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Transitivity Action of the Cartesian Product of the Alternating

Group Acting on a Cartesian Product of Ordered Sets of Triples

Abstract
In this paper, we investigate some transitivity action properties of the cartesian product of the

alternating group A,(n = 5) acting on a cartesian product of ordered sets of triples using

the Orbit-Stabilizer Theorem by showing that the length of the orbit (p ,s ,v )in

_ 3 3 3 ..
A xA _ xA ,(n =5)actingon P Blas By P is equivalent to the

n n

. . 3 3 3 . - A
cardinality of P Bl S Bl %4 el to imply transitivity.
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1. Preliminaries

1.1 Notation and Terminology

In this paper, we shall represent the following notations as: Y- sum over i; 4,, -an alternating group of degree n
and order ”;' : |G| —the order of agroup G; |G: H| -Index of H in G; P13 —the set of an ordered triple from set
P =1{1,23,...,n}; SB —the set of an ordered triple fromset S = {n + 1,n + 2,...,2n}; VI3 —the set of an
ordered triple fromset V. = {2n + 1,2n + 2,...,3n}; [a, b, c] -Ordered triple; A,, X A,, X A, -Cartesian product
of alternating group 4,,; PB! x SBI x V31 _Cartesian product of ordered sets of triples P31, $B3! and V{31,

Definition 1.1.1. Group action (Kinyanjui et al., 2013): Let P be a non-empty set. A group G is
said to act on the left of P if for each g € G and each p € P there corresponds a unique element gp € G
such that:

0] (9192)p = 91(92p). 91,9, € G and p € P.

(i) Forany p € P,ep = p, where e isthe identity in G.
The action of G from the right on P can be defined in the same manner.
Definition 1.1.2. Orbit (Njagi, 2016): The action of a group G on a set P partitions P into disjoint
equivalence classes referred to as orbits or transitivity classes of action. The orbit containing p € P is
denoted by Orb¢ (p).



Definition 1.1.3. Stabilizer of an element (Rose, 1978): Let G actonaset P and p € P. The
stabilizer of p in G, denoted by Stab;(p) is given by Stab;(p) = {g € G|gp = p}.

Definition 1.1.4. Fixed point (Kinyanjui et al., 2013): Let G actonaset P. The set of elements of
P fixed by geG is called the fixed-point set of G and is denoted by Fix(g). Thus
Fix(g) = {p € Plgp = p}.

Definition 1.1.5. Transitive group (Cameron, 1970): If the action of a group G onset P has only one
orbit, then we say that G acts transitively on P. In other words, G acts transitively on P if for every pair of

points p,s € P, there exists g € G such that gp = s.
Definition 1.1.6. Conjugate group (Njagi, 2016): A group G with two subgroups H and K , then

they are said to be conjugate if H =g k g - forsome g €G .

Theorem 1.1.7 (Krishnamurthy, 1985, p. 68): Two permutations in A _ are conjugate if and only if, they

have the same cycle type andif g €S | has cycle type (a, a,, ..., a ), then the number of permutations in

S , conjugateto g s,

Theorem 1.1.8 (Orbit — Stabilizer Theorem, Rose, 1978, p.72): Let G  act on a set P . Then
0r b, @)|=|6:5tab, @)

Theorem 1.1.9 (Cauchy-Frobenius Lemma, Rotman, 1973, p.45): Let G be a group acting on a finite set
P . Then the number of G -orbitsin P is,
1

m gEG|Fi X (g )|

Definition 1.1.10 (Direct product action, Cameron et al, 2008): Let (¢ ,,P ) and (G ,,P ,) be

1’ 2’

permutation groups. The direct product G, X G, acts on the disjoint union P, UP , by the rule

1

p g i f p €P )
p (g 9 2)= i and on the Cartesian product P X P , by the rule
pg i fp €P,

(p 1P 2)(9 19 2)=(p 19 1P 8 2)'
Theorem 1.1.11 (Armstrong, 2013): The G , X G , X G ,-orbit containing (p ,s ,v )EP XS X
4 is given by O r b Gl(p YXO0 r b Gz(s YXO0 r b (;3(’7 ) and the stabilizer of
(p ,S U )isgivenbyS t ab 61(p )XS a b Gz(s )XS t a b 63(17 ).

1.2 Introduction

Higman (1964) introduced the rank of a group on finite permutation groups of rank 3. In 1970, Higman proved

that the rank of the symmetric group S | acting on 2-element subsets from the set P = {1,2, o n } is 3



and the subdegrees are:1,2(n —1) and (" 2_2). Cameron (1972) worked on the suborbits of multiply

transitive permutations and later in 1974 studied the suborbits of primitive groups.

