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ABSTRACT  
 
            In this paper, we introduced new index from the Zagreb index family, named as  -

index is defined as the sum of degree five of all the vertices of a graph. We derive the  -
index of some different graph operations such that Join, Cartesian product, Composition, 
Corona product, Tensor Product, Strong product, Disjunction, Symmetric difference, Corona 
join product, Subdivision vertex join are obtained. 
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1. INTRODUCTION  
 
            Topological indices are a numeric value which is associated with a chemical 

compound. Graph operations play a important role in chemical mathematics, since 

some chemically interesting graphs can be derived from some simpler graphs by 

different graph operations. 

         Let               and               be two connected graphs with 

vertex sets and edge sets are respectively. The number of vertices and edges of   

and   will be denoted by   and   such that                      and        

              respectively. The degree of a vertex   is the number of edges 

incident to   and is denoted by      . 

        In 2005, Li and Zheng [12] introduced the first general Zagreb index defined as:  

                  
           

            
       

                   

        In 1972,  I. Gutman and N. Trinajstic [13] introduced the first and second 

Zagreb indices of a graph is defined as: 

                             
                               

                                           

        In 2015, Furtula and Gutman [8] introduced the forgotten index ( -index) is 

defined as: 

                             
                

       
 

          



 

  

         In 2020, Abdu Alameri and Noman AI-Naggar [7] introduced the  -index is 

defined as: 

                             
                

       
 

           

          

       We introduced the new index from the first general Zagreb index [12] ,named as 

 -index where     . 

                              
                

       
 

         

 Investigators need to study more details on calculating topological indices of some 

graph operations can be refer [1,3,5,7,9,11,14]. 

 
2. MAIN RESULTS 
 

         In this section, we study about the  -index of some different graph operations. 

Example: 2.1 

                           

 The value of  -index for above diagram: 

                                     
          1,61,314                                                

Corollary: 2.2 

In this part, the  -index of some special graphs are calculated. 

1. For a complete graph   , with n vertices: 

                                                      



 

  

2. For a cycle graph   , with n vertices: 

                                                  

3. For a path graph   , with n vertices: 

                                                     

4. For a star graph   , with n vertices: 

                                                           

5. For a wheel graph   , with n vertices: 

                                                      

6. For a ladder graph   , with n vertices: 

                                                            

The Join of graphs: [2,4] 

Definition: 2.3 

The join     of graphs   and   with vertex sets      and      and edge sets 

     and      is the graph union     together with all the edges between      

and     . Obviously,                              and          

                                      . 

                             
                  

                  
  

Theorem: 2.4 

        The  -index of     is given by 

                        
    

            
            

        
   

         
         

       
      

              
     

Proof: 

       From  -index, we have 

                   
          

              

                

    

          
          

                    
                                       

          

           
          

                



 

  

                 

           
       

     
           

                                     
                

   
                

                                         
                 

                        
    

            
            

        
   

         
         

       
      

              
     

Which is complete the proof. 

The Cartesian product of graphs: [1,4,14] 

Definition: 2.5 

  The Cartesian product     of graphs   and   has the vertex set        

          and            is an edge of     if         and     , or     

and        . Obviously,                            and          

                                   . 

                                   

Theorem: 2.6 

         The  -index of     is given by 

                                                        

            

Proof: 

       From  -index, we have 

                   
               

                                   
 

                  

                                                        

            

Which is complete the proof. 

The Composition of Graphs: [1,4,9] 

Definition: 2.7 

The Composition      of graphs   and   with disjoint vertex sets      and      

and edge sets      and      is the graph with vertex set           and 

          is adjacent to           whenever    is adjacent to    or       and 

   is adjacent to   .                                                      

                 
       . 

                                                 



 

  

Theorem: 2.8 

         The  -index of      is given by 

           
                 

               
                 

       

Proof: 

       From  -index, we have 

                     
                

                                   
 

                                                   

           
                 

               
                 

       

Which is complete the proof. 

