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S-INDEX OF DIFFERENT GRAPH OPERATIONS

ABSTRACT

In this paper, we introduced new index from the Zagreb index family, named as S-
index is defined as the sum of degree five of all the vertices of a graph. We derive the S-
index of some different graph operations such that Join, Cartesian product, Composition,
Corona product, Tensor Product, Strong product, Disjunction, Symmetric difference, Corona
join product, Subdivision vertex join are obtained.
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1. INTRODUCTION

Topological indices are a numeric value which is associated with a chemical
compound. Graph operations play a important role in chemical mathematics, since
some chemically interesting graphs can be derived from some simpler graphs by
different graph operations.

Let G = {V(G),E(G)}and G = {V(H),E(H)} be two connected graphs with
vertex sets and edge sets are respectively. The number of vertices and edges of G
and H will be denoted by k and j such that |V(G)| = k,,|V(H)| = k, and |E(G)| =
j1,|E(H)| = j, respectively. The degree of a vertex v is the number of edges
incident to v and is denoted by y; (v).

In 2005, Li and Zheng [12] introduced the first general Zagreb index defined as:
M (6) = Ypev@ Ve (V] = Suvere)[¥E @) + v& ()]
In 1972, I. Gutman and N. Trinajstic [13] introduced the first and second
Zagreb indices of a graph is defined as:
M1 (G) = Yvev)[Ve )? = Yuwer)[ve) + v (v)]
M,(G) = ZquE(G)[yG Wy ()]
In 2015, Furtula and Gutman [8] introduced the forgotten index (F-index) is

defined as:
F(G) = Yvevo)[¥6 )?] = Zuver) Ve W? + v (v)?]




In 2020, Abdu Alameri and Noman Al-Naggar [7] introduced the Y-index is
defined as:

Y(G) = Yvevie) Ve W] = Zuver)[Ve W) +ve(v)?]

We introduced the new index from the first general Zagreb index [12] ,named as
S-index where a = 4 .

S(G) = Yveve)Ve )°] = Yuwver@) Ve W* + v (v)*]

Investigators need to study more details on calculating topological indices of some
graph operations can be refer [1,3,5,7,9,11,14].

2. MAIN RESULTS

In this section, we study about the S-index of some different graph operations.
Example: 2.1

Fig: Firefly Graph F;;4

The value of S-index for above diagram:

S(6) = Yvevp)lve(v)*] = 1,61,314
Corollary: 2.2

In this part, the S-index of some special graphs are calculated.
1. For a complete graph K,,, with n vertices:

S(K,)) =n(n—-1)°>,n>3



2. For a cycle graph C,, with n vertices:

S(C,) =32n,n>3

3. For a path graph B,, with n vertices:

S(P)=32n—-62,n>3
4. For a star graph S,,, with n vertices:

SE)=mn-1D"+(n-1),n=3

5. For a wheel graph W;,, with n vertices:

S(W,) =243n+n°,n>3

6. For a ladder graph L,,, with n vertices:

S(Ly) =128+ (2n—4)243,n>2
The Join of graphs: [2,4]
Definition: 2.3
The join G + H of graphs G and H with vertex sets V(G) and V(H) and edge sets
E(G) and E(H) is the graph union G U H together with all the edges between V(G)
and V(H). Obviously, |V(G + H)| = |V(G)| + |V(H)| = k; + k, and |[E(G + H)| =
|E(G| + ED| + [VOIVH)| = j1 +j2 + kiks .

Ye() +ky, vE V(G)}
yy(w) + ky, veEV(H)

Vorn (@) = {
Theorem: 2.4
The S-index of G + H is given by
S(G+H)=S8(G) +SH) +j; k3 + k) + Y(G)ky + k3ky + 4[F(G)k2 + F(H)k?] +
6[My(G)K3 + My(HDKT] + 8[k3jy + kijal + Y (HDky + K3k,
Proof:
From S-index, we have

S(G+H) = Yuver+mVorn W* +vgen (0)*]

Yuvee@)Ve+u W* +yoen W+ Yuverm Ve +n (w)* + Ye+n ¥+
Yuev(6) vevin|Ve+u W* + yo+n *]



= Yuwee)[ve W* +yp()* + 2k5] + Yuveranve W* + yu()* +
2ki] + Yuev(c) Zvevn (e (W) + ky)* + (ru () + k1)*]
S(G+H)=S(G) +SH) + j; k3 + k) + Y(G)ky + k3ky + 4[F(G)k2 + F(H)k?] +
6[M; (G)k3 + My (H)k] + 8[k3jy + kij,] + Y(H)ky + k3 k.

