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Abstract

The focus of the present study is to examine chemical reaction and Joule heating effects on
steady flow of a viscous radiating fluid in a porous medium under the influence of variable vis-
cosity. The fluid viscosity is assumed to vary exponentially with temperature. The governing
equations of flow, heat and mass transfer are transformed into ordinary differential equations
using appropriate similarity transformations. The converted ordinary differential equations are
then solved numerically by using fourth order Runge-Kutta Fehlberg method. The effects of
different pertinent parameters on the flow, heat and mass transfer characteristic are analyzed
and discussed in detail through graphs and table. It is observed that larger values of variable
viscosity parameter depreciates the fluid velocity.
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1 Introduction

Magnetohydrodynamics (MHD) is a branch of fluid dynamics which studies the behavior of an
electrically-conducting fluid in motion. Various areas of application of MHD fluid flow include
electrostatic filters, purification of crude oil, MHD pumps, cooling reactors, MHD power gen-
eration etc. Ryoichi et al. [1] studied the application of MHD to flow of an electrolyte in an
electrode-cell with short rectangular channel. Pakmor et al. [2] discussed numerical solutions
of moving-mesh code in the presence of applied magnetic field. The combination of Lagrangian
and Eularian methods was used in a single computation technique. Opanuga et al. [3] used
Adomian decomposition method to solve the problem of Joule heating effects on MHD flow of
reactive viscous fluid in a porous medium. Gedik et al. [4] numerically investigated MHD pres-
sure induced flow through a pipe in the absence of slip conditions. A numerical simulation based
on the finite volume method was employed by Azimi-Boulali et al. [5] to investigate a 3D model
of Newtonian magnetohydrodynamic fluid flow. Zaman et al. [6] presented the exact solution
of unsteady MHD fluid flow in a channel under the influence of heat transfer and slip conditions.

The study of heat transfer effect on fluid flow is of great importance in engineering and indus-
try. A vast number of researchers have investigated heat transfer and boundary layer flow in
the presence of several fluid properties. Rao et al. [7] studied the feature of MHD flow and
convective heat transfer of nanofluid with chemical reaction effect. Mendal et al. [8] discussed
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the effects of mass diffusion and thermal radiation on laminar unsteady free convective fluid
flow in a vertical channel. Miroshnichenko and Sheremet [9] investigated the unsteady free
convection flow of viscous fluid in the presence of heat transfer. Samuel [10] presented analyt-
ical solutions of chemical reaction and melting heat transfer effects on steady incompressible
MHD Newtonian fluid flow in the presence of buoyancy force. Saravanan and Chinnasamy [11]
studied the impacts of heat transfer on buoyancy driven flow of a viscous incompressible fluid
under the influence of thermal radiation. Satya et al. [12] considered MHD two dimensional
unsteady flow of a Newtonian fluid in a porous medium in the presence of heat generation
and chemical reaction. Khalil-Ur-Rehman and Malik [13] examined mixed convection flow of
Eyring-Powell fluid past a stretching cylindrical surface with heat generation/absorption ef-
fects. Adegbie and Fagbade [14] presented the problem of convective heat transfer flow of
viscous fluid in the presence of thermal rediation and explored the qualitative properties of
solution of ordinary differential equations arising from such flow model. Samuel and Ajayi [15]
performed a numerical study of the radiation effect on buoyancy driven flow of non-Newtonian
power law fluid past a catalytic surface. Oyelami and Dada [16] discussed free convection flow
of Eyring-Powell radiating fluid in a porous medium under the influence of magnetic field and
viscous dissipation. Ali et al. [17] utilized Galerkin weighted residual finite-element technique
to analyze problems of heat transfer flow of nanofluid in the presence of natural convection.
Zaidi and Ahmad [18] studied the effects of heat generation on buoyancy driven flow of viscous
fluid through an inclined microchannel with slip conditions. Adegbie et al. [19] analytically
examined the impacts of pertinent fluid parameters on free convective flow of Newtonian fluid
past a continuous moving surface. Recently, Khan et al. [20] investigated heat generation and
natural convection effects on incompressible nanofluids along a sphere in the presence of Brow-
nian motion and thermophoresis. Anwar et al. [21] investigated MHD free convective flow of
an optically thick Casson fluid in the presence of heat generation. Oyelami et al. [22] presented
numerical solutions of chemical reaction parameter and radiation parameter effects on natural
convection MHD flow on non-Newtonian fluid between porous plates.

Having reviewed the literature above, it is obvious that none of the authors studied the nu-
merical solutions of flow model arising from MHD flow of chemically reactive radiating fluid
with Joule heating and variable viscosity past a continuous moving plate, which is the objec-
tive of the present investigation. The strongly coupled nonlinear system of partial differential
equations is transformed into system of ordinary differential equations using suitable trans-
formations and then numerically solved via fourth order Runge-Kutta Fehlberg method and
shooting technique. The behavior of fluid velocity, temperature and concentration under the
influence of pertinent parameters are demonstrated via table and graphically.

