Generalized Estimators for Finite Population Variance Using Measurable and Affordable
Auxiliary Character

Abstract

In this paper, a generalized exponential-type estimator for estimating the population variance
using measurable and affordable auxiliary character in single phase sampling has been proposed.
Some special cases of the proposed generalized estimator with @« = 1 and a = 2 have also been
discussed. The expressions for the mean square error and bias of the proposed generalized
estimator have been derived. The efficiency of the proposed generalized estimator has been
compared theoretically with the existing estimators and the conditions under which the proposed
estimators are better than some existing estimators have also been given. Numerical examples
with five real data sets to compute MSEs and PREs were conducted to ascertain the efficiency of
the proposed estimators over others and the results showed that both of the proposed estimators
were more efficient than the estimators considered in literature. Thus, the estimator with a = 2
perform better than the estimator with a = 1.
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1. Introduction

In survey sampling, the use of auxiliary characters is frequently recognized to increase the
accuracy or precision of the population characteristics estimation procedures. Many researchers
have considered the use of auxiliary characters in different forms to construct efficient estimators
for population parameters (See Sisodia and Dwivedi [1], Murthy [2], Yadav and Kadilar [3],
Singh and Tailor [4], Bahl and Tuteja [5], Singh et al. [6], Singh et al [7], Kadilar and Cingi [8],
Singh and Solanki [9], Sahai and Ray [10], Srivastava and Jhajj [11], Ahmed et al. [12], Audu
and Adewara [13], Audu et al. [14], Muili et al. [15], Khoshnevisan et al. [16], Singh and Audu
[17], Ahmed et al.[18] and Audu and Singh [19], Das and Tripathi [20], Das and Tripathi [21],
Patel and Rina [22], Rajyaguru and Gupta [23], Rajyaguru and Gupta [24], Archana and Rao
[25], Singh et al. [26], Audu et al. ([27]-[32]), Singh et al. [33], Muili et al. [34], Ishaq et al. [35],
Audu et al. [36], Zakari et al. [69]). The issue of estimating variance of populations’ characters
is of great interest and as received attentions of researchers due to difficulties in controlling
variabilities in application. Researches in the fields like industries, laboratories, agriculture and
biological experiments are associated with this obstacle and therefore the objective results appear
to be uncontrollable. As a result, researchers are keen in the variability associated with their
products. The issue of constructing efficient population variance estimators with higher
predictive ability has been discussed by various authors such as Liu [47], Das & Tripathi [42],
Grover [44], Isaki [45], Upadhaya & Singh [60], Singh & Singh [55], Ahmed et al. [37], Al-
Jararha & Ahmed [40], Ahmed et al. [38], Kadilar & Cingi [46], Bahl & Tuteja [41], Upadhyaya
et al. [61], Ahmed and Singh [39], Swain [59], Subramani & Kumarapandiyan [58], Shabbir &
Gupta [52], Singh & Malik [53], Yadav et al. [65], Yadav & Kadilar [66], Ahmed et al. ([12],
[18]), Muili et al. ([48], [62]-[64]). The aforementioned authors had worked on variance
estimation under different sampling procedures.



The current study considered variance estimation thereby proposed an improved ratio-product
type-exponential estimator.

2. Materials and Methods
Let Q=(Q,,...,Q) be a finite population of size N and let (y, x;) be the values of the study

variable Y and the auxiliary variable X on i" unit €,,i=1..,N. Let Y and X be population
means of Y and X respectively (Zakari et al., [68]). We assumed that the population mean X

and the population variance S?> of X were known. Let ssz(n—l)_lZ(yi—y) and

i=1

n N
s?=(n-1)" Z (x,—X)be the unbiased estimators of 1) > (y;-y)and

=1 i=1

N

Z y) respectively and the correlation coefficient between Y and X be Py -

i=1

Also, let C =S, /Y and C,=S /X be the coefficients of variation of Y and X.

To obtain the bias and MSE of the estimator, the following error terms are defined:
s?2_§g?2 2 _ Q2 5 . _
Let o - "> and ¢ _S<—S¢ such that the expectations are E(e,)=E(e)=0,

S? ' S?
E (eg) = H(ﬁz(y) -1)= Vi E( ) 9(ﬂ2(x) D)= A\ E(eoel) = 9(/122 _1) :V22 and 0= (l —%) ’
n
By, and B, are the population coefficient of kurtosis of y and x respectively.
The conventional unbiased estimator of variance is given by
1 < -
DYy ¢
4=l
The variance of §§ is given by
Var(S2) = SN, (2)
Variance estimator denoted by SZ following Isaki [45] is given as in (3)
2
§2=s [S_) ®)
SX
MSE(S2) is given as in (4)
MSE(Sg) =S, [V, +Vo, — 2V, | (4)

The usual regression estimator proposed is given as in (5)
S2 =si+b, Sz)(sf—sf) ()

Reg
where b is the sample regression slope.

