Fixed Point Results for Rational Type Contraction in A-Metric Spaces
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ABSTRACT

The goal of this paper is to define rational contraction in the context of A-metric
spaces and to develop various fixed-point theorems in order to elaborate, generalize,
and synthesize several previously published results. Finally, to illustrate the new

theorem, an example is given.
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1. Introduction

In science and mathematics, fixed point theory is very important. Due to its wide range of
applications in domains such as nonlinear analysis, topology, and engineering challenges, this
field has drawn a lot of interest from academics in the last two decades. The Banach fixed-point
theorem [3] is a key tool in the theory of metric spaces; it guarantees the existence and uniqueness
of fixed points of certain self-maps of metric spaces, as well as a constructive method for finding
them. Bakhtin [2] proposed the concept of a b-metric space as a generalization of metric spaces in
1989, and numerous scholars used it to fixed point theory. Many b-metric space discoveries were
expanded by Czerwik [4-5] in 1993. An S-metric space was introduced by Sedghi et al. [7]. The
S-metric space is a space with three dimensions. S,-metric space was introduced by Souayah et
al. [8], and several fixed point theorems were developed. The concept of A-metric space was
established by Abbas et al. [1], which is a generalisation of the S-metric space.

Das and Gupta [6] derived the first fixed point theorem for rational contractive type conditions.



Theorem 1.1 (see [6]). Let (Y,d) be a complete metric space, and let T:Y — Y be a self-
mapping. If there exist a, 8 € [0,1) with @ + 8 < 1 such that

1+dMmIm]duT
d(Tn, Tw) < ad(n, u) + BRI (L1)

forall n,u € Y, then T has a unique fixed pointn* € Y.

The purpose of this article is to define Dass and Gupta’s rational contraction in the context of A-
metric spaces and establish some fixed-point theorems to elaborate, generalize and synthesize
several known results in the literature. Finally, the example is presented to support the new

theorem proved.
2. Preliminaries
In this part, some useful notions and facts will be given.

In this part, some useful notions and facts will be given. In 2015, Abbas et al. [1] introduced the

notion of A-metric space.

Definition 2.1 (see [1]) Let Y be a nonempty set. A mapping A: Y™ — [0,+0) is called

an A-metricon Y if and only if for all g;,a € Y,i = 1,2,3,..n: the following conditions hold:

(Al). A(0q,05,03, ., Op_q1,0p) = 0,
(A2). A(ay,0,,03, ....,0p_1,0,) =0ifandonlyifo;, =0, = -+ = 0,1 = 0y,
(A3). A(0y,05,05, ....,0n-1,0,) < A(04,01,04, v, (1)1, Q)
+A(0y,0,5,05, ..., (02)p-1,Q)
+A(03,03,03, ..., (03)pn_q,@) + -
+A(0n-1,0n-1,0n—1, =+, (On_1)n-1, @)

+A(0y, Ony Oy ov oy ()1, )]
The pair (Y, A) is called an A-metric space.
The following is the intuitive geometric example for A-metric spaces.

Example 2.2 (see [1]) Let Y = [1,4+ ) . Define A: Y™ — [0,4) by



n
A(04,04,03, ., Op_q1,0p) = ZZM — 0j|

i=1i<j
forallo; €Y,i=1,2,..n.
Example 2.3 (see [1]) Let Y = R . Define A: Y™ — [0,+0) by
A(01,02,03, .., Op_q,0) = |Zi2=n o;—(n— 1)01|
+|Xi, 0. — (n—2)a,| + -
+|Z?=_n3 0; — 3Un—3|
+| ::nz 0; — 20n—2|
+lon — o4l
forallo; €Y,i=1,2,..n.
Lemma 2.4 (see [1]) Let (Y, A) be an A-metric space. Then for all ,¢ € Y,
A(0,0,0,0,...,(0)n-1,6) = A(6,6,6,6 .., (§)n-1,0)
Lemma 2.5 (see [1]) Let (Y, A) be an A-metric space. Then forall g,¢,¢ €Y,
A(o,0,0,0,..,(0)pn-1,§) < (n—1)A(0,0,0,0,...,(0)pn-1,6)
+A4(§,§,¢,8, ., (n-1,6)
and
A(o,0,0,0,..,(0)ph-1,§) < (n—1)A(0,0,0,0, ...,(0)pn-1,¢)

