <0 = |p,,|>C,(2b,P+Y)/4YC, (3.19)
ii.  MSE(t,)-MSE(ty)y, <0 = \py¢\>c¢(w1+%ij/cy (3.20)
MSE (ty ) ~MSE(ty; ), <0 = |p,,|>C,b,PY/C,
(3.21)
. b,P
iv.  MSE(t,)-MSE(t,)<0 = |p,|>C, @ +~+6|/2C, (2.22)
MSE (t; )~ MSE(t,q) <0 = |p,|>C,(0,P+Y6,)/2YC, (3.23)
b,P
V. MSE(ty,)-MSE(t;)m, <0 = |p,|>C, @+~ |/C, (3.24)
MSE (ty )~ MSE(t, )iy <O = |p,,|>C,b,P/YC, (3.25)

If conditions (3.16), (3.18), (3.20), (3.22), (3.24) and (3.17), (3.19), (3.21), (3.23), (3.25) are
satisfied respectively, then the proposed estimators t ; and t; are more efficient than the of Naik

and Gupta (1996), Singh et al. (2007), Singh et al. (2013), Zaman and Kadilar (2019) and Zaman
(2020) respectively.
To test the efficiency conditions, sample statistics from sample observations can be used.

4. Empirical Study

In this section, empirical studies were conducted to examine the superiority of the proposed
estimators over some estimators considered in the study.

4.1 Efficiency Comparison

Empirical Study using existing population parameters (Sukhatme and Sukhatme 1970).
Population 1: The data is defined as follows:
y =the number of villagesinthecircles

4= 1, if acircleconsist of morethan fivevillages
"o otherwise

N =89, n=20, Y =3.3596, P =0.1236, b, =3.492, C,=0.6008, C,=2.6779, p = 0.766

(Sukhatme and Sukhatme 1970).
Population 2: The data is defined as follows:

10



y = the number of teachers

4= {1, if the number of teachersis morethan 60

0 otherwise
N =111, n=30, Y =29.279, P =0.117, b, =3.898, C,=0.872, C,=2.758, p,,=0.797

Table 3 MSEs and PREs of Proposed and Existing Estimators Using Data from Pop. 1

Estimators MSEs PREs
Sample Mean y 0.1579298 100
Naik and Gupta (1996)  t,. 2.217078 7.123331
Singh et al. (2007) ters 0.4031122 39.17762
Singh et al. (2013) te 0.06526354 241.9878
Zaman and Kadilar (2019) t,,,

t, 0.1404135 112.4748
t, 0.1356671 116.4098
tos 0.09815459 160.899
ts 0.09819807 160.8278
s 0.1171256 134.838
to 0.06664636 236.9669
ty 0.1404316 112.4603
s 0.06548182 241.1811
oo 0.1442428 109.4888
Zaman (2020) t, |0.06526354 241.9878
Propose Estimators t

t, 0.0661802 238.636
t, 0.06679036 236.456
t, 0.08040544 196.4168
t, 0.08037597 196.4888
t, 0.07114321 221.9886
t, 0.1366728 115.5532
t, 0.0661782 238.6432
t, 0.167143 94.48783
t, 0.06581011 239.978
Proposed Estimator t 0.06526354 241.9878
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Table 4 MSEs and PREs of Proposed and Existing Estimators Using Data from Pop. 2

Estimators MSEs PREs
Sample Mean y | 15.85573 100
Naik and Gupta (1996) t,. | 94.532 16.77287
Singh et al. (2007) ters 15.54034 102.0295
Singh et al. (2013) t, | 5.784028 274.1296
Zaman and Kadilar (2019) t,,,

t 14.72468 107.6813
ts 14.29484 110.9192
ts 11.38913 139.2181
ts 10.98268 144.3703
ts 13.03175 121.67
e 7.630395 207.797
ts 14.59097 108.6681
ts 6.561422 241.6508
toe 14.94357 106.1041
Zaman (2020) t, |5.784028 274.1296
Propose Estimators t

t, 5.817701 272.5429
t, 5.849699 271.0521
t, 6.4338 246.4443
t, 6.582441 240.8792
t. 6.015808 263.5678
t, 9.077466 174.6713
t, 5.826441 272.1341
t, 11.03681 143.6623
t, 5.805672 273.1076
Proposed Estimator t, 5.784028 274.1296