Ndarinyo et al., (2015) showed that the alternating group A = 5,6,7 acts transitively on unordered and
ordered triples from the set P =1,2,..,n whenn <7 through determination of the number of orbits.
Nyaga (2018) proved that the direct product action of the alternating group on the Cartesian product of three sets
is transitive. The ranks and subdegrees associated with this action for n >4 is 8; and 1,(n—1),
(n — 1)%, (n — 1)3 respectively. Muriuki et al., (2017) showed that for the action of direct product of three

symmetric groups on Cartesian product of three sets, the action is both transitive and imprimitive foralln > 2
. . .3 .
and the associated rank is 2 . Mutua et al., (2018) showed that the direct product of S =~ <A = onX XY

has its action both transitive and imprimitive when n > 3. The associated rank for this action is 6 when
n =3, butis 4foralln = 3. Based on these results we investigate some properties of A, X 4,, X 4,,, the

cartesian product action of the alternating group acting on P13l x SB31 x 131 the cartesian product of ordered

sets of triples.
The cartesian product of alternating group A, X A, X A, actson PBl x §BI x V131 by the rule;

g {([123][1.24],....[n .n —Ln =3][n ,n =1,n —2])}xg {(Jn +1n +2n +
3,[n +1n +2n +4]...[2n ,2n —-12n =3][2n ,2n —12n -2])}x g {([2n +
12n +22n +3)[2n +12n +22n +4|,.,[3n ,3n —13n -3][3n ,3n —13n -
3])}={g ([123],[124]....[n .n =1Ln =3][n ,n —Ln -2]),g ,([n +1Ln +2n +
3,[n +1Ln +2n +4]...[2n ,2n —12n -3][2n ,2n —12n -2]),g ,([2n +12n +

22n +3)[2n +12n +22n +4]..,[37 ,3n —13n —3][3n ,3n —13n —3])};

Vg .9 »9 ;€A {([123][124]....[n .n —Ln =3|[n ,n —Ln -2|)}€

(3]

P =, setof ordered triples from the set P = {1,2,3,...,11 }; {([n +1,n +2,n + 3], [n +1,n +

2n +4]..,[2n ,2n —12n -3][2n ,2n —12n -2])}€

(3]

S ,set of ordered triples from theset S = {n +1,n +2,...,2n }; and {([Zn +12n +22n +

3,[2n +12n +22n +4]..[3n ,3n —13n —3],[3n ,3n —13n -3])}€

3
%4 [ ], set of ordered triples from theset V' = {Zn +12n +2,...,3n }

2. MAIN RESULTS

. 3 3 3 . .
Lemma 2.1: The action of A XA, XA, on P Bl XS Bl XV Bl is transitive.

[3] (31 (31

Proof:Let G =A XA XA . acton P xS xV where; gap> Arrangements([1,2,3,4,5],3);

5 5

P [3]={[1,2,3],[1,2,4],[1,2,5],[1,3,2],[1,3,4],[1,3,5],[1,4,2],[1,4,3],[1,4,5],[1,5,2



1, [1,53],[1,54]1,[2,1,3],[2,1,4],[2,1,5),[2,3,1],[2,3,4],[2,3,5],[2,4,1],[2,4,3],[ 24,
51,[2,51],[2,53],[2,5,4], [31,2],[3,1,4],[3,1,5],[3,2,1],[3,2,41,[3,2,5],[3,4,1],[3,
4,21,[3.4,5]1,[3,5.1], [3,5,2],[3,5,4].[4,1,2],[4,1,3],[4,1,5],[4,2,1],[4.2,3], [4 2,5]. [
4,3,11,[43,2],[43,5],[45/1],[4,52],[4.53], [51,2],[51,3],[51,4],[52,1],[5, 2,3
1.[52,4],[53,1],[53,2],[5,3,4],[54,1],[5,4,2],[5 4,31};

gap> Arrangements([6,7,8,9,10],3); S ' ={[6,7,8],[6,7,9],[6,7,10],[6,8 71,[6,8 91,[6,8,10],

[6,9,7],[6981[69101,[6,10,71,[6,10,81,[6,10,91,[7.6,81,[7.6,91,[7.6,10],[7. 8,61, [
7,8,91,[7.8,101,[7,9,61,[7.9,81,[7.9,101,[7,10,61,[7,10,81,[7,10,9],[8,6,71,[8,6,91, [8,
6,101,[8,7,61,[8,7,91,[8,7,101,[8,9,61,[8,9,71,[8,9,101,[8,10,61,[8,10,7]1,[8,10, 91. [ 9,
6,71,[9,6,81,[9,6,101,[9,7,61,[9,7,81,[9,7,101,[9,8,61,[9,8,71,[9,8,101,[9,10,61,[ 9, 10,
71,[9,10,81,[10,6,71,[10,6,81,[10,6,91,[10,7,6]1,[10,7,81,[10,7,9],[10,8,6], [ 10,8, 71.[
10,8,91,[10,9,6]1,[10,9,7]1,[10,9,8]} ; and

gap> Arrangements([11,12,13,14,15],3); v "' = ([ 11, 12, 13],[ 11, 12, 14 ],[ 11, 12, 15], [ 11, 13, 12, [ 1L,