+A(C, YIS YRIY (C)n—l' f)

Lemma 2.6 (see [1]) Let (Y, A) be an A-metric space. Then (Y x Y, D,) is an A-metric

space on 'Y X Y, where Dy is given by for all o;,¢; € Y,i,j = 1,2, ..., n:



DA((UL 61),(02,62),(03,63), ..., (On, Cn))
= A(01,02,03, ..., ) + A(S1, 62,63, ) Sn)-
Definition 2.7 (see [1]) Let (Y, A) be an A-metric space. Then
1. Asequence {o;} is called convergent to ¢ in (Y, A) if
limy_, ;o A(0%, 0%, 0%, O, .. (O3 )p—1,0) = 0.
That is, for each € > 0, there exists n, € N such that for all k > n,, we have
A(oy, ok, 0k, 0%y .. (Ok )p—1,0) < €
and we write limy_, ., 0y = 0.
2. Asequence {oy} is called Cauchy in (Y, A) if
limy, 1+ 00 A(Ok, O, Ok, O, - . (Ok ) -1, Om) = 0.
That is, for each € > 0, there exists n, € N such that for all k, m > n,, we have
A(oy, 0k, 0k, Ok, - - (Ok ) p—1, Om) < E.
3. (Y,A) is said to be complete if every Cauchy sequence in (Y, A) is a convergent.

Lemma 2.8 (see [1]) Let (Y,A) be an A-metric space. If the sequence {o;} in Y

converges to o, then ois unique.

Lemma 2.9 (see [1]) Every convergent sequence in A-metric space (Y, A) is a Cauchy

sequence.
Lemma 2.10 ( see [1]) Let (Y, A) be an A-metric space. Then forall o,¢ €Y,

A(o,0,0,..,0,¢) = A(5,6,G, ..., G, 0)

Lemma 2.11 (see [1]) Let (Y, A) be an A-metric space. Then for all ,¢,& €Y,



A(O’,O’,O’, ...,O',E) < (Tl - 1)A(U;U;U; ---;O-'C) + A(E;E'E' !E'C)
and
A(o,0,0,..,0,§) < (n—1A(0,0,0,...,0,¢) + A(5, 6,6, ..., 5, &)

Definition 2.12 (see [1]) The A-metric space (Y, A) is said to be bounded if there exists a

constant r > 0 such that A, (o, 0,0,...,0,¢) < rforall o,¢ € Y. Otherwise, Y is unbounded.

Definition 2.13 (see [1]) Given a point g, in A-metric space (Y, A) and a positive real

number r, the set

B(ay,7) = {c€Y:A(5¢,6,...,6,00) <7}
is called an open ball centered at o, with radius r.
The set

B(do,1) = {s €Y:A(5,6,6,...,6,00) < T}
is called a closed ball centered at g, with radius r.

Definition 2.14 (see [1]) A subset G in A-metric space (Y, A) is said to be an open set if
for each o € G there exists an r > 0 such that B(g,7) < G. Asubset F c Y is called closed if

Y \ F is open.

Definition 2.15 (see [1]) Let (Y, A)be an A-metric spacewith s > 1. Amap f:Y = Y is

said to be contraction if there exits a constant A € [0,1) such that

A(foq, foy, fos, ..., fo,) < AA(0y, 05,03, ..., On)

forall 04, 0,,05,...,0, €Y. In case

A(foq, foy, fos, ..., fo,) < A(01, 03,03, ...,0p)



for all 0y,0,03,...,0, €Y,0; # g; for some i #j,i,j € {1,2,..,n}, f is called contractive

mapping.
3. Main Results

We define rational contraction in A-metric space in this section, and then prove a fixed-point

theorem.

Definition 3.1 Assume that (Y, A) be an A-metric space. A self mapping T on Y is said to be
Dass and Gupta’s rational contraction, if there exit 1,,4, € [0, 1) with 1; + A, < 1 such that

[1+A(mm,..n,TM]IA( L, ..., TH)
A(Tn,Tn, ..., Tn,Tu) < A, MH:(WZ%HWI";)‘ B L AM Y, o, 1) (3.2)

foralln,uevy.

