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Abstract

We construct a Mathematical model that describes the effect of vaccination on the dynamics of the
transmission of COVID-19 disease in a human population. The model is a system of ordinary differential
equations that describes the evolution of humans in a range of Covid-19 states due to emergence of an
index case in a disease free region. The analysis of the model shows that effective vaccination can lead
to disease eradication, where in the disease free state is locally asymptomatically stable if the basic
reproductive number,R, < 1 and unstable when R, > 1. The numerical simulations suggests the use of
other social measures alongside vaccination in order to avert the possibility of the disease becoming
endemic.
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1. Introduction

The Coronavirus disease, known as Covid-19, is an Infectious disease caused by Severe Acute Respiratory Syndrome
Coronavirus, which is a new virus of the same family as SARS-CoV2 [11], believed to have a zoonotic origin [3, 5] and
was identified and named by the World Health Organization (WHO) on January 10, 2020 following an ealier virus borne
infection episode in Wuhan, China in December, 2019 [17]. The COVID-19 pandemic is considered as the higgest global
threat worldwide because of thousands of confirmed infections, accompanied by thousands of deaths over the world [15].
Globally, as at 10" September 2021, there have been 223,022,538 confirmed cases of Covid-19 with 4,602,882 disease
related deaths [4].

Nonlinear ordinary differential equations have been used to explore the complex mechanisms of the dynamics of various
systems in multidisciplinary fields: for instance, they are used in economics [10], quantum physics [2], chaos [9], medicine
[12] and health diseases [19]. These models aim to make an optimal predictive control of the parameters influencing the

system dynamics.



In the work of [11], an epidemiological compartmental model that takes into account a super-spreading phenomenon of
some individuals including fatality and hospitalized classes was proposed. The sensitivity analysis of their model shows
that the most sensitive parameters to the basic reproduction number are infection rate of humans, the rate at which
exposed humans become infectious and the disease related death rate. Increase in the infection rate and the rate at
which exposed individuals become infectious increase the basic reproduction number, and in contrast, the disease related
death rate and the basic reproduction number are inversely related.

A Bat — Reservoir population transmission model was proposed in [13], to understand and simulate potential transmission
from zoonotic source to humans. They estimated the basic reproductive number (R, ) as 2.4829. This value differs from
3.58, being the value estimated in [3]. The work of [11] suggests isolation and lockdown as a means of control of Covid-19
pandemic whereas some SIR models on Covid-19 have been proposed and carefully analyzed in [3,13,14]. Lotka-Volterra
based models of COVID-19 have been proposed and analyzed in [22].

In the work of [17], the authors noted that, Covid-19 pandemic ravaging the world currently, will not end soon, as the result
of their work shows damping oscillations. They aver that vaccination could be a possible remedy. Vaccination is
substantially effective if we consider the other things that affect the disease such as wearing facemask, maintaining social
distance, etc. [12].

Here, we include Vaccination and possible Re-infection of Recovered Covid-19 Patient alongside other features
considered in [17]. We only consider human to human transmission of the disease following the introduction of an index
case rather than infection from a Bat population. Brief introduction and model formulation are considered in Section 1 and
Section 2 respectively. While in section 3, we present the model analysis, numerical simulations and discussions, followed

by a brief conclusion in section 4.

2: Model Formulation

This model is intended to describe the progression of the disease over a period of infection following the introduction

of an index case in an entirely susceptible population. As in other infectious disease models, we make assumptions
concerning birth and natural death processesas well as other disease kinetics. We employ the principle of mass action
includinga correction term that describes the logistic population growth rate in the absence of the disease.

The total human population, H(t), is divided into 6 classes namely, a non-infectious susceptible class, P(t), a non-
infectious latent class, E(t), an infectious symptomatic class, S(t), an infectious asymptomatic class A(t) , a non-infectious
Vaccinated class C(t) and a Recovered class R(t);; Hence;

H=P+E+S+A+C+ R 2.1

The State variables in the model are real and non-negative. Their description is given in Table 1

and the movement between compartments is summarized in Fig.1, with the individual pathways

discussed below.



