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Abstract

In chemical graph theory, a topological descriptor is a numerical quantity that is based on the
chemical structure of underlying chemical compound. Topological indices play an important
role in chemical graph theory especially in the quantitative structure-property relationship
(QSPR) and quantitative structure-activity relationship (QSAR). In this paper, we present
explicit formulae for some basic mathematical operations for the second hyper-Zagreb in-
dex of complement graph containing the join G; + G2, tensor product G; ® G2, Cartesian
product Gy x Ga, composition G1 o Go, strong product Gi * G, disjunction G V Gy and
symmetric difference G1 & G3. Moreover, we studied the second hyper-Zagreb index for
some certain important physicochemical structures such as molecular complement graphs
of V-Phenylenic Nanotube V PH X|[q, p], V-Phenylenic Nanotorus VPHY [m, n] and Titania
Nanotubes T705.

Keywords: Zagreb index, Hyper-Zagreb index, Y-index, Second Hyper-Zagreb index,
Forgotten index, graph operation, Titania Nanotubes, V-Phenylenic Nanotube
VPHX]|q,p], V-Phenylenic Nanotorus VPHY [m, n], complement graph.

1. Introduction

A graph can be recognized by a numeric value which represent the whole graph. Topolog-
ical indices are numerical quantity which are used to correlate the physico-chemical proper-
ties of a molecule with its structure such as boiling point, stability, strain energy etc. There
are a wide range of topological descriptors which based on degree-based, distance-based,
eigenvalue-based, matching-based and mixed-based. The topological indices which based on
degree-based play a vital in chemical sciences and computing these topological indices is one
of the recent areas of research in chemical graph theory. In our study, we have computed
the degree-based topological indices of some graph operations and some nanostructure. All
graphs in this paper are finite and simple, let G be a finite simple graph on V(G) = n,
vertices and E(G) = m, edges, the degree of a vertex v is the number of edges incident to
v, denoted by dg(v). The first and second Zagreb indices have been introduced by Gutman
and Trinajsti¢ in 1972 [I]. They are respectively defined as:

M(G)= > 6v)= Y [bc(u)+dcv)],

veV(G) uwweE(G)
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My(G)= > da(u)dav).

weEE(G)

The first and second Zagreb coindices have been introduced by A.R. Ashrafi, T. Dosli¢,
and A. Hamzeh in 2010 [2]. They are respectively defined as:

My(G)= ) Be(w)+oc@)], MxG)= Y dcu)dc(v),

uwvg E(G) uwvg E(G)

In 2013, Shirdel et al. [3] introduced degree-based of Zagreb indices named Hyper-Zagreb
index which is defined as:

HM(G)= Y (dc(u)+ dc(v))?,
weE(G)

In 2016, M. Veylaki et al. [4] introduced degree-based of Zagreb coindex named Hyper-
Zagreb coindex which is defined as :

HM(G) = Y (3a(u) + 86(v))?
w¢E(G)

Furtula and Gutman in (2015) introduced forgotten index (F-index) [5]. which defined

| FG = 3 (563w) +da*w),

weE(G)

Furtula et al. in (2015) defined forgotten coindex (F-coindex)[6] as the following:

FG) = >, (d6™(u) +d6" (),

w¢E(GQ)

Ranjini et al. [7] defined the redefined first, second and third Zagreb indices for a graph
G and these are manifested as:

5(u)d(v)

o(u) + 0(v)
6(u) +0(v)’

ReZGi(G) = ) §(u)d(v)

uwweE(G)

., ReZGy(G)= Y
uwweE(G)

ReZGs(G) = Y (6a(u)c(v))(6a(u) + da(v)),
wEE(G)

In 2020, Alameri et al. [, [9] presented new degree-based of Zagreb index and coindex
denoted by (Y-index, Y-coindex) and defined respectively as:

Y(@) = Y dhw)= Y [8() + &),

weV(G) weE(G)

V(G = Y 16w + ),

w¢ E(G)

In 2016, Wei Gao et al [I0] defined the second Hyper-Zagreb index of a graph G, which
is defined as: )
HMy(G) = Y (5a(u)da(v))’,

uwweE(G)
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Therefore, Wei Gao et al. [10] in (2016) computed the second Hyper-Zagreb index
H M>5(G) of Carbon Nanocones CNCjy[n]. M. Farahani et al. [I1] studied the second Hyper-
Zagreb index of Molecular graphs V-Phenylenic Nanotubes and V-Phenylenic Nanotorus.
A. Modabish et al. [I2] in (2021) computed the second Hyper-Zagreb index of some spe-
cial graph and graph operation. Here we continue this line of research by exploring the
behavior of the second Hyper-Zagreb index under several important operations such as the
tensor product G; ® Gs, join G; + G5 and G7 + Go, strong product Gi * G, disjunction
G1 V G4 and symmetric difference G; & G5. The results are applied on some molecular com-
plement graphs such as of V-Phenylenic Nanotube VPH X|q, p], V-Phenylenic Nanotorus
VPHY [m,n] and Titania Nanotubes T%0O5. Any unexplained terminology is standard, typ-
ically as in [10] 1T}, 13} 14} 15} [16, 17, 18].