13,141],[11, 13, 15],[ 11, 14,12], [ 11, 14, 13], [ 11, 14, 15], [ 11, 15, 12 ],[ 11, 15, 13 ], [ 11, 15, 14], [ 12,
11,131,[12,11,14],[12,11,15],[ 12,13,11],[12,13,14],[ 12,13,15], [ 12, 14,11 ], [ 12, 14,13], [ 12,
14,151,[12,15,11],[ 12, 15,13],[ 12, 15,14 ],[ 13,111,121, [ 13,11,14],[ 13,111,151, [ 13,12, 11], [ 13,
12,141,[13,12,15],[13,14,111,[ 13,14,12],[ 13,14,15],[ 13,15,11],[ 13, 15,12, [ 13, 15, 14 ], [ 14,
11,121],[14,11,13],[14,11,15],[ 14, 12,11 ], [ 14, 12,13],[ 14, 12, 15],[ 14, 13, 11 ], [ 14, 13,12, [ 14,
13,15],[ 14, 15,117, [ 14, 15,121, [ 14, 15,13, [ 15, 11, 12 ], [ 15, 11, 137, [ 15, 11, 14 ], [ 15, 12, 11 ], 15,
12,131],[15, 12,141, [ 15,13, 11], [ 15, 13,121, [ 15, 13, 14 ], [ 15, 14, 11 ], [ 15, 14, 12 ], [ 15, 14, 13]} .
The cartesian product of P Gl XS R XV °! is generated using the GAP software with, |P Bl XS Bl X

% [3]| = 216 000. G is generated by

<{(12345),(123)},{(6 789 10),(678)},{(11 12 13 14 15),(11 12 13)} > using the GAP software.
([1231,[6,7,8], [11,12,13]) is fixed by an element (g , ,g , ,g , )€G ifandonlyif 12 and 3
comes from a single cycle in g p 6,7 and 8 comes fromasingle cyclein g _ and 11,12 and 13 comes

fromasingle cyclein g

Therefore, S ¢t a b | ([1,2,3],[6,7,8],[11,12,13])={1,6,11}={(e R )}

|s ¢ a b, ((1231167.8][11,1213])| =1.
By Orbit-Stabilizer Theorem,

lor b, (12311678 [11,1213])| =6 :5 ¢ a b , ([1L231[67.8] [111213])|

G

|6 |
(11,231, [6,7,8],[11,12,13])|

=|StabG



216000 3] 3] [3]
= = 216000 = (P XS XV

3 3 3
Therefore, A . xA (x A . actstransitively on P Bl xS Bl XV Bl .
) ) (3] (3] 3] . "
Lemma 2.2: The action of 4 f XA (XA onP X S XV is transitive.
i [3] [3] [3] i
Proof: Let G =4 ¢ XA (XA actonP XS XV where;

gap> Arrangements([1,2,3,4,5,6],3); P Bl =[1,2,3],[1,2,4],[1,2,5],[1,2,6]1,[1,3,2],[1,3,4],[1,

3,51,[1,3,6],[1,4,2],[1,4,3],[1,45],[1,4,6],[1,5,2],[1,53],[1,5,4],[1,5,6],
[1,6,2],[1,6,3],[1,6,4],[1,6,5],[2,1,3],[2,1,4],[2,1,5],[2,1,6],
[2,3,1],[2,3,4],[2,3,5],[2,3,6],[2,4,1],[2,4,3],[2,4,5].[2,4,6],
[2,5,1],[2,5,3),[2,54],[2,5,6],[2,6,1],[2,6,3],[2,6,4],[2,6,5],
[3,1,2],[3,1,4],[3,1,5],[3,1,6],[3,2,1],[3,2,4],[3,2,5],[3,2,6 ],
[3,4,1],[3,42],[3,45],[3,4,6],[3,51],[3,52],[3,54],[3,5,6],
[3,6,1],[3,6,2],[3,6,4],[3.6,5],[4,1,2],[4,1,3],[4,1,5],[41,6],
[4,2,1],[4,2,3],[4,2,5],[4,2,6],[4,3,1],[43,2],[4,3,5],[43,6],
[4,51],[4,52],[453],[456]1,[4,6,1],[46,2],[4,6,3],[4.6,5],
[51,2],[51,3],[51,4],[51,6],[52,1],[52,3],[52,4],[5,2,6],
[5/3,1],[53,2],[53,4],[5,3,6],[5,4,1],[54,2],[54,3],[5,4,6],
[56,1],[56,2],[5,6,3],[56,4],[6,1,2],[6,1,3],[6,1,4],[6,1,5],
[6,2,1],[6,2,3],[6,2,4],[6,2,5],[6,3,1],[6,3,2],[6,3,4],[6,3,51],
[6,4,1],[6,4,2],[6,4,3],[6,4,5],[6,51],[6,5,2],[6,53],[6,5,41};