Table 1. List of model variable

State Variables Description

T O< T>w;mTMmMmIT

Total Human Population.

Latent or Exposed non-infectious Human Population

Susceptible Human Population

Symptomatic infectious Human Population
Asymptomatic infectious Human Population.
Recovered but Susceptible Human Population
Number of Viruses on Surfaces

Vaccinated human Population

time

Table 2. List of model parameters.
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Description
Per caplta birth rate
Infectious rate between Susceptible
and symptomatic human population
Infectious rate between Susceptible and
Asymptomatic human population
Infectious rate between surface virus and
Susceptible Human population
Recovery rate of Symptomatic human population.
Recovery rate of Asymptomatic human population
Per capita Resources available for the human Population
Natural death rate
Rate of loss of Asymptomatic status
Proportion of exposed Human becoming
Contribution of Symptomatic humans to surface Viruses.
Contribution of Asymptomatic humans to surface Viruses
Infectious rate between surface virus and
Susceptible Human population
Transition rate from exposed State to infectious State
Mortality rate of virus on surfaces
Disease induced death rate
Rate at which susceptive humans are vaccinated.

Rate at which recovered humans are been susceptible
Proportion of humans that were not vaccinated as
a result of Conspiracy theory.

Vaccine wearing out rate

Rate of vaccination of recovered humans

Value Units Source
0.0000433 Day™! [13,17]
0.05 Day™! [13,17]
0.124 Day~! [13,17]
0.00000123 Virus~'Day~! [13,17]
0.0987 Day™! [13,17]
0.854 Day™! [13,17]
0.00024 Human™Day™?! [13,17
0.0000357 Day~! [13,17]
0.035 Day™! [13,17]
0.005 Non-dimensional [13,17]
0.0398 VirusesHuman'Day~! [13,17]
0.001 VirusesHuman 'Day~! [13,17]
0.00000123 Virus 'Day~?! [13,17]
0.000479 Day™! [13,17]
0.01 Day™! [13,17]
0.043 Day™! [21]
0.0196 Human 'Day~! Calculated
from [4]
0.084 Day™! assumed
0.98 Day™! Calculated
from [3]
0.08 Day™! assumed
0.89 Day™! assumed
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Fig. 1. Pathway diagram of the COVID-19 model showing (a) the progression (solid) and transmission (dashed) of
the disease between compartments; the variable names are listed in Table 1. The connecting arrows are labelled
with the associated rate constants, where the natural death of each of the classes are not shown for clarity.

Susceptible humans get infected by contacting infectious humans and viruses from surfaces at a rateselgP, 923 P and

@,VP,where,0,,0,and ¢,are rate constants. The fractions % and% are the probabilities that the contacts are with

symptomatic and asymptomatic humans. We note that humans in class E are in the exposed stage of infection and are not
infectious. Susceptible humans are recruited into the population through a constant birth rate, A, with a correction term 8;H?,
stopping the population from growing without limit in the absence of the disease, where 65 is per capita resource availability
for the human population. Incubating humans become infectious after a mean latency time,w; where a proportion, kof them
become asymptomatic. This assumption is different from that of [13], where they suggested two incubation period even
though they meant a single incubation period.

All human classes die naturally at per capita rate, p; while some individuals in the S class die at an additional rate ¢; S from
the disease. We also assume that recovered COVID-19 patients are recruited into the vaccinated class at a rate, 6,R or,
become susceptible again at a ratep; Rwith 8,and p,as rate constants. Surface viruses die at rate y;Vwhile symptomatic and
asymptomatic humans contribute to the emergence of surface viruses at rates a;S and a,A respectively with a;and a, as rate
constants. Susceptible Humans are vaccinated at a raten, (1 — m)P, wheren, as rate constant and m is the proportion of people
unwilling to be vaccinated. We assume that vaccinated humans become susceptible at a rate 1,Cas the effectiveness of the vaccine
wears out. The proposed model consistent with the above assumptions is given as:

dpP

— =MH+pR +r)2C—(01%+92§+<p1V+7)1(1—m)+u1)P—93H2 2.2



Zf (024 6,2+ V) P = (@ +w)E 2.3
=1 -k)wE+1tA— (B +0,+1)S 2.4
S = kwiE — (B, + 71 + 1)A 2.5
B (1 m)P 4 0,8 — (1 + m)C 2.6
— =P1S+ A= (04 +p1 + )R 2.7
"—V = a,S + ayA — 9, VP —y,V 2.8
— =y — uy)H — 6,5 — B3H? 2.9

Equation (2.9) is obtained by adding equations (2.2)-(2.7)
2.1. Parameter Values and Nondimensionalisation

Here we considered the va r|ous compartment as fractions of the total Population given by:

P="F=28=2A=2 (=S R=1
H H H H H
So that
P+E+S+A+C+R=1
letv=2,g=2 t== 2.10
Vo Hy to
Then;

_I; = toll + toplﬁ + to nzé - to[glg + 9214 + (p1V0]7+ 771(1 - m)]ﬁ_t093H0(1 - ﬁ)ﬁ +t001§ﬁ

&= to(0:5 + 0,4 + 9 Vo)P — to(wy + A)E + toB3HoPH + to0,SE

S " R A A A
E = to(l - k)(UIE + tOTIA - to(ﬁl + 0-1 + /11)5 + t093H05H + t00'152
8= tokw, B — to(By + 11 + M)A + tobsHo M A + to0,AS

d_C = to 771(1 - m)p + t094§ - torlzé - tollé + t063Hoﬁé + t00'165A
dR = to1S + tofod — to(py + Ay + 0)R + to0sHoRA + tyo, RS
dV _ toHoa;, SH N toHoa, AH

— = —toH — toy,V

di v, Vo 0 0‘P2 0Y2
dH ~ .
Frin to(Ay — i )H — to0,SH — to03HoH
Now we rescaled time with the rate of Vaccinated human population, which leads to the following dimensionless
parameters.

1 A 0 Vi o
toz—l_—l’pzpl =_b—_2,Ll ﬂdz(pl 0,e=&,o'=—1,

M m M m m m m m m
f 63Ho _ _ 71 _ @1 b o _aHo 5 _6s 1 n= n, — $2Ho

N’ U n’ 11Vo 11Vo n’ n’ n1’ M1

g = ﬁ’ 2.12

M
Substituting (2.12) into (2.11) and dropping the hat, we have;

& — A1~ P) + pR +nC — [aS + bA + AV+(1 —m)]P + f(P — )H + oSP 213
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= = (aS +bA+dV)P —(w + AE + fEH + oES 2.14

%z(1—k)wE+TA—([)’+J+A)S+fSH+0'SZ 2.15
2 = kwE — (e + T+ A + fAH + 0AS 2.16
= (1-m)P+6R—(n+A)C+fCH+ oCS 2.17
S —pS+eA—(0+p+MDR+ fRH + oRS 2.18
= = gSH + hAH — QHVP —yV. 2.19
& = (- wH —oSH — fH?. 2.20

3.0 Model Analysis

3.1 Determining the Basic Reproduction Number, R,

We consider the following linearised system

‘Z—”t’ = FW — MW, 3.1
where

0 aP, bP, dP, hy 0 0 0 E

0 0 0 0 —hg h, -1 0 S
F= M= , w=1"|

0 0 0 0 _h7 0 h3 o A

0 0 0 0 0 —h, —hs hg 1%

Here, FW represents the emergence of new infections, MWW the transition of these infections among compartments
and W the reservoir of infection, where
A>p, k<1, m<1, n= 1—-u rn=1-—k, rn=1-m

h=w+uyu hy=+0+p hy3=e+1+y, 3.2
h4=9fﬂ, h5=%,h6=rzw,h7=kw, h8=%+y

The largest eigenvalue of G = FM ™! is the basic reproduction number.