Tables 3 and 4 show the results of MSEs and PREs of the proposed estimators and that of some
existing estimators using populations 1 and 2 respectively. The results revealed that the class of

proposed estimatort,; has minimum MSEs and higher PREs compared to conventional, Naik and

Gupta (1996), Singh et al (2007) and Zaman and Kadilar (2019) estimators with exception of few
cases. Proposed estimator t,, estimators of Singh et al. (2013) and Zaman (2020) performed

equally.

qi
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4.3 Empirical Study using Stimulated data

In this sub-section, stimulation studies were conducted to assess the performance of the proposed
estimators over other estimators considered in the study. Data of size 500 units were generated
for study population using functions defined in Table 5 Sample of size 50 were selected by
method of Simple Random Sampling without replacement (SRSWOR) 1000 times. The Biases,
MSEs and PREs of the considered estimators were computed using (4.1), (4.2) and (4.3).

) 1 1000 _

Bias(T) = 1000 > (T-Y) (4.1)
1 1000 )

MSE(T) = 1000 > (T-Y) (4.2)

PRES(T) = [%((tﬁ))j x100 (4.3)

Where T are any of the exiting or proposed estimators.

Table 5: Population used for Simulation Study

Models Auxiliary variable (x) | Study Variable (y) | Correlation
coefficients

1 Y =10+5X +e 0.5

2 Y =10-5X +e -0.5

3 X ~rben(500,0.7) [ Y=10+9X+e |07

4 Y =10-9X +e -0.7

5 Y =10+40X +e, [0.9

6 Y =10-40X +e, |-0.9

where, e ~(0,4)

Stimulation procedures are described in the steps below;

Step 1: Population of size N = 500 are generated from the distribution in the Table 5

Step 2: Compute parameters of auxiliary variable X

Step 3: Take a pair of random samples of size 50 from (Y, X)

Step 4: Compute sample statistics from the result of step 3

Step 5: Compute Biases, and MSEs and PREs for each estimator using (4.1), (4.2) and (4.3)
respectively.

13



Step 6: Display the result of step 5
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Table 6: Biases, MSEs and PREs of the Proposed and some Existing Estimators using model 1 ( p,, =0.5230675)

Estimators Biases MSEs PREs Estimators | Biases MSEs PREs
Sample Mean y | 0.1437666 | 3.462052 100 t,, 0.1047622 2.691064 | 128.6499
Naik and Gupta (1996) t,, | 0.1547281 | 2.836214 122.066 t, 0.1112151 2.692762 | 128.5688
Singh et al. (2007b) t.. 0.1033883 | 2.732695 126.69 Proposed Estimators t,;

Singhetal. (2013) t,, |40.10474 | 1263.398 0.2740271 | t, 0.1114943 2.64982 | 130.6523
Zaman and Kadilar(2019)t,,, th, 0.1441377 2.65247 | 130.5218
thes 0.1046124 | 3.16519 109.379 ths 0.1526078 2.65328 | 130.482
ts 0.08940357 | 2.982068 116.0957 | t,, 0.163392 2.654387 | 130.4276
t, s 0.08769019 | 2.941711 117.6884 | t . 0.1004061 2.649089 | 130.6884
(I 0.08683099 | 2.894562 119.6054 | t 0.1376734 2.651886 | 130.5506
t, s 0.1129033 | 3.237456 106.9374 | t, 0.1212732 2.650536 | 130.6171
e 0.09132831 | 3.014844 114.8335 |t 0.1709613 2.655214 | 130.3869
t,y - 0.09861785 | 3.105712 111.4737 | tq 0.09515164 2.648771 | 130.7041
t,e 0.0871086 | 2.864293 120.8693 | Proposed Estimators t,