Which is complete the proof.
The Cartesian product of graphs: [1,4,14]
Definition: 2.5

The Cartesian product G x H of graphs G and H has the vertex set V(G X H) =
V(G)xV(H)and (u,x)(v,y) isanedgeof G xHifuv e E(G)andx =y ,0oru =v
and xy € E(H). Obviously, |V(G x H)| = [V(G®)||V(H)| = k 1k, and |E(G X H)| =
|E@OIIVE] + |EWDIIV (G| = jika + jaka.

Yexu(a,b) =vyg(a) +ys(b)
Theorem: 2.6
The S-index of G x H is given by
S(G x H) = k,S(G) + k;S(H) + 10Y(G)j, + 10F(G)M,(H) + 10F(H)M,(G) +
10/, Y(H) .
Proof:
From S-index, we have
S(G X H) = YumevexmVexu W v)°]
= Yuev(c) Zvevimve ) + Yu1®

S(G x H) = k,S(G) + kyS(H) + 10Y(G)j, + 10F(G)M,(H) + 10F(H)M,(G) +

10/, Y(H) .
Which is complete the proof.
The Composition of Graphs: [1,4,9]
Definition: 2.7
The Composition G[H] of graphs G and H with disjoint vertex sets V(G) and V(H)
and edge sets E(G) and E(H) is the graph with vertex set V(G) x V(H) and
u = (uq,v1) is adjacent to v = (u,, v,) whenever u, is adjacent to u, or u; = u, and
vy is adjacent to v,. [V(GHDI = [V(OIV(H)| = kiky, IEGHD] = [E@OIIVHE)I? +
[V(OIEH)| = jik3 + ks -

Yeruy(a, b) = kyyg(a) + vy (b)



Theorem: 2.8

The S-index of G[H] is given by
S(G[H]) = kS$S(G) + k.S(H) + 10k3F(G)M(H) + 10k2F(H)M,(G) + 10j,k3Y(G).
Proof:

From S-index, we have
S(GIHD = Xwnevemp| Ve W v)°]

= Yuev(c) Zvevanlkaye (W) + yu1®
S(G[H]) = kS$S(G) + k.S(H) + 10k3F(G)M(H) + 10k2F(H)M,(G) + 10j,k3Y(G).
Which is complete the proof.
The Tensor product of graphs: [4,7,14]
Definition: 2.9
The Tensor product G®H of graphs ¢ and H has the vertex set V(GQH ) =V (G) X
V(H) and (u,x)(v,y) is an edge of G @ H if uv € E(G) and xy € E(H). Obviously,
V(GR®H)| = [V(OIIV(H)| = kikz , |IE(GRH)| = 2|E(G)||E(H)| = 2j4j, and
Yeou (W x) = v (Wyn(x).

Theorem: 2.10

The S-index of G®H is given by
S(GRH ) = S(G)S(H).
Proof:

From S-index, we have

S(GOH) = YumevicemVeon (W v)°]

= ZuEV(G) ZVEV(H) [(YG Wyn (17))5]
S(GRH ) =S(G)S(H).
Which is complete the proof.
The Disjunction of graphs: [1,3,4]
Definition: 2.11
The Disjunction G v H of a graphs G and H is the graph with vertex set V(G) x
V(H) and u,v, is adjacent with u,v, whenever u,u, € E(G) and v,v, € E(H)
V(G v H)|=VOIVH) = kiks, |EG VH)| = [E@IIVHE)? + [EEDIIV(G)I? -
2[EOIEMH)| = j1k3 + jokf = 21
Yovu((@, b)) = ka5 (a) + kiyu(b) — v (@)yy(b)



Theorem: 2.12

The S-index of G v H is given by
S(GVH)=k35(G) + k?S(H) — S(G)S(H) + 10k3k Y (G)j, — 10k3S(G)j, +
10k3F(G)k2M,(H) + 10k3S(G)M,(H) + 10k2F(H)k3M,(G) + 10k,j kiY(H) —
10j,k$S(H) + 10k3S(H)M,(G) — 10k3S(G)F(H) — 10kZS(H)F (G) —
20k3Y (G k My (H) — 20k3Y (H)kyM, (G) — 20k, k Y(G)Y (H) + 5k,S(G)Y (H) +
5k Y(G)S(H) + 30k2k,Y(G)F(H) + 30k?k,F(G)Y(H) — 30k?k2F (G)F(H).
Proof:

From S-index, we have
S(GVH) = Z(ul,uz)EV(GVH)[yGVH(ulvuz)s]
= Yueve) 2uevinllkaye (W) + kyyy(uz) — vg (uy)yu ()%l