2. Preliminaries

Definition 2.1[25]  The complement graph of a graph G denoted by G, is a graph on
the same set of vertices V(G) in which two vertices u and v are adjacent, i.e., connected by

an edge uv, if and only if they are not adjacent in G. Hence, wv € E(G), <= wv ¢ E(G).

Obviously E(G) U E(G) = E(K,), and m = |E(G)| = () — m, the degree of a vertez u in

G, is the number of edges incident to u, denoted by o5(u) = (n — 1) — dg(u).

Theorem 2.2 [I1l 19] The first and second Zagreb and Hyper-Zagreb indices of the
V-Phenylenic Nanotubes VPHX [q,p|(Vq,p € N—{1}) (Fig 1.) are given by,

M (VPHX[q,p]) = 54pq — 10q,
M>(VPHX|q,p]) = 81pq + 3q,

HM(VPHX]|q,p]) = 4¢(81p — 20),
HMy(VPHX]|q,p]) = 9¢(81p — 29).

Theorem 2.3 [I1,[19] The Zagreb and Hyper-Zagreb indices of the V-Phenylenic Nan-
otorus VPHY [m,n](¥m,n € N—{1}) (Fig 3.) are given by,

M (VPHY [m,n]) = bdmn,
My(VPHY [m,n]) = 81mn,
HM(VPHY [m,n]) = 324mn,
HM,(VPHY [m,n]) = 729mn.

3. Discussion and Main Results

In this section, we study the second Hyper-Zagreb index of various complement graph
operations and compute H Ms for some certain important Nano-Structures such as molec-
ular complement graphs of V-Phenylenic Nanotube V PH X|q, p], V-Phenylenic Nanotorus
V PHY [m,n] and Titania Nanotubes TiOx.



3.1. Second Hyper-Zagreb index of complement graph binary operations

Theorem 3.1.1 Let G be a graph with n vertices and m edges. Then,

HM(G) = mn—1)*"—=2(n—1)3M(G) + (n — 1)2F(G) + 4(n — 1) My(G)
— 2(n—1)M(G)F(G) 4+ HM;(G).

Proof. By definition of the second Hyper-Zagreb index, we have

HM;(G) = > [0g(u)ig(v))?
wwé E(G)

= Y =1 = se@Pln—1) - o)

uwweE(G)

= > (=1 =2(n~1)dc(u) + g (w)][(n —1)* = 2(n = 1)dc(v) + 6 (v)]

weE(G)
= Z [(n—1)%[(n—1)* = 2(n — 1) (v) + 6&(v)]
WEE(G)
—2(n — Ddg(u)[(n — 1)* = 2(n — 156 (v) + & (v)]
+0g(w)[(n —1)? = 2(n — 1)dG(v) + 0% (v)]]
= Y (=1 =2(n—1)%c() + (n—1)°65(v) — 2(n — 1)*36(u)
weB(G)
+ A(n —1)%06(u)dc(v) — 2(n — 1)dc(u)dg (v) + (n — 1)*6% (u)
—2(n = 1)8&(u)dc (v) + 6 (u)5E (v)]
= Z [(n—1)* —2(n —1)*0¢(v) — 2(n — 1)*0¢(u) + (n — 1)*6¢(v)
weE(G)
+(n = 1268 (u) + 4(n — 1)*06(u)da (v) — 2(n — 1)dG(u)d% (v)
—2(n — 1)0% (u)dc (v) + 66 (u)d(v)]
= (=" Y 1-20-1° > [Sa(v)+dc(w)]

uv€E(G) w€E(G)

+ (n—1) Z (62, (v) + 0% (w)] + 4(n — 1)? Z da(u
uwveE(G) uv€EE(G)

- 20n-1) Y [ba(w)dE(v) + 6% (u + Y
uwveE(G) uwveE(G)

= mn—1)*"=2(n—-1)3M(G)+ (n —1)*F(G) + 4(n — 1)* M (G)
— 2(n—1)M(G)F(G) + HM(G).