o 0.1173871 | 3.273502 105.7599 | t,, 0.07002427 2.647513 | 130.7662
Zaman (2020) t, to 0.07002406 2.647514 | 130.7662
t,, 0.1238235 | 2.695238 128.4507 | t,, 0.07002408 2.647514 | 130.7662
t, 0.1056337 | 2.691492 128.6295 | t,, 0.07002409 2.647514 | 130.7662
t,, 0.1013998 | 2.690445 128.679 | t,, 0.0700241 2.647514 | 130.7662
t, 0.1017989 | 2.690495 128.6772 | t, 0.07002406 2.647514 | 130.7662
t,, 0.1031934 | 2.690752 128.6649 | t 0.07002407 2.647514 | 130.7662
t,, 0.109168 | 2.692299 128.5909 | t, 0.07002407 2.647514 | 130.7662
t,, 0.1015091 | 2.690496 128.6771 | t, 0.07002412 2.647514 | 130.7662
t. 0.1034003 | 2.690972 128.6543 | t 0.07002406 2.647514 | 130.7662
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Table 7: Biases, MSEs and PREs of the Proposed and some Existing Estimators using model 2 ( p,, =-0.5047604)

Estimators Biases MSEs PREs Estimators | Biases MSEs PREs
Sample Mean y -0.0002334 | 3.784972 100 t,, 0.09656971 2.780142 136.1431
Naik and Gupta (1996) t,, |0.1547281 | 2.836214 133.4516 | t,, 0.1448239 2.769465 136.668
Singh et al. (2007b) t.. 0.1026512 | 3.172355 119.3111 | Proposed Estimators t,;

Singhetal. (2013) ¢ -49.45392 | 2058.959 0.1838294 | t 0.03051368 2.646179 143.0354
Zaman and Kadilar (2019)t,,, th, -0.0005869122 2.645569 143.0683
th, 0.04483041 | 3.576992 105.8144 | t -0.5276576 2.761756 137.0494
t,, 0.07140149 3.432596 110.2656 |t , -0.01893127 2.6454 143.0775
t, s -0.442892 3.303882 114.5614 |t 0.04107791 2.646475 143.0193
(I 0.08342468 3.355109 112.8122 |t 24151.69 3643141580 | 1.0391e-07
t, s 0.03402295 3.629863 104.2731 | t,, 0.2284786 2.659207 142.3346
e -119847.3 92195715144 | 4.106e-09 | t g -0.1748324 2.650997 142.7754
t,y - 0.3058127 4.927841 76.80791 | t, 0.1051955 2.649216 142.8714
tys 0.08155996 2.912074 129.9751 | Proposed Estimators t

Lo -0.05099469 | 3.994356 94.75799 | t,, 0.07002384 2.647514 142.9632
Zaman (2020) t, t 0.07002406 2.647514 | 142.9632
t,, 0.1614191 2.766175 136.8305 | t, 0.07002404 2.647514 142.9632
t, 0.1716641 2.764304 136.9231 | t,, 0.07000269 2.647529 142.9625
t,, 0.1740229 2.76385 136.9456 | t, 0.07002401 2.647514 142.9632
t,, 0.3927751 3.021979 125.2481 | t, 0.07002406 2.647514 142.9632
t,, 0.1730063 2.764024 136.937 L 0.06913778 2.647462 142.9661
t,e 0.1696852 2.764676 136.9047 | t, 0.07002412 2.647514 142.9633
t, -41104.92 10842925712 | 3.4908e-08 | t 0.07002262 2.647515 142.9632
t,, 0.03688758 2.794003 135.4677 |t 0.07002406 2.647514 142.9632
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Table 8: Biases, MSEs and PREs of the Proposed and some Existing Estimators using model 3 ( p,, =0.7378267)