gap> Arrangements([7,8,9,10,11,12],3); S Gl ={[7,89]1[7,8,10],[7,8,111,[7,8,12],[7,9,81,[7, 9,

101,[7,9,111,[7,9,12],[7,10,8],[7,20,9],[7,10,112],[7,10,12],[7,11,8],[7,11,9],[ 7, 11,101,
[7,11,12],[7,12,8],[7,12,9],[7,12,10],[7,12,111,[8,7,9],[8,7,10],[8,7,11],[8, 7,12 ],[ 8,
9,7],[8,9,10],[8,9,11],[8,9,12],[8,10,7],[8,10,9],[8,10,11],[8,10,121,[8,11,71],[ 8, 11,9],
[8,11,101],[8,11,12],[8,12,7],[8,12,9],[8,12,101],[8,12,111,[9,7,81,[9,7,10],[9,7,111],[ 9,
7,121,19,.8,71,[9,8,10],/9,8,11],[9,8,12],[9,10,7],[9,10,8]1,[9,10,11],[9,10,121,[9, 11,71,
[9,11,8],[9,11,10],[9,11,121,[9,12,7],[9,12,81,[9,12,101],[9,12,11],[10,7,8],[10,7,91], [
10,7,111,[10,7,12],[ 10,8,7],[ 10,8,9],[ 10,8,11],[10,8,12],[10,9,7],[10,9,8],[10,9,11 ], [
10,9,121,[10,11,7],[10,11,8],[10,11,9],[ 10, 11,12],[ 10,12, 7],[ 10,12, 8],[ 10, 12,91, [ 10, 12,
111,[11,7,8],[11,7,9],[11,7,10],[11,7,12],[11,8,7],[11,8,9],[11,8,10],[11,8,12],[ 11,9, 7
1,[11,9,8],[11,9,10],[11,9,12],[11,10,7],[ 11,10,8],[11,10,9], [ 11,120,121, 11,12, 7], [ 11,
12,81,[11,12,9],[11,12,101],[12,7,8],[12,7,9],[12,7,10],[12,7,11],[12,8,7],[ 12,8,9], [ 12,
8,10],[12,8,11],[12,9,7],[12,9,8],[12,9,10],[12,9,11],[ 12, 10,7],[12,10,8],[12,10,9], [
12,10,11],[12,11,7],[12,11,8],[12,11,9],[ 12,111,101}

and;



gap> Arrangements([13,14,15,16,17,18],3); V ' ={[ 13, 14, 15], [ 13, 14, 16 ], [ 13, 14, 17 ], [ 13, 14, 18], [

13,15,141,[13,15,16 ], [ 13, 15,171, [ 13, 15,18 ], [ 13, 16, 14 ], [ 13, 16, 15],[ 13, 16, 17 ], [ 13, 16, 18], [
13,17,141,[13,17,15],[13,17,16],[ 13,17,18], [ 13,18, 14],[ 13, 18,15], [ 13,18, 16 ], [ 13, 18,17 ], [
14,13,15],[ 14, 13,16 ], [ 14, 13,17],[ 14, 13,18, [ 14, 15, 13], [ 14, 15, 16 ], [ 14, 15,17 ], [ 14, 15, 18], [
14,16,131,[ 14, 16,15], [ 14, 16,17 ], [ 14, 16,18 ], [ 14,17, 13],[ 14, 17,15], [ 14, 17, 16 ], [ 14,17, 18], [
14,18,131,[14,18,15],[ 14, 18,16 ], [ 14, 18,17, [ 15, 13,14 ], [ 15, 13,16 ], [ 15, 13,17 ], [ 15, 13, 18], [
15,14, 131, [ 15, 14,16 ], [ 15, 14, 17 ], [ 15, 14, 18], [ 15, 16, 13 ], [ 15, 16, 14 ], [ 15, 16, 17 ], [ 15, 16, 18], [
15,17,131,[15, 17,141, [ 15, 17,16 ], [ 15,17, 181, [ 15, 18,131, [ 15, 18, 14 ], [ 15, 18,16 ], [ 15, 18,17 ], [
16,13,141,[ 16, 13,1571, [ 16, 13,17, [ 16, 13,18, [ 16, 14, 13],[ 16, 14, 15], [ 16, 14, 17 ], [ 16, 14, 18], [
16, 15,131, [ 16, 15,141, [ 16, 15,171, [ 16, 15,181, [ 16,17, 137, [16,17,14],[16,17,15],[ 16, 17, 18],
[16,18,13],[16,18,14],[16,18,15],[16,18,17],[ 17, 13,14],[17,13,15],[ 17,13, 16 ], [ 17, 13, 18],
[17,14,13],[17,14,15],[ 17, 14,161, [ 17, 14,181, [ 17, 15,13, [ 17, 15,141, [ 17, 15,16 ], [ 17, 15, 18 ],
[17,16,13],[17,16,14], [17,16,15],[ 17, 16,18], [ 17,18,13],[17,18,14],[ 17, 18,15], [ 17, 18, 16