40 Definition 3.1.2 [20, 21] The tensor product G1 ® Ga of two graphs Gy and Go is the
graph with vertex set V(G1) x V(Gz) and E(Gy1 ® G2) = (u1,uz2)(vi,v2)|urvr € E(Gy) and
ugve € E(Ga), such that |V (G1 ® Ga)| = ning, |E(G1 ® Ga)| = 2mims and dg, a6, (u,v) =
oc, (u)6G2 (U)



Theorem 3.1.3 The second Hyper-Zagreb index of complement G; ® G5 is given by:

HMQ(Gl X GQ) = lemg(nan — 1)4 — 2(711712 — l)SMl(Gl)Ml(GQ)
+ (n1n2 — 1)2F(G1)F(G2) + 8(77,1712 — 1)2M2(G1)M2(G2)
— 2(7117’7/2 — 1)M1(G1)M1 (GQ)F(Gl)F(GQ) + 2HM2(G1)HM2<G2)

Proof. By (Theorem 3.1.1) we have

HM(G) = mn—1)*=2(n—1)3M(G) + (n — 1)2F(G) + 4(n — 1) My(G)
2(n = 1)My(G)F(G) + HM(G).

And Ml(Gl ® Gz) = Ml(Gl)Ml(GQ), MQ(Gl ® GQ) = 2M2(G1)M2(G2) given in [22]
F(Gl (9 Gz) = F(G1>F(G2> given in [23] HMQ(Gl X Gg) = QHMQ(Gl)HMQ(GQ) given in
[12]. and since |E(G; ® G2)| = 2mima, |V (G1 ® G2)| = ning. Then,

HM(Gi ©Gs) = |B(G1@Go)|([V(G1@Ga)| = 1) =2(|[V(G1 @ Ga)| = 1)> My (G @ Gs)
+ ([V(G1®Gy)| = 1)°F(G1 ® Ga) + 4([V(G1 ® Ga)| — 1)*Ma(G1 ® Gs)
2(lV(G1 ® Ga)| = 1)M1(G1 ® G2) F(G1 @ Gz) + HM32(G1 @ G2)
= 2myma(ning — 1)* — 2(nyny — 1) M, (G1) M, (G3)
+  (ning — 1)?F(G1)F(Go) + 8(ning — 1) My (G1) Mo(Gy)
— 2ming — 1M, (G1) M (Ga) F(G1)F(Ga) + 2H My (Gr ) HMs(G).

Definition 3.1.4 [20,2I] The join G1+Gs of two graphs G and G is a graph with ver-
tex set V(G1+G3) = V(G1)UV (G2) and edge set E(G1)UE(Go)U{uv|u € V(G1),v € V(Ga)},
such that |[V(G1 + G2)| = n1 + na, |E(G1 + G2)| = m1 + mg + ning and

(SGl (CL) + ng a € V(Gl)

dcita,(a) = {§G2 (a) +nq a € V(Gs)

Theorem 3.1.5 [25] The second Zagreb index of G; + G5 is given by:

MQ(Gl + Gz) = Mg(Gl) + MQ(GQ) + ’Ilel(Gl) + nlMl(Gg) + ngml + nfmz

+ 4dmimo + 2mining + 2mansng + n%n%
Theorem 3.1.6 The second Hyper-Zagreb index of G; + G» is given by:

HM5(Gy +Go) = n3F(G1) +n3F(Go) +4n3My(Gy) + 4ntMo(Gy)
+2n3 M1 (Gh) + 2n3 M1 (Go) + nymy + nimg + nind
+[4n1my + ning] My (Gh) + [4namy + nin3] M1 (Gs)
+4n3n2[my + mo] + 16n1n9myme + My (G1) M, (G3)
121 M, (G1)F(G1) + 21 My (G2) F(Gs) + HMs(Gh) + HMa(Gs).



Proof. By definitions of the second Hyper-Zagreb index, we have

HM;(Gy +Ga) = Yo [0 40, (W) 1, (v)]
weE(G1+G2)
weE(Gy) w€EE(G2)

+ Z Z 6G1+G2 5G1+G2( )]

uEV(Gl) UEV(GQ)

= Y (66, (w) + n2)* (¢, (v) +n2)?]

weFE(G1)

+ Y (e () +11)* (86, (v) +11)°]

uveE(Gzy)

+ 0 D (e, () + n2)?(0a,(v) + 1))

ueV (G1) veV (G2)

= D (6%, () + 2n2dc, (u) +n3) (62, (v) + 2020, (v) +n3)]
wweE(G1)

+ Y (62, (W) + 20186, (w) + 13)(8%, () + 2m06, (v) + nF)]
uwweE(G2)

+ > Y (0%, (u) + 2020, (u) + n3) (08, (v) + 2m10c, (v) + 1))
ueV (G1) veV(G2)

= > [0, W)8E, (v) + 2n262, (w)de, (v) + 1308, (1) + 2n2dc, (u)5E, (v)
w€eE(Gy)

+4n30, (1)0c, (v) + 2n506, (u) + n30E, (v) + 2n506, (v) + ng)