The Tensor product of graphs: [4,7,14] 

Definition: 2.9 

The Tensor product     of graphs   and   has the vertex set              

     and            is an edge of     if         and         . Obviously, 

                                                          and  

                                              . 

Theorem: 2.10 

        The  -index of     is given by 

                 . 

Proof: 

       From  -index, we have 

                     
                

                                   
 
              

                . 

Which is complete the proof. 

The Disjunction of graphs: [1,3,4] 

Definition: 2.11 

The Disjunction     of a graphs   and   is the graph with vertex set      

     and      is adjacent with      whenever           and           

                                                                  

                  
      

       . 

                                                  



 

  

Theorem: 2.12 

         The  -index of     is given by 

          
        

                   
              

        

    
       

           
               

       
               

      

      
          

               
              

          

    
                 

                                        

                
                

                
   

         . 

Proof: 

       From  -index, we have 

                      
                 

                                                       
                 

         
        

                   
              

        

    
       

           
               

       
               

      

      
          

               
              

          

    
                 

                                        

                
                

                
   

         . 

Which is complete the proof. 

The Symmetric Difference of  graphs: [1,3,4] 

Definition: 2.13 

The Symmetric Difference     of two graphs   and   is a graph with vertex set 

          and 

                                                             

                                                                    

                  
      

       . 

                                                 

Theorem: 2.14 

         The  -index of     is given by 
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Proof: 

       From  -index, we have 
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Which is complete the proof. 

The Strong product of graphs: [1,3,4] 

Definition: 2.15  

The Strong product     of a graphs   and   is a graph with vertex set      

     and any two vertices         and         are adjacent if and only if     

                   or                        or                     

       .                                                     

                                          . 

                                                   

Theorem: 2.16 

        The  -index of     is given by 

                                                          

                                                     

                                                           

                                                       . 

Proof: 

       From  -index, we have 

                      
                 

                                               
 

             



 

  

                                                          

                                                     

                                                           

                                                       . 

Which is complete the proof. 

The Corona product of graphs: [4,14] 

Definition: 2.17 

The Corona product      of graphs   and   with disjoint vertex sets      and 

     and edge sets      and      is the graph obtained by one copy of   and    

copies of    and joining the     vertex of   to every vertex in     copy of  . 

Obviously,                                                       

                                              . 

                              
                

                   
  

 

Theorem: 2.18 

        The  -index of     is given by 

                                        
          

       

    
      

                                  . 

Proof: 

       From  -index, we have 

                  
              

                               
                                    

                                       
          

       

    
      

                                  . 

Which is complete the proof. 

Corona join product: [11] 

Definition: 2.19 

Let          and          be simple connected graphs, and the Corona join graph of 

  and   is obtained by taking one copy of  ,    copies of   , and joining each 

vertex of the     copy of   with all vertices of  . The Corona join product of   and 

  is denoted by  



 

  

                                     
                     

                          
  

Theorem: 2.20 

        The  -index of      is given by 
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Proof: 

       From  -index, we have 

                      
               

                                   
                

                      

                                
   

           
   

        
   

    
   

  

              
          

           
        

    
   . 

Which is complete the proof. 

Subdivision vertex join: [11]  

Definition: 2.21 

For          and         , the subdivision vertex join is denoted by     and is 

obtained by joining the each new vertex of      to all vertices of  . 

                                   

            

            

               
  

Theorem: 2.22 

        The  -index of      is given by 

 

                   
           

                    
           

  

    
   . 

Proof: 

       From  -index, we have 

                      
               

                            
                 

               
                

          

           
           

                    
           

      
   . 

Which is complete the proof. 



 

  

3. CONCLUSION 

             In this paper, we compute some exact expressions for the  -index  of some 

graph operations such as Join, Cartesian product, Composition, Corona product, 

Tensor Product, Strong product, Disjunction, Symmetric difference, Corona join 

product, Subdivision vertex join can be computed.                                   
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