Estimators Biases MSEs PREs Estimators | Biases MSEs PREs
Sample Mean y | 0.2013666 | 5.529159 | 100 t,, 0.09416802 2.697529 | 204.9713
Naik and Gupta (1996) t,, |0.1547281 | 2.836214 194.9486 t,o 0.1032705 2.699285 | 204.838
Singh et al. (2007b) t.. 0.1036831 | 3.110929 177.7334 | Proposed Estimators t,,

Singh etal. (2013) t 75.98669 13980.98 0.03954772 | t 0.1438866 2.652267 | 208.4692
Zaman and Kadilar (2019)t,,, th, 0.2020275 2.658417 | 207.9869
thes 0.1285252 4.612312 119.8783 |t ; 0.1949733 2.657555 | 208.0543
t, 0.0966044 | 4.020493 137.5244 to 0.2363213 2.663072 | 207.6234
t, s 0.09928959 | 4.086308 135.3094 ths [1] 0.1241373 2.650664 | 208.5953
(I 0.08819352 | 3.723848 148.4797 ts 0.1688549 2.654644 | 208.2825
t, s 0.1444554 | 4.839155 114.2588 t,; 0.1824678 2.656107 | 208.1678
e 0.1120831 | 4.344346 127.2725 the 0.2297294 2.662117 | 207.6979
(. 0.1048542 | 4.20703 131.4267 the 0.1289488 2.651032 | 208.5663
t,e 0.08921408 | 3.777876 146.3563 Proposed Estimators t,

o 0.140336 4.782671 115.6082 to 0.07002445 2.647513 | 208.8435
Zaman (2020) t, to 0.07002407 | 2.647514 | 208.8435
t,, 0.1286701 2.703061 | 204.5518 t, 0.0700241 2.647514 | 208.8435
t, 0.09908544 | 2.69858 204.8914 tys 0.07002409 2.647514 | 208.8435
t,, 0.09220864 | 2.697318 204.9873 tos 0.07002414 2.647514 | 208.8435
t, 0.09224743 | 2.697348 204.985 tos 0.07002406 2.647514 | 208.8435
t,, 0.09512808 | 2.697658 204.9615 L 0.07002407 2.647514 | 208.8435
t,, 0.1048296 2.699546 204.8181 Lo 0.07002408 2.647514 | 208.8435
t,, 0.0943008 2.697754 204.9542 toe 0.07002413 2.647514 | 208.8435
t 10.09285483 | 2.697485 204.9746 t 0.07002406 2.647514 | 208.8435

N
~
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Table 9: Biases, MSEs and PREs of the Proposed and some Existing Estimators using model 4 ( p,, = -0.7287106)

Estimators Biases MSEs PREs Estimators | Biases MSEs PREs
Sample Mean y | -0.05783339 | 6.110415 100 t,, -0.2960067 2.819257 216.7385
Naik and Gupta (1996) t,. | 0.1547281 2.836214 215.4427 t,, 0.08522764 2.74301 222.7631
Singh et al. (2007b) t.. 0.1023563 3.902316 156.5843 Proposed Estimators t,,

Singh etal. (2013) t -85.35631 18244.8 0.0334913 | t -0.001878588 2.645712 230.9554
Zaman and Kadilar (2019)t,,, t, -0.05847674 2.645996 230.9306
thes 0.02091762 | 5.353556 114.1375 tys 1.493587e+19 3.055893e+38 | 1.9995e-36
t, 0.06420066 | 4.831442 126.4719 t, -0.09186057 2.646896 230.8521
t, s -1.5614e+20 | 3.363475e+40 | 1.8167e-38 | t . 0.01734664 2.64596 230.9337
ts 0.08206215 | 4.552833 134.2113 the 0.5165879 2.715612 225.0106
t, s 0.002470818 | 5.545486 110.1872 t, 1.022192 2.981885 204.9178
e -1.118494 13.577 45.00565 tg -0.6164036 2.761729 221.2532
(. -3.243962 30.0686 20.32158 the 0.1744143 2.654336 230.205
s -0.3090717 | 2.849583 214.4319 Proposed Estimators t