+ > [0, ()62, (v) + 20168, (u)da, (v) + nioE, (u) + 2166, (u)6Z, (v)
uveE(G2)
+4n10a, (1)0a, (v) + 2n10a, (u) + nidg, (v) + 2nide, (v) + ni]

+ > Y (68, (o, (v) + 2m168, (w)da, (v) + nidE, (u)
ue€V(G1) veV(Ga)
+2n206, (u)0g, (v) + 4ninadc, (u)da, (v) + 2ninade, (u) + n3ée, (v)
+2n1n38c, (v) + ninj]

Step 1
DYool o= Y B WG, )] +2me Y (08, (w)de, (v) + 06, (w)dE, (v)]
wv€EE(G1) wweE(G1) wweE(Gy)
+ny Y [0, (W) + 6, ()] +4ns Y [ (Wi, (v)]
weEE(Gy) w€EE(Gy)
+2n8 Y e () e @] +ns Y (1)
weE(Gy) weE(Gy)

= HMQ(Gl) + 2712M1(G1)F(G1) + TLQF(Gl) + 477,2M2(G1)
+2n§M1(G1) + ngml.
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Step 2

3o o=

uwveE(G2)

Step 3

2. >

ueV (G1) veV (G2)

Yo [ (e, ] +2m Y (68, ()86, (0) + 8c, (u)6, (v)]

weE(G2) weEE(G2)

i Y 0%, (W) + 65, +anf Y [fea(w)dc, (v)]

w€EFE(G2) weE(G2)
+2nf Y e (W) + g, )]+t D (1)
weFE(G2) w€EE(G2)
HMQ(GQ) + 2711M1(G2)F(G2) + an(Gz) + 47’LlM2(G2)
+27L?M1 (Gz) + n%mg.

= Z Z 501 )]+ 2ng Z Z 5G1 u)da, (v)]

ueV(G1) veV(Ga) ueV(G1) veV(G2)
D DIEDSECACESEND DD SR UAOLAC)
ueV (G1) veV (G2) ueV (G1) veV (G2)
+4nins Z Z [6c, (u)da, (v)] + 2n3ny Z Z da, (u)
ueV(G1) veV(Ga) ueV(G1) veV(Ga)
Hny > > ) +2mnd > Y e,
ueV (G1) veV(G2) weV(G1) veV(G2)

SR DD
ueV(G1) veV (G2)
= Ml(Gl)Ml(GQ) + 4n1m2M1(G1) + TL%TLQMl(Gl) + 4n2m1M1 (GQ)

+16n1n9m1ma + 4mining + nina M (G2) + 4manini + nins.

It is easy to see that the summation of step 1, step 2 and step 3 complete the proof. O

Theorem 3.1.7 The second Hyper-Zagreb index of complement G; + G» is given by:

HMQ(G1 + GQ) =

+ o+ 4+ o+

+ o+ o+ o+ o+

+

(m1 +ma +ning)(ng +ng — 1)* = 2(ny +ng — 1)2[M1(G1) + M1(Gs)

nin3 + nani + dming + dmang] + (n1 + ng — 1)[F(G1) + F(Ga)

3no M (G1) + 3ny My (Gy) + 6n3my + 6n3msg + nyns + nan’

4(ny +ng — 1)2[Mz(G1) + My(G2) 4+ no My (Gy) + ni M (Gy)

ngml + n%mg + 4dmims + 2mining + 2meonsng + n%ng]

2(ny + ny — 1)(M1(G1) + M1 (G2) + nin3 + nan? + 4myny

dmany) [F(Gh) + F(G2) + 3na M1 (G1) + 3n1 My (Ga)

6n3m1 + 6nims + nini + nonf]] + 2na M (G1)F(Gh)

201 M1 (Go)F(Ga) + HMo(Gy) + HMy(Ga) + n3F(G1) + n2F(Gs)
naMo(Gh) + 4n3 Mo (Go) + 2n5 M1 (G1) + 2n3 M1 (Gy) + nymy

nimeo 4+ nin3 4 [Animg + ning| My (Gy) + [4namy + nyin3] Mi(Gs)

4n3n3[my + ma] 4+ 16n1n9mimy + My (G1) M1 (Gs).