go 0 0 0

_1]|K; gs K¢ O

“wlks 0 K, of
K, Ks Kg Bg

G 3.3

Whereg8 = h1h3h4, 9o = h2h3h8, Kz = h3h6h8 + Th7h8, K3 = h2h7h8
K4 = h2h5h7 + h3h4h6 + Th4_h7, Ks = h1h3h4, Kﬁ = ThlhB‘K7 = hlhzhs,
Kg = hy(hahs + Thy), B; = hihy, Bg = B;h3, go = Bghs.

The highest eigenvalue of G in terms of ¢ gives:

WPO(L (e+T+1)+Ly (B+o+10)}
g*=Ry, = 1 2 3.4
07 (w+m)(e+t+p)(B+o+u)(fo+0r1)

Where L, = np{afo + r;(ab + dg)} and L, = k{bfo + r, (b0 + dh)}

3.2 Positivity, Existence and Uniqueness of Solution



The model is described in the domain

QeR®={pP, E,S,A,R,C,V,H:P>0,E>0,S>0,A=0,R=0,C >0,

V>=0P>0P+E+S+A+C+R=1} 3.5
Suppose att = 0 all variables are non-negative, it implies that P(0) + E(0) + S(0) + A(0) + €C(0) + R(0) =1 and

V(0) =0.If E =0, and all other variables are in Q, then, Z—f > 0, this is also the case for variables in (2.15) - (2.19). If

H =0, then, ‘Z—IZ = 0. Butif H> 0 and assuming A > u , then with suitable initial conditions, i—’: > 0Vt > 0. It follows

that the right-hand side of (2.15) - (2.20) is continuous with continuous partial derivatives. Thus, solutions exist and are
unique.

The model has mathematically and biologically relevant solutions in the domain Q

vt € [0, «).

3.3 Steady State Solution and Stability Analysis

The equilibrium pointis (P,E,S,A,C,R,V) = (P,,0,0,0,Cy, 0,0). At the disease free state, S = 0 and A = 0. Substituting
these into the right hand side of (2.18), and (2.19) gives R =0, and V = 0. Further substitution of the values of S, A, R,

and V into (2.14) gives E=0. Using S=A=R=E=V=0 in (2.17) and (2.12) gives C, = —*— and P, = —— respectively.
N+u+ry N+p+ry

At the disease free state, all humans are entirely susceptible and we obtain from (2.20) the following logistic equation,

W = 1 H — fH? 3.6

dat
With solution

KHo
Ho+(K—Hp)e~ "1t

H(t) = 3.7

m

Where r, is as defined above and K = T Ast —» «,H(t) - K, which is the carrying capacity of the environment.

Now, considering the Jacobian Matrix of the System at disease free state, (P,E,L,S,A,R,V) = (P,, 0,0,0, Cy, 0,0)

—hy 0 hio —bP, n p —dPy]
0 —h;y aPy, bP, 0 0 dPp,
0 he —h, T 0 0 0
Jas=| 0 h, 0 —h; 0 0 0 3.8
T3 0  hy 0 —hy, 0 0
0 0 B e 0 —hy 0
0 0 hy hs 0 0 —hg |

With the definitions h; = i = 1,2,3 ... 8 as defined above and
hg =13+, hyg= (0 —a)Py, hy1 =0Cy, hyz = N+ his=0+p+u
The characteristics polynomial equation of (3.8) with eigenvalue in terms of 1*is given by:

X +0+p+ w0 + 20 + 10+ p+ )X + DA + DyA2 + DyA* +D,) = 0 3.9

Clearly, equation (3.9) has three negative real roots. Thus we are left with the following quartic equation in term of the

eigenvalue A~



A4+ DA + DA%+ D;A*+ D, =0 3.10
Where D;s are as defined in page (8).

Lemma 3.1: The disease free equilibrium is locally asymptotically stable if R, < 1 and unstable if R, > 1.