(s§.5%)
The MSE of 3., is given as in (6)
MSE(SReg) S4,\/40 (1 p(SZ SZ)) (6)



Where P2 =V,, [ WV, Vo,

Singh et al. [57] suggested difference type estimator for finite population variance as in (7)
=kys; +k,(S; —s;) (7)

MSE(S3) at optimum values Kycopty =Vou ! (Vou +VaoVos —Vs3 ) and

1(opt)
SZVZZ/( 2 (Vou +VioVos —V222)) is given by

2o S4V40(:|' p(SZ 52))
MSE(S?) = ®)
1+V,, 1~ /O( 2 Sz))
The ratio type exponential estimator for the population variance defined by (Bahl & Tuteja [41])
IS given as:

2(0pt)

X SZ-s?
SZ. :sjexp[serszj 9)
The MSE of 2, to first order of approximation, is given as (10)
MSE(S3:) = Sy [ Vi +47Vo, =V, | (10)
Shabbir & Gupta [52] defined variance estimator as in (11)
S2—s?
22 2 2 X X
S = [ks +k (Sx—sx)}exp(sszrSXz] (12)

. . V 8-V,
where MSE of $&;, at optimum values of k; ., = ﬂ[ T j and
8 Vo4 +V40Vo4 _sz

2
S; (—4v40 +V,, +8V,, =V, Vy+ = 4V, V,,

-G
Kooty = =23 is given in (12)
8s; (Vo +VaVoa —V5)

S
MSE(SSG)mm = (

(12)

_4\/031 —16V,,(1- /7( 2,52 )(V04 _4)
64

L+Vy (L Pl )

Swain [59] proposed a generalized estimator for population variance is given as in (13)

ééw—si{k(izj +(1- k)( ” (13)

Where k, g, h and 6 = (1, —1) are real and free parameters to be chosen suitably. The minimum
MSE of $2,,, to first order of approximation, at optimum value k = (sh+(V,, /V,,))/(5(g +h)) , is

given by

min —

MSE (S& Jmin = SVio (L= Pl ) (14)

Yadav et al. [65] defined generalized variance estimator as in (15)



Y 2 2 2 an +b a(Sf _Sf)
Ste =| kss? +ky (87— )]{ﬂ(asz +b]+(1—/1)exp(a(sx2 )42 (15)

X

where

c 1-87'g*(1+31+44%)V,,
SO 7| 14 Tg2 (14 3AVE 4V, (L p?
9 AQ+34)Vg, + Ve ( ,0(55’53))

S2(1 Vi
Ksop) = S_é{z g1+ 4) + Ky o [V_ZZ -g(l+ ﬂ)D

04

q-lq2 2

MSE, . (536); S; (1_192(1_'_&)2\/04]_ 711 28 g (1+32£+4/1 Vo g (16)

4 1-47 922+ 3ANVG +Vio - P2 )
Where g =aS’ /(aS’ +b).
The minimum MSE of $2;, at (4, a, b) = (1, 1, 0), is as in (17)

. S *MSE(S2..)1-V.
MSE(Sj) =s;| -~ ( feg)( A2°“) )
min 1-V,, +S*MSE(S2,,)

Yadav & Kadilar [66] proposed ratio-product-ratio type estimator for SZ, is given as in (18)
& _g a{(1—ﬂ1)s§+ﬁlsf}+(l_a){ﬁlsiﬂl—ﬂl)sf} 18)
; ’ ' :3135 +(1_ﬁ1)sf ' (1_ﬁ1)sf +ﬂ15x2

where ¢, and g are unknown constants.