1,[18,13,141,[18,13,15],[ 18, 13,16 ], [ 18,13,17], [ 18, 14, 13],[ 18, 14, 15], [ 18, 14, 16 ], [ 18, 14, 17
1,[18,15,13],[ 18, 15,141, [ 18, 15,16 ], [ 18, 15,17 ], [ 18, 16, 137, [ 18, 16, 14, [ 18, 16, 15], [ 18, 16, 17
1,[18,17,13],[ 18,17, 141, [ 18,17,15], [ 18, 17, 16 ]}.

The cartesian product of P el xS Gl xV Gl is generated using the GAP software with | P ) xS Bl X

% [3]| = 1728000. G is generated by

< {(123456),(123)},{(789101112),(789)},{(13 14 1516 17 18), (13 14 15)} > using the GAP
software. ([1,2,3],[7,8,9],[13,14,15]) is fixed by an element (g Y ) € G ifandonlyif 1,2
and 3 comes from a single cycle in g, 7,8 and 9 comes fromasingle cyclein g _ and 13,14 and 15

comes from a single cycle of g
The |s t a b 4 ([1.23],[7.89] [1314,15])| = 27.
By Orbit-Stabilizer Theorem,
lo v b, ([1L23][789].[131415])| = |6 :S ¢t a b , ([1.23][789] [13,14.15])|

_ |6 |
s t a b, ([123],[789] [1314,15])|

46 656 000 3] 3] 3]
=—=1728000=|P xS XV |
27
.. [3] [3] [3]
Therefore, A . xA XA  actstransitively on P xS XV .
] . 3] (3] B3] . "
Lemma2.3: TheactionofA ,xA XA _ on P XS XV is transitive.



. [3] [3] [3] .
Proof: Let G =4 7><A 7><A 7actonP XS XV where;

gap> Arrangements([1,2,3,4,5,6,7],3); P Bl _ {[1,2,3],[1,2,4],[1,2,5],[1,2,6],[1,2,7],[2,3,2],[

1,3,41,[1,350,[136[L3 7L [L42][L43L[L45L[L46L[L47L[L52][L5 3],
[1,54],[156][L57][L62][L63][L64][L65][L67][L72][L73][L74
LIL7.5L[L7.61L[2L3L[2L4L[2L5L[2L6L[2L71023 11023 41,02 3,5],[2 3,
61,023 71,[2411,[243],[24,5],[2461,[2471,[251],[253],[254],[256] [2
571,026 11,[26,31,[264],[2651,[2671[2711,[27.31[27.41,[27.5],[27.6],[
3,1,21,[31,41,[3, 1,51, [3 L6103 L 71,[3211,[324],[3251,[3261[3271[341],
[3,4,21,[345],[3,461,[347],0351],[35210354],[35610357],[361][36 2
103.6,41,[3.651,[3,671,[3,7.11,[3.7,21,[3.7,41,[3,7.51,[3, 7.6 1. [4 1. 21, [4 1,31, [ 4 L,
51,041,614 171042 1104231[425],[4261,[427],[43 11,43 2],[4235][4
3,617,043 7],[4511,[452],[453],[456][457] 461146 2],[46,3][465][
4,6,71,[47,11,[47.21,[47.31,[47.51,[47.61,[5 121, [513][5L4],[5161[517],
[5,211,[5231[524],[52610527] [5311,0532],[534],[536][53 7] [5 4 1
1.[5,4,21,[54,31,[5,4,61,[5 471,056 1],[56,2],[56 3],[5 6,41 [56 715711 [5 7,
21,15,7,31,[57,41,[57,61,[6,1,21,[6,1,31,[6, 1,41, [6,1,5], [6,1,71,[6,2.11,[ 6,231, [6,
2,41,[6,2,51,[6,2, 71,063 11,[6,3,21,[6.3,41,[6,35],[6 371,164 1],[6 42164 3], [
6,4,51,[6,4,71,[6,51],[6,521,0653],[6,541,065 71067 1],[672][6,73], [67 4
11675117 L2L[7L3L[7L4L[7.L5L[7. L6, [7.211,[7.23].[7.241,[7. 251,172,
610731107321, [7.3.41,[7.3.51,[7.3.6 . [7.4 11 [7.4 21,[7.43],[7.45],[7.4.6.[ 7,
5,11,[7.521], [7.5,3],[7.5 41, [7,5,61,[7.6,11,[7.6,21,[7.6,31,[7.6,41,[7. 6,51}