Proof. By (Theorem 3.1.1) we have

HMy(G) =

m(n —1)* = 2(n — 1)*M1(G) + (n — 1)?*F(G) + 4(n — 1) My(G)
2(n — 1) M, (G)F(G) + HM,(G).



o And M;(Gy + G2) = My1(G1) + M1(G2) + nin3 + nan? + 4myng + 4maon; given in [25].
F(Gl + GQ) = F(Gl) + F(Gg) + 37’L2M1 (Gl) + 3711M1 (Gz) + 6n§m1 + Gn%mz + nlng + mn%
given in [23]. |E(G1 + G2)| = m1 + ma+ning, |V(G1+ G2)| =ny + n2 and by (Theorem
3.1.5) and (Theorem 3.1.6). Then,

65

HM>(G1 +Gy) =
+

+ o+ 4+ o+

o+ o+ o+

IB(Gh + G)(IV(G) + Ga)| = 1) — 2(|V(G1 + Ga)| — 1)* My (G + Ga)
(IV(G1 + Ga)| = 1)’F(G1 + Ga) + 4(|V(G1 + Ga)| — 1)*Ms(G1 + Ga)
2(lV(G1 + Ga)| = 1)M1(G1 + G2) F(G1 + G2) + HM3(G1 + G2)

(mq 4+ ma + ning)(ny +ng — 1)* = 2(ny +ny — 1)3[M1(G1) + M1 (Gs)
ning + nont + dmyng + dmoni] + (n1 +ng — 1)?[F(G1) + F(G3)
3no M (G1) + 3ny My (Gy) + 6n3my + 6n3msg + nins + nan’

4(ny 4 ng — 1)*[M2(G1) + M2(G2) + no M1 (G1) + ni My (Gs)

n%ml + n%mg + 4dmims + 2mining + 2mongny + n%ng]

2(n1 + ng — 1)(M1(G1) + M1(Gs) + nin3 + nani + 4mins

4many) [F(Gh) + F(G2) + 3na M1 (G1) + 3n1 My (G2)

6n3m1 + 6nims + nini + nonfl] + 2no M (G1)F(Gh)

201 M1 (Go)F(Ga) + HMo(Gy) + HMy(Ga) +n3F(G1) + niF(Gs)
AnZMy(Gh) + 4niMo(Gy) + 2n3 My (G1) + 2n3 My (G2) + nymy

nimeo 4+ nin3 4 [Animg + ning| My (Gy) + [4namy + nyn3] M (Gs)
4n3n3imy + ma] 4+ 16n1n9mymy + My (G1) M1 (Gs).

Definition 3.1.8 [20, 21] The strong product G1 * Gy of two graphs G1 and G4 is a
graph with vertex set V(G1xG2) = V(G1) x V(G2) and any two vertices (u1,v1) and (ug,vs)
are adjacent if and only if { w1 = us € V(G1) and viva € E(G2) } or { v1 = vy € V(G2)
and uiug € E(G1)}, such that |V (G x Gs)| = ning, |E(G1 *Ga)| = ming + nims + 2mymes
and 0G,+G, (u7 U) =dg, (u) + dc, (U) + dc, (u)(SG’z (U)

Theorem 3.1.9 [I5] The first and second Hyper-Zagreb index are given by:

Ml(Gl * Gg) = (TLQ + GmQ)Ml(Gl) + 8maomq + (6m1 + TLl)Ml(GQ) —+ 2M1(G1)M1(G2)

Mg(Gl * GQ) = (TLQ + 5m2)M2(G1) + (711 + 5m1)M2(G2) + 3m2M1(G1) + 3m1M1(G2)
+ 3Mi(G1)M1(G2) + 2M1(G2) M2 (Gy) + 2M1(G1)M2(G2) + M2(G1) M2 (Ga).



70 Theorem 3.1.10 The second Hyper-Zagreb index of complement G x G5 is given by:

HM,y(Gy*Gy) = [ming +nimg + 2myma)(ning — 1)*
2(ning — 1)3[(ng 4 6ma) M1 (G1) + 8mamy + (6my 4+ n1) M (G2)
2M;(G1)M;(G2)] + (ning — 1)%[neF(G1) +n1 F(Ga)
F(G1)F(G3) + 6maMi(G1) + 6my M1 (G2) + 6m2F(G)
6m1 F(Gs) + 3F(G2)M1(G1) 4+ 3F(G1) M1 (G2) + 6 M, (G1)M1(Gs)]
4(ning — 1)%[(na + 5ma) M2(G1) + (n1 + 5m1)Ma(Ge) + 3ma My (G1)
3miMi(G2) + 3M1(G1)M1(G2) + 2M1(G2) M2(Gy) + 2M1(G1) M2(Gs)
M5(G1)M2(G2)] — 2(ning — 1)[(n2 + 6me) M1 (G1) + 8mamy
(6mq + n1) M1 (G2) 4+ 2M1(G1)M1(G2)][n2F(G1) + n1 F(G2)
F(G1)F(Ga) + 6maM;(Gy) + 6my My (G2) + 6meF(G1) 4+ 6m1 F(G2)
3F(G2)M1(G1) + 3F(G1)M1(G2) + 6M;1(G1) M (G2)]
HM5(G3)[n1 + 10my + 10M71(G1) 4+ 8M2(G1)
6F(G1) +4ReZG3(G1) + Y(G1)] + HM2(G1)[n2 + 10ms
10M;(G3) + 8M3(G2) + 6F(G2) + 4ReZG3(G2) + Y (G2)]
Y (G2)[m1 4+ 2M;1(G1) + 4M3(Gh) + F(G1) + 2ReZG5(G1))
Y (G1)[ma 4+ 2M;(G2) + 4M3(G2) + F(G2) + 2ReZG3(G2))
4ReZG3(Ga)[my + 2M1(G1) + 2My(Gy) + 2F(GY)]
4ReZG3(G1)[m2 + 2M;(G2) + 2M2(G2) + 2F (Gs)]
F(G2)[3M1(G1) + 8M2(Gh)] + F(G1)[3M1(G2) + 8M2(Gy)]
8Mo(G1)M2(Ga) + 4M1(G1) M2 (Ge) + 4M1(G2) M2 (Gr)
2HM5(G1)HM5(G2) + 5F(G1)F(G3) + 6ReZG5(G1)ReZG3(G3).
Proof. By using (Theorem 3.1.1) we have,