MSE of $Zx at (@epyr Buomy) =(1/2:1/2) and (e, B,) = (Vos —Va,) 1 2V,,), 0), are given in (19)
and (20) respectively

MSE (S} ) = SV, (19)
MSE (S5 )min = S\Vao(L= 1z ) - (20)

Singh & Malik [53] proposed an improved estimator for §§ is given as in (21)
S2 :sz[k +k (Sz—sz)}exp v (s, ) (21)

S T a(S?+s?)+2b )’

Where k7 and kg are suitably chosen constants,  takes values +1 and -1 for ratio and product
type estimators and a, b be the known population parameters of the auxiliary variables.

k 1 ( _12\/04\/22 +Voi +16\/222 _8\/04 — 2\/4% )

Tony = Z Voi - 4V04V22 +8V222 -2V, 40V04 - 2\/04 _VA%)
and
K — -1 _6V04V22 +Voi + 8\/222 — 4Vo4 + 8\/22 _8\/04\/22 + 4V04V40
el 483 Voi - 4V04V22 + 8\/222 -2V 40V04 - 2V04 _VA%
is given by



MSE(S ~ S;/1 { 04 (\/04 +8\/22) +16(\/04 4)MSE(SReg)+16V22 (\/22 _VO4)}
M 64 Ny (L+V, + 2V,,) + V2

(22)

Yaqub & Shabbir [67] defined a class of variance estimators as in (23)

A S2+b)|1 a(S?—s?) 1 a(s>—S?)
§2 —s2[k, +k, (52 -s2)] 2 e XX e X_“X 23
¥s y|: o+ 10( x X)](asfHZJ{Z Xp(a(SX2+sf)+2b +2 P a(s?+S?)+2b ()

Where kg and kjo are suitably chosen constants and a and b be the known population parameters
of the auxiliary variable.

\'M 1+7(1 4)
Ko =5 | Vv (1o AN, \,, — 4V
04 T 04( 4) + 22
and
k:l — 85 V22 + 7V22 (1_\/04) - 8\/04 (1_\/04) + 8V4ovo4 B 8\/222
e 285 Voi + 4Vo4 (1_\/04) + 4V40V04 - 4V222 ’
IS given by

(24)

64(1-V.,)S:*MSE(S2 )-V2
MSE(SYS)W%[ (1-V5,)S, MSE(S,,) - ]

V,, +4(1-V,,) +4S‘4MSE(SReg)

Muneer et al. [50] proposed an improved class of estimators for $2, is given as in (25)

. S2 $? S2 g2
SZ = si{kll( s j+k12(sx Hexp(sX +sf] (25)

Where ki1 and ki, are suitably chosen constants. The minimum MSE of $Z to first order of
approximation, at optimum values

k1 _ E 16\/222 + 6\/2.2\/40 — 24\/22\/04 _16\/40\/04 _Voi _16\/22 _8\/04
Hom 1652 _16\/22\/04 - 4V40V04 +V0i - 4V04

and
e = ( 48V, ~16V,gVig = T2V, +16V, Vo, + 221v031 +16V,, — 24V, j
8 162, —16V,,Vy, — 4V, Vy, +Vi — 4V,
is given by
BAV,2V,, — 48V,2Vy, —128V,,V, Vg, + 48V, V2 + B4V, VS — 48V, VL,
MSE (S2) i = LSy | -9V —64V; - 4§v40v031 2 "
16 162, —16V,,Vy, — 4V, Vy, +VEs — 4V,

3.0 Proposed Estimator
In this section, a new generalized mixture estimator is suggested as:



52 ¢2\[ S2_g?
22 X X 2 2 X X
S = {ds {2[55 +S—X2H +d2(SX—sX)}exp{Sf+sf} (27)

where d; (i = 1,2) are unknown constants whose values to be determined later, and « is suitably
chosen constant.

Expressing the estimator SZ,p, in terms of e; (i = 0, 1) we can write (27) as
1 a -S?
Sprop {d S; (1+¢, )2 [(1+el) +1+e1} —dzsfel}exp{—zs2 +§12e1} (28)
Expanding the RHS of (30) to the first order of approximation, multiplying out and neglecting
the terms of e’s greater than two, we get

Strop =S5 =(d,~1)S] +d,S] (e, —27"e, — 2 Mg, + Ae] ) —d,S7 (&, - 27¢) (29)
Where A=[2"a+3x27]
By taking expectation of (32), the bias of the proposed generalized estimator, up to the first order
of approximation, is given by:

Bias (S5, | =(d, )7 +d,S; (AVM —%v22j+d—23s§v04 (30)

By squaring equation (32) and keeping terms only up to the first order of approximation, we
have:

1
d —1254+d234{v — +[2A+—jv }dzs;‘v
MSE(ngp)— ( 1 ) y 1%y | Va0 22 4 04 2 04 (31)
_dlsj (ZAVOA _sz)_ 2d1d28585 (sz _V04)_d28583\/04
Minimizing Equation (37) with respect to d, and d,, we get the optimum values of d, and d,
Ie.