S(GVH) =k35(G) + kiS(H) — S(G)S(H) + 10k3k,Y(G)j, — 10k2S(G)j, +
10k3F(G)k2M,(H) + 10k3S(G)M,(H) + 10k3F (H)k3M,(G) + 10k,j, kiY(H) —
10/, k$S(H) + 10k3S(HYM,(G) — 10k2S(G)F(H) — 10k?S(H)F (G) —
20k3Y (G)key My (H) — 20k3Y (H)kyMy (G) — 20k,k, Y (G)Y (H) + 5k,S(G)Y (H) +
5k,Y(G)S(H) + 30k2k,Y(G)F(H) + 30k2k,F(G)Y(H) — 30k?k2F (G)F (H).
Which is complete the proof.
The Symmetric Difference of graphs: [1,3,4]
Definition: 2.13
The Symmetric Difference G @ H of two graphs G and H is a graph with vertex set
V(G) xV(H) and
E(G®H) = {(uy,uy)(vy,v,)/u v, € E(G) or u,v, € E(H) but not both }
V(G®H)| = VOIIVH)| = kiky , |[ECGOH)| = [EOIVH)|* + [EEDIIV(G)|* -
HEGOIEMH)| = jik3 + j2kT — 4jajz-

VGGBH((av b)) = kyvg(a) + kiyu(b) — 2y5(@)yu(b)
Theorem: 2.14

The S-index of G @ H is given by
S(G@®H) = k3S(G) + k3S(H) — 325(G)S(H) + 10k3k, Y (G)j, — 20k3S(G)j, +
10k3F(G)k2M,(H) + 40k3S(G)M,(H) + 10k2F (H)k3M,(G) + 10k,j, kiY(H) —
20j,k1S(H) + 40k3S(H)M,(G) — 80k3S(G)F(H) — 80k2S(H)F(G) —



40k3Y (G)k My (H) — 40k3Y (H)k,M;(G) — 160k, k.Y (G)Y (H) + 80k,S(G)Y (H) +
80k,Y(G)S(H) + 120k2k,Y(G)F(H) + 120k?k,F(G)Y(H) — 60k?k2F(G)F (H).
Proof:

From S-index, we have
S(GO®H) =Y uyevcoml¥con W uz)’]

= Yu,ev(e) 2uyevinllkaye () + kyyy(up) — 2y6 (u)ye()]°]
S(GO®H) =k3S(G) + kIS(H) — 32S(G)S(H) + 10k3k Y (G)j, — 20k3S(G)j, +
10k3F (G)k2M,(H) + 40k3S(G)M,(H) + 10k2F (H)k3M,(G) + 10k,j kiY(H) —
20/, k$S(H) + 40k3S(H)M,(G) — 80k3S(G)F(H) — 80k?S(H)F(G) —
40k3Y (G)k My (H) — 40k3Y(H)k,M,(G) — 160k, k.Y (G)Y (H) + 80k,S(G)Y (H) +
80k,Y(G)S(H) + 120k3k,Y(G)F(H) + 120k?k,F(G)Y(H) — 60k?k2F (G)F (H).
Which is complete the proof.
The Strong product of graphs: [1,3,4]
Definition: 2.15
The Strong product G = H of a graphs G and H is a graph with vertex set V(G) x
V(H) and any two vertices (u,, v,) and (ug4, v5) are adjacent if and only if [u, =
u, and v,vs € E(H)] or [vr = vs; and upu, € E(G)] or [upuq € E(G) and v,vg €
EH)] . IV(G«H)| =IV(OIVH)| = kiky, |EG* H)| = [EGIIVH)| +
V(OIE)| + ZIEOIEH)| = jikz + kijz + 2j1)>.
Yeer ((a, b)) = vg(a) + yu(b) + v (a)yy(b)

Theorem: 2.16

The S-index of G = H is given by
S(G * H) = S(G)ky + S(H)k; + S(G)S(H) + 10Y(G)j, + 10S(G)j, + 10Y (H)j; +
10S(H)j; + 55(G)Y(H) + 5Y(G)S(H) + 10F(G)M,(H) + 20Y(G)M,(H) +
10S(G)My(H) + 10F (H)M,(G) + 20Y (H)M;(G) + 10S(H)M,(G) + 10S(G)F(H) +
20Y(G)Y(H) + 10F(G)S(H) + 30F (G)F (H) + 30Y(G)M,(H) + 30F (G)Y (H).
Proof:

From S-index, we have

S(G*H) = Tuvevim)Ven W v)°]

= ZuEV(G) ZUEV(H)[VG W) +yg(@) +yeWyy (U)]S



S(G * H) = S(G)k, + S(H)k; + S(G)S(H) 4+ 10Y(G)j, + 10S(G)j, + 10Y(H)j; +
10S(H)j; 4+ 5S(G)Y(H) + 5Y(G)S(H) + 10F(G)M;(H) + 20Y(G)M,(H) +
10S(G)M;(H) + 10F(H)M;(G) + 20Y (H)M;(G) + 10S(H)M,(G) + 10S(G)F(H) +
20Y(G)Y(H) + 10F(G)S(H) + 30F(G)F (H) + 30Y(G)M,(H) + 30F (G)Y (H).
Which is complete the proof.