2 Mathematical Formulation

A two-dimensional laminar free convection and heat transfer flow of an electrically conduct-
ing incompressible viscous fluid past a stretching surface is examined. The fluid viscosity is
assumed to vary exponentially with temperature. Also, radiation effect is incorporated into
heat equation. Furthermore, chemical reaction and Joule heating effects are incorporated. It is
assumed that plate wall is heated by temperature Tf and concentration Cs. T∞ and C∞ denote
free stream temperature and free stream concentration, respectively. The stretching velocity is
expressed as uw(x) = bx where b is a positive constant. With the aforementioned assumptions
coupled with Boussinesq approximations, the governing equations are

∂u

∂x
+

∂v

∂y
= 0, (1)
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Figure 1: Schematic illustration.
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subject to the following boundary conditions

y = 0 : u = uw(x) = bx, v = 0, − κ
∂T

∂y
= h1(Tf − T ), −D

∂C

∂y
= h2(Cs − C), (5)

y → ∞ : u → 0, T → T∞, C → C∞, (6)

where Bo denotes magnetic field strength, u represents velocity component along x direction,
v is the velocity component along y direction, ρ∞ is the density of the fluid, µ∞ is the fluid
dynamic viscosity, κ is the fluid thermal conductivity, ν∞ is the kinematic viscosity, σ denotes
fluid electrical conductivity, cp is the fluid specific heat at constant pressure, uw is velocity with
which the plate is moving, K∗

c is the rate of chemical reaction and D signifies mass diffusivity.
qr represents radiative heat flux which based on Rosseland approximation [21] is expressed as

qr = −4σ∗

3κ∗
∂T 4

∂y
, (7)

where σ∗ is the Stefan-Boltzman constant and κ∗ is the mean absorption coefficient. Further
simplification of Eq. (7) gives

∂qr
∂y

= −4σ∗

3κ∗
∂2T 4

∂y2
≈ −16σ∗T∞

3

3κ∗
∂2T

∂y2
. (8)
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Also, the fluid viscosity is assumed to be a function of temperature and it is expressed as

µ(T ) = µ∞e−α(T−T∞), (9)

where α is a constant.

By introducing the following similarity transformations in equations (1)-(3),

η =

(
b

ν∞

) 1
2

y, u = bxf ′, v = −(ν∞b)
1
2f, θ =

T − T∞

Tf − T∞
, ϕ =

C − C∞

Cs − C∞
, (10)

we obtain the following dimensionless equations,

f ′′′ − λf ′′θ′ + eλθ
[
ff ′′ − (f ′)2 −Mf ′ −Kpf

′] = 0, (11)

(
1 +

4

3
Ra

)
θ′′ + Pr[θ

′f +MEc(f
′
)2] = 0, (12)

ϕ′′ + Sc[ϕ
′f + Srθ

′′ −Kcϕ]. (13)

the transformed boundary conditions are

f(0) = 0, f
′
(0) = 1, θ

′
(0) = −Bi1(1− θ(0)), ϕ

′
(0) = −Bi2(1− ϕ(0)), (14)

f
′
(∞) → 0, θ(∞) → 0, ϕ(∞) → 0, (15)

where Ra = 4σ∗T 3
∞

κ∗k∞
is the radiation parameter, Pr =

µ∞cp
k∞

is the Prandtl number, M = σB0
2

ρb
is

the magnetic parameter, λ = α(Tf −T∞) is the variable viscosity parameter, Kp =
ν∞
K′b

denotes

porosity parameter, Ec = u2
w

cp(Tf−T∞)
represents Eckert number, Kc = K∗

c

b
represents chemical

reaction parameter, Sc = ν∞
D

is the Schmidt number, Sr =
DkT (Tf−T∞)

ν∞TM (Cf−C∞)
, Bi1 = h1

κ
(ν∞

b
)
1
2

represents Biot number, and Bi2 =
h2

D1
(ν∞

b
)
1
2 represents convective-diffusion parameter.

3 Numerical Computations

The system of non-linear ordinary differential Eqs. (11)-(13) subject to the boundary conditions
(14)-(15) is solved numerically in the symbolic computation software MATLAB using Runge-
Kutta fourth order scheme and shooting technique. The highly nonlinear coupled system of
ODE in Eqs. (11)-(13) is reduced to a system of first order differential equations as follows:
where,

f ′
1 = f2,

f ′
2 = f3,

f ′
3 = λf3f5 − eλf4

[
f1f3 −Mf2 − (f2)

2 −Kpf2
]
,

f ′
4 = f5,

f ′
5 = (1/(1 + (4/3)Ra))(−Pr(f5f1 +MEc(f

′
)2)),

f ′
6 = f7,

f ′
7 = −Sc

[
f7f1 + Sr

(((
1/

(
1 +

(
4

3

)
Ra

))
(−Pr(f5f1 +

MEc(f
′
)2)))

)
−Kcf6

]
.