Proof:
We note that coefficients of (3.9) are all positive provided R, < 1.
Applying the Ruth Hurwitz stability condition as stated in [10] and given in our case as satisfying the condition;
We need to express ¢ as a finite sum of positive terms involving the model parameters. The Maple result of the above
algebra shows that ¢ is indeed a sum of positive terms given by:
§0=Go(l_R0)2+Gl(1_Ro)+Go+F, 312
where F is the sum of the numerous positive terms involving the parameter space.
The maple file used to obtain the result is not included here but could be made available on request. The expressions
of the constants are defined below.
Bl = h2h3, Bz = hzhg, B3 = h3h8, B4 = hlhg, BS = h1h3, B6 = Bl + Bz + B3, go = thg,
91 = Poahshghg, g, = Pyah;hgt, g3 = Pobhyhshg, gy = Podhyhsh;, gs = Podhshyhg,
9e = Podhyh;T, g; = hihyhg, gg = hihshg, go = hyhshg, 910 = hy + hy, g11 = hy + k3,

(92+93+94) (91+92+95+96)
12 = hy + hs3, g1z = h3 + hg, C;=(g97 + gs + Bg), C; = ZTi‘I G = %a

C4 = (gz+g3+g4+g6), Cs = glO + Bs, Cﬁ = B4 + Bﬁ, C7 = C6 D1 = glO + g131 D2 = Cs(l - RO) + C7!

+_4
hy ByB3'

D3 = C1(1 —Ryp) +C, +C3, Dy = go(1—Ry),
Ey =2 g;* + goB; + goBs + hi(Bg + g; + gg)(By + Bs + B; + h3 + h3,

E, = B4+g7 + g,(g0 + g,) + 290B; + B3,

E; = m(gogspohﬂ + 2B} h3Pydhs),

E, = % (92hs + 92B3 + 2g6g7hs + 2g,h3 + 3g3hs + 2By hg) + %,
Es = B;(2g¢ + 295 + g3) + gshePo + g3hy + 9497

2Bgp2an, + 2g7Poh;
s h, ' 5
E;=(91+92+t93+9ga+9s)(B;T+g;7+ By +B; + h_: + B,hy),

_ 96 , 9, 206 , 303 , 403
Bo = (91 + 92+ 95+ g4+ 95) (I + 35 + 0 4 0y 103

’h n
E9—(91+92+93+95+95)( e go s),

Po

E, = g“(ZB7 +B,)+

2Bshy Podh g 2B;g;Pod . 2bB
Evo=(91+92+9s+9s + 96)( sglhz *+ Po:% ;5;30 hgz)’
g7B B:
Ei1=(91+ 92+ 9gs+ s +96)( 2 k0;3)

Ei, =(g1+92+9gs+ 9gs+ 9gs) hh
3hy

Ei3=(92+9s+ 9gas+ s +ge)(
Eiy=(91+9s5+9gst9s +96)
gzhe 2.96 g1 291 + 294 Js )

Eis =(g1+ 93+ 9gs+9s+ 96)( rarore T 2ms T zee T mmare)’

Gy=E +E,, G =E; +E4+E5+E6+E7+E9+E11,
G, =Eg+E;y+E;, +Es.

bh2h3P0 dtho)




Since, G1E;, E,F, G, H, J, L, Ly, k;, i=1,2...6>0, it follows that g > 0, if Ry < 1. Thus, the disease-free equilibrium is
locally asymptotically stable if R, < 1. If R, > 1, D, is positive and D, is negative, wherein the signs of D, and D; cannot
immediately be ascertained. However, we note that there is at least only one sign change depending on the signs of D,
and D;. Therefore the sequence of coefficients D,, D,, D;, D, has only one sign change in the worst scenario. Thus,
by the Descartes’ rule of sign, there exists at least one positive real eigenvalue, hence, we conclude that the disease
free state is unstable if R, > 1. When R, =1, (3.9) has one zero eigenvalue, which shows that R, =1 is a bifurcation
surface in (61,6, @1, w1,V 1, @, By, B2r My, My, Ty, k) parameter space.