_l’_

T s s e S S S S S S e

HM; (G * Gs) |E(G1 % Go)|([V(Gy % Go)| — 1)* = 2(|]V (G * Ga)| — 1)3 M1 (G * Go)
([V(Gy * G2)| — 1)2F(Gy * Go) + 4(|[V(Gy * Go)| — 1) My (G * G2)
2(|lV(G1 * Ga)| — 1)M1(G1 * G2)F(G1 * Go) + HM5 (G * Ga),

And by [23] [12], respectively, we have

F(G1 * GQ) = ngF(Gl) + an(GQ) + F(Gl)F(GQ) + 6m2M1(G1)
+ 6m1M1(G2) + 6m2F(G1) + 6m1F(G2) + 3F(G2)M1 (Gl)
+ 3F(G1)M1(G2) +6M1<G1)M1(G2).

HMs (G * Go) HMy(Ga)[ny + 10my + 10M,(G1) + 8Ma(G1)

6F(G1) + 4ReZGs(Gh) + Y (G1)] + HMs(G1)[ns + 10ms
10M1(G2) + 8M2(G2) + 6F(G2) + 4ReZG3(G2) + Y (G2)]
Y(Ga)[mi + 2My (G1) + 4Mo(Gh) + F(Gr) + 2ReZGs(Gh))]

Y (G1)[ma + 2M;(G3) + 4Mo(Gs) + F(Gs) + 2ReZG3(G2)]
AReZGls(Ga)my + 2My (G1) + 2Ms(Gr) + 2F (G )]
AReZG3(Gh)[ma + 2M; (Ga) + 2Ms(Ga) + 2F(Gs))]
F(G2)[3M:1(G1) + 8M2(G1)] + F(G1)[3M1(G2) + 8Ma(G2)]

8My (G ) Mo (G) + AM; (Gr) Ma(Ga) + M (Go) Mo (Gh)
YHMy(G1)HMs(Ga) + BF(G1)F(Ga) + 6ReZ Gy (Gr) Re ZGi(Ga).

+ o+

9
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80

85

90

And since |E(Gq * Ga)| = mina +nyma +2myms, |V(Gy * G3)| = nyng and by (Theorem
3.1.9). Which are complete the proof.

Definition 3.1.11 20, 21] The Cartesian product G1 X Ga of two graphs G1 and Gs
has the vertex setV(G1 x G2) = V(G1) x V(G2) and (a,x)(b,y) is an edge of G1 X G
if a = b and vy € E(Gg), or ab € E(G1) and © = y, such that |V(G1 x G2)| = nina,
|E(G1 X Ga)| = ming + nima, and da, xa, (4, v) = 0, (u) + dg, (V).

Theorem 3.1.12 The second Hyper-Zagreb index of complement G; x G is given by:
HMQ(Gl X G2> = (mlng + nlmg)(nlng — 1)4 — 2(77/1712 — 1)3[TLQM1(G1) + nlMl(Gg)

4(ning — 1)2[3maM1(G1) + 3mi My (Ga) + ny Mo (Gy) + naMy(Gh))
—  2(ning — 1)[naMi1(G1) + ni M1 (G2) + 8mims][neF(G1) + n1 F(G2)
+ 6maoMq(Gy) + 6mi1 M (G2)] + neHMs(G1) + ny HMs(Gs)

+ 3F(G1)M(Gs2) + 3F(Ga)M1(G1) + m1[Y (G2) + 4ReZG3(G3)]

+ me[Y(G1) + 4ReZG5(G1)] + AM1(G1) M2(Ga) + 4M;(G2) Ma(Gy).