(16)
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Table 1: Comparison of skin friction coefficient for different values of M when Pr = 1.0,
Ec = λ = Ra =Sc= Bi1 = Bi2= Kp =Sr = Kc=0.

M Hayat et al. [23] Mabood et al. [24] Present study
0 -1.00000 -1.00000 -1.0005
1 -1.41421 -1.41421 -1.4142
5 -2.44948 -2.44949 -2.4495
10 -3.31662 -3.31662 -3.3166
50 -7.14142 -7.14143 -7.1414
100 -10.04987 -10.04987 -10.050

with the initial conditions

f1(0) = 0, f2(0) = 1, f3(0) = b1,

f4(0) = b2, f5(0) = −Bi1(1− f4(0)), (17)

f6(0) = b3, f7(0) = −Bi2(1− f6(0)),

where guessed values are assigned to the unknown initial conditions b1, b2 and b3. The resulting
initial value problem is then solved numerically using a fourth order Runge Kutta-Fehlberg
integration scheme and shooting technique.

4 Numerical Computations

In this section, the behaviour of flow field, fluid temperature and concentration profile under
the effects of fluid parameters is discussed as shown in Figures 2-14 and table 1. Numerical
computations are carried out taking into account the following values of parameters M =1.0,
Ec= 0.5, λ = 0.2, Ra =0.5, Sc = 0.7, Bi1 = 1.0, Bi2 = 1.0, Pr = 7.0, Kp = 1.0, Sr = 0.1, Kc =
1.0. Table 1 presents comparison of the present result with the existing solutions in literature
and excellent agreement is seen.

The effects of magnetic parameter M on velocity distributions are shown in Figures 2 and 3.
Plot 2 presents a downtrend of the fluid velocity as magnetic parameter increases. This is due
to the presence of Lorenz force which retards fluid flow. Also, Figure 3 demonstrates a surge
in the fluid temperature for growing values of magnetic parameter M . Figure 4 represents the
effect of various values of Biot number Bi1 on temperature profile. The figure showed that fluid
temperature increases with the increasing values of Bi1. The variation of concentration profile
for diverse values of convective-diffusion parameter Bi2 is demonstrated in Figure 5. It is also
noticed from this plot that energy level increases as Bi2 increases.

Figure 6 illustrates the impact of Eckert number Ec on the temperature profile. It is observed
that temperature profile is enhanced by large values of Ec. Figures 7 and 8 show the effect of
different values of porosity parameter Kp on velocity profile and temperature profile. Figure
7 depicts that the fluid velocity decreases for higher values of Kp. But from Figure 8, it is
observed that the temperature distributions increase for large values of Kp. The influence of
radiation parameter Ra on the temperature profile is represented in Figure 9. From the plot,
it is noticed that temperature profile enhances as values of Ra increases.

Figure 10 indicates the effect of different values chemical reaction parameter Kc on concen-
tration profile. It reveals that the concentration distribution decreases as the values of Kc grow.
The effect of variable viscosity parameter λ on velocity distribution is presented in Figure 11.
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Figure 2: Velocity profile for various values of M .

It is observed that an increase in the values of λ weakens the fluid flow. This is expected as
large values of variable viscosity parameter λ imply that the fluid is highly viscous. Figure 12
shows the behaviour of temperature distribution under the impact of Prandtl number Pr. The
plot shows that fluids with higher values of Pr have lower temperature.

Figure 13 exhibits the influence of Soret number Sr on concentration profile. The graph
shows that a rise in Sr escalates the concentration distribution. Figure 14 presents the behaviour
of concentration profile for distinct values of Schmidt number Sc. It is noticed from the figure
that concentration profile shows decreasing behavior as Sc increases.

6



0 1 2 3 4 5 6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M= 0.1

M= 1.0

M= 2.0

M= 3.0

Figure 3: Temperature profile for various values of M .
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5 Conclusion

Heat and mass transfer impact on steady flow of chemically reacting radiating fluid in a porous
medium subject to magnetic field and Joule heating is investigated. The behaviors of velocity,
temperature and concentration profiles for different values of flow parameters are discussed
through graphs and tables. The transformed system of strongly coupled nonlinear ordinary
differential equations is solved numerically using Runge-Kutta Fehlberg method. Remarkable
findings from the present study are as follows:

1. the velocity profiles are depreciated for larger values of variable viscosity parameter and
porosity parameter;

2. the fluid temperature is raised in the presence of Biot number, radiation parameter and
Eckert number; and

3. growing values of chemical reaction parameter and Schmidt number significantly weaken
the concentration distribution.
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