Theorem 3.1 Let (Y, A) be a complete A-metric space and let T:Y — Y be a Dass and Gupta’s
rational contraction, then T has a unique fixed point n* € Y. Moreover, for any n, € Y, the

sequence {n,} c Y defined by
Mev1 =T, k EN, (3.2)
IS convergent to n*.

Proof. First, we observe that T has at least one most one fixed point. In fact, u,v € Y are two

fixed points of T with u # v, i.e.
Alw,u,u,..,v) >0, Tu=u, Tv=r.
AsT:Y — Y is a Dass and Gupta’s contraction, so

Alw,u,...,u,v) = A(Tu,Tu, ..., Tu, Tv)

[1+A(wu,...u,TW]AW,V,..,v,TV)
[1+A(ww,...u)]

<A + LA, u, ..., u,v)

[1+A(uwu,..,u,w)]A(w,p,...v,v)
[1+A(uu,..,u,v)]

<A + LA, ..., u,v)

< LA, u,...,u,v)



which is a contradiction

Let n, € Y be an arbitrary element and construct a sequence {n;} by the rule (3.2). AsT:Y - Y

is a Dass and Gupta’s contraction, so

AMie M o Mo Miet1) = AT N1, TN 15 oo, Ti—1, TN)

[1+AMk—1.Mk— 15 Mk=1.TN—1)IA@ RN ks M1 TN i)
1+AMg-1.Mk-1,-Mk—17k)

< + 22 AMg—1, Mk=1s -+ » M1, k)

[1+AMg—1.Mk—1,-Mk—1.M)]Ab M Mie MMk +1)

+ LAMe—1,Mk=1> ++o» N1,
T A e ket 1) 2A(Mk—1, Me—1 Nk-1,Mk)

<A

= /1114(7710 Nis N 77k+1) + /1214(7’]](_1, Nk—1r = Nk—1» 7/]k)

which further yields that
yl
A(nk! Nis - Nies le+1) < 1_;1 A(Uk—p Nk—1) > Nk-1, nk) (33)

Similarly,

A(nk—l' Nk—1> > Nk—1 nk) = A(Tnk—Z' Tr]k—Zl L] TT]k—Zr Tnk—l)

[1+AMk—2.Mk—2,Mk—2TNe—2) 1AM k-1, —1)-Mk—1,TNhe—1)
1+AMg—2Mk-2,Mk—-2/Mk—1)

+ AZA(nk—ZI Nk—2) > Nk—2, nk—l)

<A

[1+AMk—2.Mk—2, - Mk—2Mk=1)IAME— 1Mk =1, M k—1.1k)
1+AMk-2Mk-2-Mk—2Mk—1)

< Al + AZA(nk—Z' Nk-2) - Nk-2, nk—l)

= /1114(7’];(_1, Nk—1s = Nk—1» nk) + AZA(T]k—Zf Nk—2s s Nk—2» nk—l)
The last inequality gives
A
A(Uk—p Nk—1) > Nk-1, le) < 1__;114(771(—2, Nk—2) - Nk-2, nk—l) (34)

Az
1-14

Let A =

Then from (3.3) and (3.4) and continuing the process, we get

A(Uk—p Nk—1) - Nk-1, nk) < AkA(Uo' No, ---»No» 771)’ keN (35)

For m, k € N with m > k, we have by repeated use of (A3)

AN ks oo Mo M) < (M= DA Mies oo Mio Mier1) + AW My oo Mo M 1)

< (Tl - 1)A(77k» Nks - Nies r]k+1) + A(nk+1' Nk+1r > Nk+1» nm)



< (= DA M o Mo M) + (0= DAy 1 Mierrs 0 M1 Mier2)
+AMm, M e s Mie2)

< (= DA M o Mo M) + (0 — DA ks 1, Micr s -0 Mier 1 M 2)
+AMi+2 Mier2s 0 Mt 2 SNim)