o -0.2194206 | 7.406895 82.49631 tyo 0.07002367 2.647514 230.7982
Zaman (2020) t, t 0.07002405 2.647514 230.7982
t,, 0.1493412 2.739368 223.0593 ty 0.07002402 2.647514 230.7982
t, 0.1709888 2.738554 223.1256 tys 0.02517555 2.652673 230.3493
t,, 0.1759927 2.738482 223.1315 tys 0.07002397 2.647514 230.7982
t, -5.5307e+19 | 4.220316e+39 | 1.4479e-37 |t 0.07002406 2.647514 230.7982
t,, 0.1738496 2.738565 223.1247 L 0.0700236 2.647511 230.7985
t,, 0.1667984 2.738657 223.1172 t; 0.07001084 2.647495 230.7999
t,, -0.365064 2.836645 215.41 tys 0.07001312 2.647524 230.7973
t. -1.516981 3.685074 165.8152 too 0.07002407 2.647514 230.7982
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Table 10: Biases, MSEs and PREs of the Proposed and some Existing Estimators using model 5 with the Correlation (p,, =

0.9775665)

Estimators Biases MSEs PREs Estimators | Biases MSEs PREs
Sample Mean y | 0.05549 |]64.07467 | 100 t,, 0.1808972 2.925655 | 2190.097
Naik and Gupta (1996) t,. | 1.005351 | 14.26301 | 449.2368 | t,, 0.2185038 2.93286 | 2184.716
Singh etal. (2007b) t,, |0.110366 |8.312005 |770.869 | Proposed Estimators t,,

Singhetal. (2013) t 268.518 7221.504 | 0.8872759 | t, 0.384611 0.931629 | 2185.634
Zaman and Kadilar(2019) t,,, t,, 0.6210778 3.015386 | 2124.925
t, -0.21617 41.50172 | 154.3904 | t,, 0.5174373 2.973801 | 2154.639
t, -0.17660 | 28.8395 222.1768 | t,, 0.7598552 3.083468 | 2078.006
s -0.178769 | 34.07176 | 188.058 t 0.300506 2.911192 | 2200.977
ts -0.218887 | 22.60134 | 283.4994 | t, 0.4149634 2.940186 | 2179.272
ts -0.213759 | 46.63139 | 137.4067 | t,, 0.6145036 3.012516 | 2126.948
te -0.195723 | 39.73171 | 161.2683 |t 0.6570131 3.031632 | 2113.538
- -0.139944 | 29.15678 | 219.7591 |t 0.3792218 2.930175 | 2186.718
ts -0.189597 | 27.14009 | 236.0886 | Proposed Estimators t,

tyo -0.219134 | 41.82048 | 153.2136 | t,, 0.04764066 | 2.877944 | 2226.404
Zaman (2020) t,, t, 0.04764457 | 2.877942 | 2226.406
t,, 0.3810892 | 2.970742 | 2156.857 | t,, 0.04764409 | 2.877942 | 2226.406
t, 0.2168675 | 2.932537 | 2184.957 | t,, 0.04764436 | 2.877942 | 2226.406
t,, 0.180437 | 2.925648 |2190.102 |t,, 0.04764359 | 2.877943 | 2226.405
t,. 0.1879284 | 2.927082 | 2189.029 | t, 0.04764465 | 2.877942 | 2226.406
t,, 0.1908273 | 2.927097 | 2189.018 | t,, 0.04764454 | 2.877942 | 2226.406
t,. 0.2465373 | 2.938672 | 2180.396 | t,, 0.04764411 | 2.877942 | 2226.406
t,e 0.2083266 | 2.930878 | 2186.193 | t,, 0.04764398 | 2.877943 | 2226.405
t,, 0.1805225 | 2.925674 | 2190.083 | t,, 0.04764458 | 2.877942 | 2226.406
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Table 11: Biases, MSEs and PREs of the Proposed and some Existing Estimators using Model 6 with Correlation (o, =-