Proof. By (Theorem 3.1.1) we have

HM,(G) = |E(G1x Go)|([V(G1 x Ga)| —1)* =2(|]V(G1 x Ga)| — 1)>M (G x G5)

+ (|V(G1 X GQ)‘ — I)QF(Gl X Gg) —|—4(|V(G1 X Gg)‘ — 1)2M2(G1 X GQ)
— 2(|V(G1 X G2)| — 1)M1(G1 X GQ)F(Gl X Gg) + HMQ(Gl X Gg)

And Ml(Gl X Gg) = TLQMl(Gl) + ’/llMl(Gg) + 8’/71177127 Mg(Gl X GQ) = 3m2M1(G1) +

3m1M1(G2) + nlMg(Gg) + ngMg(Gl) given in [20] F(Gl X G2) = TLQF(Gl) + an(Gz) +

GWLQM1(G1) + 6m1M1(G2) given in [23] HMQ(Gl X Gz) = ngHMQ(Gl) + ’anMQ(GQ) +

3F(G1)M1(G2)+3F(GQ)M1<G1)+m1[Y(G2>+4R€ZG3<G2)]+m2[Y(G1)+4R€ZG3(G1)]+

AM;(G1) M2 (Ga) + 4M1(G2) M2 (G1) given in [12] and since |E(G1 x Ga)| = ming + nyma,

|[V(G1 x G2)| = nine. Which are complete the proof.

Definition 3.1.13 [20,21] The composition G10G2, of two simple and connected graphs
G1 and G2 with disjoint vertex sets V(G1) and V(G2) and edge sets E(G1) and E(Gs) is
the graph with vertex set V(G1) x V(G2) and u = (u1,v1) is adjacent with v = (ug,v2)
whenever (uy is adjacent with uz) or {uy = ug and vy is adjacent with vo}, such that
[V(G10G3)| = ning, |E(Gy o G)| = mine? +many and 3¢, 0, (u,v) = n2da, (u) + da, (v).

Theorem 3.1.14 The second Hyper-Zagreb index of complement G1 o G5 is given by:

HMy(G10G3) = (myin3+moni)(ning — 1)4 —2(ning — 1% M, (G1)

n1 M (G2) 4 8ngmami] + (ning — 1) [n3F(G1) + n1 F(Gs)
6n3ma M, (G1) + 6ngmi My (G2)] + 4(ning — 1)?[ny M (Gy)
ni1Ms(Gs) + 3n§m2Ml (G1) 4 2nomi M1(G2) + 4m1m§]

— 2(mng — D)3 M1 (G1) + n1 M1 (G2) + 8namam][n3F(GH)

1 F(Gy) + 6nima My (G) + 6nomi My (Gs)]

nSHMy(G1) + ny HMs(G) + ngma[Y (G1) + 4ReZG3(G1))

4nymy ReZG'3(Go) + 3n2F(G1) M (Go) + n2 M, (G1)[F(Gs)
4M5(G2)] +mi ME(Ga) + dnama[dname My (Gr) + My (G1) M (Gs)).

+ + +

+ + + +

10

8m1m2] + (nlng — 1)2[TL2F(G1) + an(GQ) + szMl(Gl) + 6m1M1(G2)]



s Proof. By using (Theorem 3.1.1) we have,

HMy(G10Gs) = |E(GLoGY)|([V(GyoGs)| —1)*=2(|[V(G1oGs)| —1)2Mi(Gy 0 Gy)
+ ([V(G10Ga)| = 1)2F(G1 0 Ga) +4(|V(G1 0 Ga)| = 1) Ma(G1 0 Ga)
2(‘V(G1 o Gz)‘ — 1)M1<G1 o GQ)F(Gl O GQ) + HM2<G1 o Gz),

And by [20], [23], and [12], respectively, we have

M,(Gy o Gg) = nng(Gl) + ny My (GQ) + 8nomaomy,

Mg(Gl o Gg) = ngMz(Gﬂ + nlMg(Gg) + 3n§m2Ml(G1)
-+ 277,2777,1M1(G2) + 4m1m§,

F(Gl o Gg) = ’I’L%F(Gﬁ + an(GQ) + 6n§m2M1(G1) + 6n2m1M1(G2),

HM5(Gy0Ga) = nSHMy(Gy) +nyHMs(Ge) +nama[Y (Gy) + 4ReZG3(Gy)]
+ 4n2m1ReZG3(G2) + 377,%F(G1)M1(G2) + TL%Ml(Gl)[F(GQ)
+ 4M2(G2)] + mle(Gg) + 4dnomes [4n2m2M2(G1) + Ml(Gl)Ml (GQ)],

And since |[E(G1 0 G2)| = min3 + many, |V(Gy o Ga)| = nina.
w0 Which are complete the proof.

Definition 3.1.15 [20, 21] The disjunction G1 V Ga of two graphs G1 and G is
the graph with vertex set V(G1) x V(G2) and (uy,v1) is adjacent with (ug,vs), whenev-
er (ui,uz) € E(Gy) or (v1,v2) € E(G2), such that |[V(G1V G2)| = nina, |[E(G1 V G2)| =
ming? + mani? — 2myimsa and g, va, (U, v) = n2da, (u) + n1da, (v) — g, (w)da, (v).