The Corona product of graphs: [4,14]

Definition: 2.17

The Corona product GOH of graphs G and H with disjoint vertex sets V(G) and
V(H) and edge sets E(G) and E(H) is the graph obtained by one copy of ¢ and k,
copies of H and joining the i*" vertex of G to every vertex in it* copy of H.
Obviously, [V(GOH )| = [V(G)| + [V(OIIV(H)| = ks + kikz , [E(GOH )| =
|E(O] + [VOIEE)| + [VOIIVH)| = j1 + kija + kiks .

_(YveW) +ky, veEV(G)
Yeou (V) = {],Z(p) + 12, v E V(H)}

Theorem: 2.18

The S-index of GOH is given by
S(GOH) = S(G) + k,S(H) + 5k,Y(G) + 5k, Y (H) + 10k3F(G) + 10k3M,(G) +
10k3j; + k3ky + 10k, F(H) + 10k, M, (H) + 10kyj, + k1 k.
Proof:

From S-index, we have
S(GOH) = Yyeviom[Yeon ¥)°]

= Yveve) (e (@) + k2)®1 + Yvev (@) Lvevn (yu (W) + 1)°]

S(GOH) = S(G) + k S(H) + 5k,Y(G) + 5k, Y(H) + 10k3F(G) + 10k3M,(G) +
10k5j; + kak, + 10k F(H) + 10k, M, (H) + 10k4j, + ki k5.
Which is complete the proof.
Corona join product: [11]
Definition: 2.19
Let G(k4,j1) and H(k,,j,) be simple connected graphs, and the Corona join graph of
G and H is obtained by taking one copy of G, k, copies of H , and joining each
vertex of the it" copy of H with all vertices of G. The Corona join product of G and

H is denoted by



_(YeW) + kqky, if veEV(G)
yG@H(U)_{Yi(U)'Fki,Z ifveV(H)}

Theorem: 2.20

The S-index of G @ H is given by
S(GO®H) =S(G) +5Y(Gkik, + 10F (G)k?k2 + 10M, (G)k3k3 + 10j, kiks + kK3 +
k,S(H) + 5Y(H)k? + 10F (H)k3 + 10M, (H)k$ + 10j,k3 + kSk,.
Proof:

From S-index, we have

S(GOH )= ZUEV(GGBH )[VGGBH (U)S]
= Yvev() Ve W) + k1k2)®] + Zoev o) Zvevan [ (va () + k1)°]

S(G®H) =S(G) +5Y(G)k ik, + 10F(G)k?k2 + 10M, (G)k3k3 + 10j,kiks + kK3 +
k S(H) + 5Y(H)k? + 10F (H)k3 + 10M; (H)k$ + 10j,k3 + kSk,.
Which is complete the proof.
Subdivision vertex join: [11]
Definition: 2.21
For G(k4,j;) and H(k,, j,), the subdivision vertex join is denoted by G + H and is

obtained by joining the each new vertex of S(G) to all vertices of H.

Ye(),v EV(G)
Ye+n(W) =1 2 +kyv €V(G)
yu@) +j1,v € V(H)

Theorem: 2.22
The S-index of G + H is given by

S(G+H)=S(G)+ (2+ky)%j; + S(H) + j?k, + 5Y(H)j, + 10F(H)j? + 10M,(H)j3 +
10/1Jz-
Proof:
From S-index, we have
S(G+H) = Yvevigru )Vern )]
= Yveve) Ve ()] + Yverya)[(2 + ky)] + Yvevan [ (ya (@) +j1)°]

S(G+H) =

S(G) + (2 + kp)%jy + S(H) + jky + 5Y (H)jy + 10F(H)j{ + 10M; (H)j3 + 10jj,.

Which is complete the proof.



3. CONCLUSION

In this paper, we compute some exact expressions for the S-index of some

graph operations such as Join, Cartesian product, Composition, Corona product,

Tensor Product, Strong product, Disjunction, Symmetric difference, Corona join

product, Subdivision vertex join can be computed.
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