< (= DA M o Mo M) + (0 — DA ks 1, Micr s -0 Mier 1 M 2)
+( — DAMks2, Mierzs - Mer2s Mier3) + AW My oo M Mt 3)

< (n— DA Mier -0 Mo Mier1) + (0= DAkt 1, Mier 10 0 Miet 1 Miet2)
+( — DAMk+2, M+20 > Miet 2> Mie+3)

+(M = DAMk+3, M43y s Mict 3, Micra) +

+(n — DAMm—2,Mm-2 -+ Mm-2,Mm-1)

+AMm-1Mm-1 = Mm-1,Mm)

< (= DA+ A4+ 4+ A™2]A(M0, M0, -2, M0, 1)

+A™ 1AM, Mo, -+ Mos M)

=Mm—DA[1+ 14+ 22+ -+ 2™ %2140, 10, --» N0, 1)

+A" KA, Moy 5 105 M1)

Sm=DAP+21+2+ 23+ 140, Mgs -» No»11)

/1k
<(n- 1)§A(TI0»TI0' s MosM1) (3.6)
Since 4 < 1,4 € [0,1). By taking limit as k, m — +oo in above inequality, we get

limk,m—>+ooA(77k' Nis +r Nk nm) = 0.



for all m > k. Therefore, {n,} is a Cauchy sequence in Y. But Y being complete, then there
exists u € Y such that n, — u. We shall that u is a fixed point of T. We declare contradiction
that A(u, u, ..., u, Tu) > 0. By (3.1), we have

AMr+1 Mk+1s - Mk+1, TW = ATk, Tk, oo, Tg, TU)

<12 [1+AM Nk M TN AW, . U, TU)
=M 1+AMp NN W)

+ /1214(7710 Niy ooy nkru)

[1+AM e NN Mi+ )AL Y,  u, TU)
1+AM N N W)

< Al + AZA(T]k' Ny e 'nk'u)

Taking k — oo in the above inequlity, we get
A(u,u,...,u,Tu) < 1AW, ..., u,Tu) < A(u,u, ...,u, Tu)

This is contradiction. Hence, we have A(u, u, ...,u,Tu) = 0,i.e. Tu = u. Therefore it concludes

that u € Y is the unique fixed point of T.
The following Corollary is the A-metric version of Banach’s contraction principle.
Corollary 3.1 Let (Y, A) be a complete A-metric space and let T: Y — Y be a mapping such that

A(Tn,Tn,...,Tn,Tu) < AA(n,n,...,n, 1w 3.7)

forall n,u € Y, where A < 1 Then, T has a unique fixed point u € Y. Moreover, forany n, €Y,
the sequence {n, } c Y defined by

Nk+1 = Tnklk € N'
is convergent to u.
Proof. It follows by 4, = 0 and A, = A in Theorem 3.1.

Corollary 3.2 Let (Y, A) be a complete A-metric space and let T: Y — Y be a mapping such that

[1+A(m7,..n,TMIAWL, ... .t, T L)
< .
A(Tn,Tn, .., Ty, Tp) < 4 1+AMA,..m1) (38)

forall n,u € Y, where A <1 Then, T has a unique fixed point u € Y. Moreover, for any n, €Y,
the sequence {n,.} c Y defined by



Mevr = T, k €N,
is convergent to u.
Proof. Taking 1, = 4, 1, = 0 in Theorem 3.1, we obtain the desired result.
We conclude with an example.

Example 3.1 Let Y = [0,1] . Define A: Y™ — [0,+0) by

n
Ab(’h» N2,MN35 s Mn-1, nn) = 2 Z|7h - 77]|

i=1 i<j

for all n; €Y,i = 1,2,..n. Therefore, (Y, A) is an A-metric space. Let us define T:Y = Y as

Ty = g for all n € Y. Then, for every n,u € Y, the condition (3.1) holds for 4; = i Ay =

Nl N

Thus, T fulfill all assumptions of Theorem 3.1. Therefore T has a unique fixed point 0 € Y.

Conclusion

To elaborate, generalize, and combine various previously published results, we first defined
rational contraction in the setting of A-metric spaces and constructed a fixed-point theorem for

Dass and Gupta rational contraction. Finally, an example is given to explain the new theorem.
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