1
1+(A—jv04 2
2 Sy |1 V.
dy = and d, —y{——dl(om) (1—£j}

1(opt) 2 2(opt) 82 2 v
1+[2A—jjvo4+(v4o—x22] X o4

04

using the results of d, and d, in (37), the minimum MSE of $2__is obtained as:

Prop

MSE(82

Prop

1 2
1+(A—jv04
_c4 V04 2
) =, 1-2 |- ; vE (32)
1+(2A—jV04+ V-2
4 Vo4
Special Cases:

For @ = 1 this proposed estimator becomes

1(S; s SZ-s?
S ooy = {dlsj[z(?Jr?]}Ldz(Sf—sf)}exp{ +sz} (33)

The optimum values of d, andd,, for this estimator, are given by:
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3
dl(opt) = 2 and d2(0pt) = S—); {E — dl(opt) l_ \%
04

1+V,, +[V40 —\\;22] g

04
The minimum mean squared error, up to the first order of approximation, is given as in (34)

(34)

3 2
1+ =V
2 (V. { 8 °“}
'VISE(SProp(l))min =3, (1_% _{

2
1+V,, +(V40 —Vzﬂ
V04
When a = 2, the proposed estimator becomes
2
22 2 1 sz sz 2 2 Sf _5x2
Stron() = {dlsy {E ¥+S_f +d, (S} —s7) rexp 571 (35)
The optimum values of d;, andd,, for this estimator, are given by:

7
T e dd,, -1l g [1-Ve
1(opt) — V2 an 2(opt) — ? E_ 1(opt) _V_

1+ 2V, + (Vm _VZZJ x o4

04

The minimum mean squared error, up to the first order of approximation, is given as in (36)

MSE (s}fmp(z))

(36)

min

oy [
[ J{

Y4 vE
1+ 2V, +|V,, -2
Vo4

3.1 Theoretical Efficiency comparisons

In this section, theoretical efficiency conditions of proposed estimator over some existing
estimators were established

(i)Var($2) = MSE(SZ o,)mn >0, if

Prop
_ g1 2
[B(l Yo —47) € j<0 -
3 YA 1
Where B:1+(2A——)VO4+ V-2 and c:1+(A__jVO4
4 Y 2
04
(ii) MSE(SZ) — MSE(SZ o0 )i >0, if
LB(l—Vm—1.25|;/M+2V22)—02J<0 )

(iii) [MSE(SZ.4), MSE (S5 ) min OTMSE (S5 ) i ] = MSE (7,0 )in >0, i



B(1-4"Vy, -V, (1~ pr; ) —C*
s <0 (39)
B
(iv) MSE(S;) — MSE(S g, )min >0, if
Bl-4V,)-C?  Vol-p)
- 5 <0 (40)
B Sy [1+V40(1_p(33'55))]
(V) MSE(S5;) — MSE(SZ, 3y ) in >0, if
[|3(1—V40 — 2V, +V,,) -C? j -0 (41)
B
(VI) MSE(§§G)min - MSE(éPzrop)min > 0’ If
B(1- 4*1V04) —C? 4V0§1 +16V,,(1- ,0(255'53))(\/04 —4) 42)
- <
B (\/40(1_p(255'55)) _1)
(V") MSE(é\?G)min - I\/ISE(S’\F%rop)min >0, if
4 )-C? S*MSE(SZ.)A-V.
B(l 4 V04) C Sy ( feg)( ,\204) <0 (43)
B 1-Vy, +5,*“MSE(SZ,,)
(V"I) MSE(§SZM min MSE(SAF%rop)min > 0’ If
21 ey
BA-47V,)-C° D \_, 44)
B 64E
Where D =V, (Vo, Vo, +8V,,) +16(Vy, _4)MSE(§I§eg ) +16V,,(V,, —Vy,)) and
E=- 04 (1+V4o + 2sz) + 4V222
(iX) MSE(S7% ) i = MSE(S4: 0 )i >0, if
B(L-4"V,,)-C* 64(1-V,,)S, ‘MSE (Sz, ) —Ves as)
B 16(Vy, +4(1—V,,) +4S*MSE(SZ,,))
(X) MSE(éhz/I )min - MSE(égrop)min >0 ' If
_ 4L 2
BA-47Vy)-C* F )_, 46)
B 16G
Where

F =64V.2V,, —48V,.2V,, —128V,V,V,, + 48V, /. + 64V, V2 — 48V, NV — V5 — 64V} — 48V, \V,,
and G = 1652 —16V,Vo = V4oV +Voi — Ny,

4.0 Results and Discussion
To assess the predictive ability of the proposed estimator over other considered estimators, the
data sets below were used.