gap> Arrangements([8,9,10,11,12,13,14]1,3); S " ={[8,9,10],[8,9,11],[8,9,12],[8,9,13],[8, 9, 14
1.[8,10,971,[8, 10,111, [8, 10,127, [8, 10, 13], [ 8,10, 141, [ 8, 11,91, [ 8, 11, 107, [ 8, 11, 12, [ 8, 11,
13],[8,11,14],[8,12,91,[8, 12,1071, [8, 12, 111, [ 8, 12, 131, [8, 12,141, [8, 13,91, [ 8,13, 101, 8,
13,11],[8,13,121,[8,13,141,[8, 14,91, [ 8, 14,101, [ 8, 14, 111, [8, 14,121, [ 8, 14, 131, 9,8, 10 ], [
9,8,111,[9,8,121,[9, 8,131, [9, 8,141, [9, 10,81, [9, 10, 11, [ 9, 10, 121, [ 9, 10, 131, [ 9, 10, 141, 9,
11,81,[9,11, 107, [ 9, 11, 121, [ 9, 11, 131, [ 9, 11, 141, [ 9, 12,81, [ 9, 12,101, [ 9, 12, 111, [9, 12, 13 1. [
9,12,141,[9,13,81,[9, 13,101, [ 9, 13, 111, [ 9, 13, 121, [ 9, 13,141, [ 9, 14,81, [ 9, 14, 107, [ 9, 14, 11 ],
[9,14,12],[9, 14,13],[10,8,9],[ 10,8, 11],[ 10, 8,12], [ 10,8, 13], [ 10,8, 14], [ 10,9, 8 ],[ 10, 9, 11],
[10,9,12],[10,9,13],[ 10,9, 14],[ 10, 11,81, [ 10, 11, 9], [ 10, 11, 127, [ 10, 11, 13], [ 10, 11, 14 ], [ 10,
12,81,[10,12,91,[ 10, 12,111, [ 10, 12, 131, [ 10, 12, 141, [ 10, 13,81, [ 10, 13,97, [ 10, 13, 11 ], [ 10, 13,
121,[10, 13,141, [ 10, 14,81, [ 10, 14,91, [ 10, 14, 111, [ 10, 14, 12], [ 10, 14, 13],[ 11,8, 9], [ 11, 8, 101,
[11,8,12],[11,8,13],[11,8,14],[11,9,81,[11,9,10],[ 11,9, 121, [11,9,137,[ 11,9, 14], [ 11, 10, 8
1,111, 10,97, [ 11, 10,127, [ 11, 10, 13], [ 11, 10, 141, [ 11, 12,81, [ 11, 12,97, [ 11, 12, 10], [ 11, 12, 13], [
11,12,147,[ 11, 13,81, [ 11, 13,97, [ 11, 13,10], [ 11,13, 12], [ 11, 13, 14 ], [ 11, 14,8 ], [ 11, 14,9, [ 11,
14,107, [ 11, 14,12, [ 11, 14, 13], [ 12,8,9], [ 12, 8,10, [ 12,8, 11], [ 12, 8, 13], [ 12, 8, 14], [ 12, 9, 8],
[12,9,10],[12,9,11],[12, 9, 13], [ 12,9, 14], [ 12, 10,87, [ 12, 10,9 ],[ 12, 10, 11 ], [ 12, 10, 137, [ 12,
10,141,[12, 11,81, [ 12, 11,91, [ 12, 11, 10], [ 12, 11, 13], [ 12, 11, 14], [ 12, 13,81, [ 12, 13, 9], [ 12, 13,