3.4 Numerical Solution
The numerical solution is obtained by using MATLAB’s ODE15s, variable order Runge-Kutta method with relative

tolerance of 1078 and absolute tolerance of10~°. The dimensionless parameters used for the simulations are defined in
(2.12) with numerical values 4 = 0.0221,a = 2.551,b = 6.326,d = 0.0000628, 8 = 5.0357,e = 43.571,f = 0.01224,u =
0.00182,n = 4.081,7 = 1.7857, g = 2.0306,h = 0.05102, w = 0.0244,0 = 2.1938,p = 4.286,0 = 0.42857,¢ =
0.0000628,y = 0.5102, with initial conditions P =0.98, E=0.01,S=0,A=0,R=0,C=0.01,V=0,H=1
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Fig.1. Results showing the effect of Vaccination on Symptomatic, Asymptomatic and Recovered humans and Surface
Virus. where t = 1, represents approximately 5 days in real time. The initial conditions used are P = 0.98, E=0.01, S =
0,A=0,C=0.01,R=0, V=0, H=1 and the parameter values are given above.
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Fig.2. Result showing the effect of high contact rate between infectious and susceptible humans on the disease
dynamics with R, > 1 and the values used for the simulations are the same as above with only a =10.551, b =16.326,
d =0.628 and w = 0.244.

3.5 Discussion

In this model, we describe the transmission of Covid-19 disease in an entirely susceptible human population due to the
introduction of an index case and the effect of vaccination on the Disease dynamics. Using available data and with the
introduction of vaccination, we obtain the Basic Reproduction Number, R, = 0.3411 different from the results of [17]
and [9]. This value of R,suggests that the disease will likely die out due to vaccination as seen in fig.1a,b,c,d,; where
the symptomatic, asymptomatic, recovered human populations and viruses on environmental surfaces flatten out,. This
behavior is as a result of the impact vaccination in the system. This result agrees with the recommendation that was made
in [17].However, increasing the contact rates between infectious and susceptible humans will hinder the positive effect
of vaccination. This agrees with the results of [16], which maintain that vaccination should be carried out in conjunction
with other social measures that restrict contact rate between infectious and susceptible humans.

We note that the dimensionless parameters, a, b w,and d are key parameters in the Dynamics of the disease. An
increase or decrease in these parameters will increase or decrease R, significantly, which implies, despite the
introduction of vaccination, if the contributions of Symptomatic and asymptomatic humans, Surface virus and transition
rate from latent period to infectiousness continue to increase without control, then there is every possibility that the
disease will be endemic as shown in Fig2a,b,c, where the level of infection, and viruses on environmental surfaces pick and
dropped to a steady state, implying an endemic situation. In Fig. 2f, the human population drops in a fast time scale due to the
disease related death caused by high contact rate between infectious and susceptible humans in the midst of vaccination.Thus,in
other to eradicate the disease, control measures like Social distancing, contact tracing, testing, quarantine, treatment,
etc. are to be considered alongside vaccination.

4. CONCLUSION

In this work, we present a mathematical model on the dynamics of Covid-19 disease with vaccination. The model
focuses on the effect of vaccination in the transmission dynamics of Covid-19 in a totally susceptible population due to
the introduction of an index case. Analysis of the model shows that with the introduction of Vaccination the disease will
likely die out. However, control measures like Social distancing, contact tracing, testing, quarantine disease case
management should not be relaxed despite vaccination, as there exists the possibility of the disease becoming

endemic with vaccination alone.
The model is a system of ordinary differential equations which may not capture some of the necessary features that

drive the dynamics of the disease. The nature of the numerical solutions showing events happening in some fast

timescale and others exhibiting long term behaviour suggests some other forms of analyses. The model does not

11



account for the various variants of the disease and their possible effects on vaccination. Thus, further research work
that will incorporate these features are highly recommended.
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