Table 1. Parameters of the Data Sets

Parameters Data 1 Data 2 Data 3 Data 4 Data 5
Gujarati [43] Mukherjee et Singh and http://www.osservatori  Murthy [51]
al. [49] Mangat [54] onazionalerifiuti.it
(2004)

N 23 64 39 103 80

n 5 19 14 40 20

Y 39.699 5.549 26.8433 62.6212 51.8264

X 1035.065 141.500 106.2 556.5541 11.2646

g2 54.360 2.277 38.9900 8345.7177 336.9757

y
g2 381735.000 5772.670 124.1286 372300.473 70.6634
X
P 0.8277 0.2971 0.8899 0.6570 0.7941
Sy 1Sx

ﬂZ(y) 2.030 2.773 2.4032 37.1279 2.2667
ﬂz(x) 2.696 2.341 2.9930 17.8738 2.8664
Ay 2.094 1.458 2.4882 17.2220 2.2209
0 0.1565 0.0370 0.0458 0.0153 0.0375
V,, 0.1612 0.0656 0.0643 0.5525 0.0475
Vo, 0.2655 0.0496 0.0913 0.2581 0.0699
V 0.1713 0.0169 0.0682 0.2481 0.0457

The following expression is used for the computations of percentage relative efficiency (PRES)
of the proposed and considered estimators:

&2
PRE = . Var(Sy) '
MSE(i) or MSEpin(i)

- _ 82 62 &2 G2 G2 G2
£100, i =52,8282,,,5%, 8% . S3rop


http://www.osservatori/

Table 2. MSE and PRE values of different estimators with respect to §§,

Estimators Data 1 Data 2 Data 3 Data 4 Data 5

MSE PRE MSE PRE MSE PRE MSE PRE MSE PRE

5?, 476.347 100.00 1.763 100.00 97.751 100.00  38517005.7 100.00 5393.752 100.00
$2 248516  191.676 2.186 80.664  29.188 334.895 21940066.5 175.556 2952.369 182.693
SBeq 149.753  318.089 1.608 109.676 20.303 481.453 21913070.0 175.772 2000.996 269.554
53 142.529 334.209 1.517 116.237 20.036 487.883 16668844.7 231.072 1966.346 274.304
§§T 166.293 286.451 1.641 107.438 28.771 339.763 25736046.3 149.662 2188.728 246.433
$2; 131.232  362.981 1.561 112,962 19.329 505.722 17930714.1 214.811 1934.228 278.858
S2y 149.753  318.089 1.608 109.676 20.303 481.453 21914066.5 175.556 2000.996 269.554
$2c 140.087  340.036 1.513 116.580 20.009 488.528 15388327.7 250.301 1963.791 274.661
$2 149.753  318.089 1.608 109.676 20.303 481.453 21914066.5 175.556 2000.996 269.554
§52M 112.932 421.800 1.497 117.768 18.612 525.198 24877706.5 154.823 1865.461 289.137
Sz 125.346  380.026 1.494 118.092 19.316 506.053 14438388.6 266.768 1919.254 281.034
SI%,, 51.405 926.643 1.412 124947 14456 671.993 13829282.0 278.518 1631.372 330.627
ngpu) 44.406 1072.71  0.272 648.162 13.479 725.210 11861495.0 324.723 1608.521 335.324

ngp(z) 33.285 1431.12  0.250 705.200 3.1788 3075.09 7970518.00 483.243 1091.940 493.960

Note: The minimum MSE value of $Z is given in Table 3 for (4, a, b) = (1, 1, 0).

Table 3 shows the results of mean square error (MSE) values and PREs for the proposed and
some existing estimators with respect to sample variance. The efficiency comparison of the
proposed estimator has been made with the other estimators considered in the study and the

results revealed that the performance of the proposed estimators $2,,,,1y and Sz, is better
than all other considered estimators.

5. Conclusion

In this study, a new generalized exponential-type estimator for estimating the finite population
variance §§ using the auxiliary information in simple random sampling was suggested.
Expressions for bias and MSE of the estimators were derived up to first degree order
approximation. The theoretical efficiency conditions under which the proposed class of
estimators are better than the existing estimators were presented. In Table 2, the MSEs and PRE
of the classes of the proposed estimator S‘,%rop were compared with other considered estimators
numerically. Evidence from the study revealed that the proposed classes of estimators have
smaller MSEs and higher PREs among others which implies that they are more efficient than the
existing estimators. Therefore, the new proposed variance estimator is recommended for use in
real life applications associated with variabilities.
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