10],[12,13,11],[12,13,14],[12,14,8],[ 12,14,9],[ 12,14,10], [ 12, 14,11],[ 12, 14,13],[ 13,8, 9
1,[13,8,10],[13,8,11],[13,8,12],[13,8,14]1,[13,9,81,[13,9,10],[ 13,9,11],[ 13,9, 12], [ 13, 9,
141,[13,10,8],[13,10,97],[ 13,10,111],[13,10,12],[ 13, 10,14 ], [ 13,11, 8], [ 13,11,9], [ 13, 11, 10 ],
[13,11,12],[13,11,14],[13,12,8],[13,12,9],[ 13,12,10], [ 13,12,11], [ 13,12, 14],[ 13,14, 8], [
13,14,9],[13,14,10],[13,14,11],[13,14,12],[14,8,9],[ 14,8,10], [ 14,8,11],[ 14,8,12],[ 14, 8,
131,[14,9,81,[14,9,10],[14,9,11],[14,9,12],[14,9,13], [ 14,10,8],[ 14,10,9],[ 14, 10,11 1], [
14,10,12],[14,10,13],[14,11,8],[14,11,9],[ 14,11,10],[ 14,11,12],[ 14,11,13],[ 14, 12,81, [ 14,
12,9],[14,12,10],[14,12,11],[ 14,12,13], [ 14, 13,81, [ 14,13,9], [ 14, 13,107, [ 14, 13, 11 ], [ 14, 13,
121}

and

gap> Arrangements([15,16,17,18,19,20,21],3): V " ={[ 15, 16, 17], [ 15, 16, 18 ], [ 15, 16, 19, [ 15, 16, 20

1,[15,16,211,[15,17,16],[ 15,17,18],[ 15,117,191, [15,17,20],[ 15, 17,21], [ 15, 18,16 ], [ 15, 18, 17
1,[15,18,191],[15,18,20],[ 15,18,211],[15,19,16],[ 15,19,171],[ 15,19, 18], [ 15, 19, 20 ], [ 15, 19, 21
1. [15, 20, 16 ], [ 15, 20, 17 ], [ 15, 20, 18], [ 15, 20,19 ], [ 15, 20, 21 ], [ 15, 21, 16 ], [ 15, 21, 17 ], [ 15, 21, 18
1.[15,21,191],[15,21,20],[ 16, 15,17 ], [ 16, 15, 18], [ 16, 15,19 ], [ 16, 15, 20], [ 16, 15, 21, [ 16, 17, 15
1.[16,17,18],[16,17,19],[ 16,17,20],[ 16, 17,211, [ 16, 18,15], [ 16, 18, 17],[ 16, 18,191], [ 16, 18, 20
1.[16,18,211],[16,19,15],[ 16,19, 17],[ 16,19, 18],[ 16,19, 20], [ 16, 19, 21 ], [ 16, 20, 151, [ 16, 20, 17
1,116, 20,181, [ 16, 20,19],[ 16,20,211],[ 16, 21,151, [ 16, 21,17 ],[ 16,21, 18], [ 16, 21,191, [ 16, 21, 20
1.[17,15,161,[ 17, 15,18],[ 17,15,19],[17,15,20],[ 17,15,211,[ 17,16,15],[ 17, 16,181, [ 17, 16, 19
1,[17,16,20],[17,16,21],[17,18,15],[17,18,161],[17,18,19],[ 17,18,20],[ 17, 18,211],[ 17,19, 15
1,[17,19,161,[17,19,18],[17,19,20],[17,19,21],[17,20,15],[ 17, 20,16],[ 17, 20,181, [ 17, 20, 19
1,[17,20,211,[17,21,15],[17,21,16],[ 17, 21,18],[17,21,19],[ 17,21,20],[ 18, 15,16 ], [ 18, 15, 17
1.[18,15,191],[18,15,20],[ 18, 15,211],[ 18, 16,151],[ 18, 16,171],[ 18, 16,19], [ 18, 16, 201, [ 18, 16, 21
1,[18,17,15],[18,17,16],[18,17,19],[18,17,201],[18,17,211],[18,19,15],[18,19,16],[ 18, 19, 17
1,118,19,201],[18,19,211],[18,20,15],[18,20,161],[18,20,171],[18,20,191],[18,20,211,[18,21, 15
1,[18,21,161,[18,21,17],[18,21,19],[18,21,201,[19, 15,161, [ 19, 15,171, [ 19, 15, 18], [ 19, 15, 20
1,119,15,211,[19,16,15],[19, 16,171],[19, 16,181,[19,16,201],[19,16,211],[19,17,15],[19, 17, 16
1,[19,17,181,[19,17,20],[19,17,211],[19,18,151],[ 19, 18,161],[ 19, 18,17],[ 19, 18,20],[ 19, 18, 21
1,119, 20,157,[19,20,161],[19,20,17],[19,20,18],[19,20,211,[19,21,15],[19, 21,161, [ 19, 21, 17
1,[19,21,181,[19,21,20],[20, 15,161, [ 20, 15,17, [ 20, 15,181, [ 20, 15, 191, [ 20, 15, 211, [ 20, 16, 15
1,120, 16,171, [ 20, 16, 18], [ 20, 16,191, [ 20, 16,211, 20,17,151],[ 20,17,16],[ 20, 17,181, [ 20, 17, 19
1.[20,17,211,[20, 18,15],[ 20, 18,161, 20, 18,171, [ 20,18,191],[ 20, 18,211,[ 20, 19,151, [ 20, 19
16],[20,19,171],[20,19,181],[20,19,211],[20,21,15],[20,21,161],[20,21,17],[20,21,18],[ 20, 21,
19],[21,15,16],[21,15,17],[21,15,18],[ 21, 15,19],[ 21,15,201],[ 21, 16,151],[ 21, 16,17 ], [ 21, 16,
18]1,[21,16,191],[21,16,201],[21,17,15],[21,17,161],[21,17,18],[21,17,19],[21,17,20],[ 21, 18,
15],[21,18,16],[21,18,17],[21,18,19],[ 21, 18,20],[ 21,19,15],[ 21,19,16],[ 21,19,17], [ 21, 19,
18]1,[21,19,20],[21,20,15],[21,20,161],[ 21, 20,171],[ 21, 20,181, [ 21, 20, 191}
3] [3] [3] (3]