0.9791406)

Estimators Biases MSEs PREs Estimators Biases MSEs PREs
Sample Mean Yy -0.585156 | 68.99155 100 t,g -683.4372 | 1024063 | 0.006737044
Naik and Gupta (199 )t,. | 0.1426181 | 3.077269 2241.973 t,o -0.6003564 | 2.982463 | 2313.241
Singh et al. (2007b) t, | 0.06668405 | 21.67639 318.2797 Proposed Estimator t |
Singh etal. (2013) t -672.4029 | 6016708 | 0.001146666 t,, -0.3273392 | 2.809121 | 2455.984
Zaman and Kadilar(2019) t,, t., -0.6951248 | 2.81572 2391.174
t,s -0.2132775 | 51.79144 133.2104 t, 2.895604 | 5.412566 | 1274.655
t, -0.052035 | 42.01574 164.2041 t,, -0.700835 | 2.946906 | 2341.152
tos -8.672273 | 334.4563 20.62797 t -0.241003 | 2.790299 | 2472551
s 0.01186464 | 36.86736 187.1345 t 1.132527 | 3.089483 2233.11
s -0.2885746 | 55.6611 123.9493 t,, 66.30169 | 4400.433 | 1.567835
o -2.669514 | 140.9721 48.93988 tg -252.9175 | 149222.7 | 0.04623397
t -1039.578 | 1150628 | 0.00599599 t 0.8997042 | 2.959664 | 2331.061
tys -1395.647 | 4542102 | 0.001518934 Proposed Estimator t
oo -2.11172 | 123.0889 56.05017 t, 0.03228859 | 2.761002 | 2498.787
Zaman (2020) t,, t, -0.1555318 | 2.67584 2498.791
t,o 0.1190468 | 2.844141 2425.743 t,, 0.03228801 | 2.760998 2498.79
t,, 0.2357007 | 2.851608 2419.391 t,, 0.0322362 | 2.760946 | 2498.837
t,, 0.2598529 | 2.855944 2415.718 t, 0.03228811 | 2.760999 2498.79
t,, -4.228685 | 8.862594 778.4578 tys 0.03228787 | 2.760998 | 2498.791
t,, 0.2539563 | 2.855833 2415.812 tye 0.03228559 | 2.760994 | 2498.794
t,. 0.2159155 | 2.848987 2421.617 t, -3.955063 939.421 7.34405
t,e -0.890612 | 3.13349 2201.748 tye 0.01424415 | 2.771623 | 2489.211
t -631.3627 | 334987.7 | 0.02059525 t 0.03228681 | 2.760996 | 2498.792

N
~

o
©
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Tables 6, 7, 8, 9, 10 and 11 show the results of Biases, MSEs and PREs of the proposed
estimators and that of the existing estimators using stimulated data obtained from models
1,2,3,4,5 and 6 respectively defined in Table 5. The result revealed that the proposed estimators
have minimum MSEs and higher PREs compared to conventional and other related estimators
considered in the study with exception of some cases where some members of the proposed

estimator t ; performed below Zaman (2020).

5. Conclusion

From the results of the empirical studies, it revealed that the suggested estimators have minimum
MSEs compared to other competing estimators considered in the study with exception of some
cases where t; performed less than Zaman (2020) estimator. Hence, the suggested estimators

especially t; demonstrated high level of efficiency over the other estimators considered in the

study. In the other words, it has higher chance of producing estimate that is closer to the true
value of the population mean than other estimators considered in the literature of this study and
therefore recommended for use in practice.
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