3
The cartesian product of P xS XV Bl is generated using the GAP software with, | P XS X

%4 m|=926100QG is generated by



< {(1234567),(123)},{(89 101112 13 14),(89 10)},{(15 16 17 18 1920 21), (1516 17)} > using

the GAP software. ([1,2,3],[8,9,10],[15,16,17]) is fixed by an element (g Y ) €G ifand

v

only if 1,2 and 3 comes from a single cycle of g b 8,9 and 10 comes from a single cycle of g and

N

15,16 and 17 comes from asingle cycle of g
The |[s ¢ a b ([123][89,10],[1516,17])| = 1728.
By Orbit-Stabilizer Theorem,
lor b, ([123][89.10],[151617])| = |6 S ¢ a b , ([123][89,10},[1516,17])

_ |G|
s ¢t a b, ([123][8910] [151617])]

_ 16003 008 000 3] 3] [3]

=9261000 = |P XS XV

1728
.. [3] [3] [3]
Therefore, A ;XA XA  acts transitively on P XS XV .
. ; [3] [3] B8] . P .
Theorem 2.4: The action of A x4 XA  on P ) xV is transitive if and only if
n =5.
. [3] (3] [3] .
Proof: LetG =G » X6  xG  =A xA XA  acton P XS xV 7. It suffices to

B3] (3] 3] |

verify that |p x5 Uy Bllis equal to |0 r b, (L2310 +1Ln +2n +3)[2n +

12n +22n +3])|.
Let|R |=|s ¢ a b , (1231 +Ln +2n +3L[2n +12n +22n +3])]

so(g ,.9,.9, )eG =A  xA  xA _fixes ([123)[n +1Ln +2n +3][2n +

3 3 3] . .
12n +22n +3])€P Bl S Bl |4 Bl and only if 1,2 and 3 comes from 1-cycle of g b

n +1n +2andn +3 comesfromil-cycleofg = and 2n +12n +2 and 2n + 3comes from

1-cycleof g
The S ¢t a b ,([123L[n +1n +2n +3][2n +12n +22n +3]) isisomorphic to:
A n _3><A n _3><A n -3



Therefore, [R |=|s ¢ a b ; ([123L[n +1Ln +2n +3L[2n +12n +22n +3])| =

|5 t ab , ([L23])xS t ab

([n +1,n +2,n +3])><S t ab
p s

G ([Zn +

v

G

12n +2.2n +3])|

_(n -3)x(n —-3)ix(n -3 ((n -3)n\°
|R |_ 2X2X2 _( 2 )

Applying the Orbit-Stabilizer Theorem we get;

lor b, (L2310 +Ln +2n +3)[2n +12n +22n +3])|

=|6 st ab ,(L23L[ +Ln +2n +3][2n +12n +22n +3])|

n Ixn Ixn ! n !
6 | = 2x2x2 Z(T)

Therefore;

3
n ! [3] [3] [3]
W‘((n —3)!) ‘|P xS XV |

.. [3] [3] [3] .
Hence, A & xA XA _ acts transitively on P XS xV if n >5.

Corollary 2.5: For n < 5, the

st a b, (1231 +Ln +2n +3L[2n +12n +22n +3])|=[4 x A x

n =3 n -3

A <1

n —3|
3.0 Conclusion

The cartesian product of the alternating group A, (n =5) acting on a cartesian product of

ordered sets of triples has been determined to be transitive using the Orbit-Stabilizer Theorem

by showing that the length of the orbit (p ,s ,v )in A x4 xA ,(n =5)

. 3 3 3] . . . . 3 3 3
actingon P []xS []xV el is equivalent to the cardinality of P []xS []xV el

to imply transitivity.
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