11



105 Theorem 3.1.16 The second Hyper-Zagreb index of complement G1 V G5 is given by:

HM (G V Gy)

[min3 +mani — 2mima](ning — 1)* — 2(ning — 1) [(nin3
—4dmaong) M (Gy) + My (G2) My (G1) + (nan} — 4myny) My (Gs)
—|—8m1m2n1n2} + (ning — 1)? [néF(Gl) + n‘llF(Gg) — F(G1)F(Gs)
+6n1n2mo M (G1) + 6nonimy My (G2) + 3noF(G1) M, (Go)

+3n1 F(Go) M1 (G1) — 6n2maF(G1) — 6n3my F(Gy) — 6n1n2M1(G1)M1(G2)]
4(ning — 1)2[((n] = 2m1)* — 2nTmy ) Ma(G2) + ((n3 — 2m2)?
—2n3mo) My (G1) + (2n3namy — 4ming) My (Go)

+(2n3nymy — 4mang )M, (G1) — nina My (G2) M1 (Gy)

200 M (G1) My (Ga) + 21 Ma(Ga) M (G1) — 2Ms(Ga) Ma(G)
+4m2m1(n§m1 + nfmg)] —2(ning — 1) [(nlng

—4maong) M1 (G1) + My (Go) M1 (G1) + (non? — 4myny) M, (Gs)
+8mimaniny| [n3F(G1) + niF(Ga) — F(G1)F(G2)
+6n11m2ma M (G1) + 6nonimy My (Ga) + 3n. F(G1) M1 (Gs)

+3n1 F(G2) M1 (G1) — 6n3maF(Gy) — 6nimi F(G2) — 6nins My (G1)M;(G»)]
[HM>(G2)[ni(n] + 16nym7 — 10nim; — 8n1 M (Gh)

—2n1 F(G1) + 4ReZG3(G1)) + M1 (G1) (M1 (Gy) + 613 — 8nymy)]
+n2F(G2) My (G1)[n3 — dnymy + My (G1)] + HM,(G)[nz(n)
+16nam3 — 10n3my — 8ny Mo (Ga) — 2no F(Go) + 4ReZG3(Gy))

+ M (Ga) (M (Gz) + 6n3 — 8namy)] + niF(G1) M (Gz)[n3

—4ngmy + My (G2)] + 2na ReZG3(Ga)[n3 (2nimy + F(G1) — 8m3
+4M>(G1)) — M1(G1)(M1(G1) + 2n} — 6nyma)] + 4n3 Mo (G2) [4nim]
+M3E(Gy) — 4nymy My (G)] + 2n1 ReZG3(Gh)[n3(2nams + F(Gs)
—8m3 + 4Ms(Go)) — M1 (G2)(M;1(G2) + 2n3 — 6nams)]

+4n2 Mo (G1)[An3m3 + ME(G2) — dngma My (Gs)]

+2M;(G1) M (G2)[n3 (2name — Mi(Ge)) +n3(2nymy — My (G1))]
+nimi ME(Go) + nymaME(Gh) — 6n1n9ReZG3(G1)ReZG3(Gy)
—nin3[F(G1)F(G2) + 8M2(G1) M2 (G)] — 2H Mo(G ) H M (G-)]

Proof. By using (Theorem 3.1.1) we have,

HM,(G; vV Go)

+

|E(G1V Go)|(JV(G1V Ga)| — 1)* = 2([V(Gy V Ga)| — 1)> My (G V Gs)
([V(G1 V Ga)| — 1)2F(G1 V Go) +4(|V(G1 V G)| — 1) My (G V Gy)
2(lV(G1 V G2)| — 1)M1(G1 V G2)F(G1 V Ga) + HM(G1 V G3),

And by [25] 27], [23], [24] and [12], respectively, we have

Ml(G1\/G2) = (nlng—4m2n2)M1(G1)—|—M1(GQ)M1(G1)

+ (TLQTL% — 4m1n1)M1 (Gg) + Smlmgnlng.

12



110

115

MQ(G1 V Gz)

F(Gl V Gg)

HMy(Gy V Ga)

L+ + L+ +

+ + +

And since |E(G,

= ((n] —2m1)* = 2nim1) Ma(G2) + ((n3 — 2mo)?

—  2n2mo) My (G1) + (2n3namy — 4m3ng) My (Go)

(2n3nimy — 4miny )My (G1) — nino My (Go) M, (GY)

2no Mo (G1) M1 (G2) + 2n1 Mo (Ge) M (G1) — 2Mo(G2) M2 (Gr)

4momy (n3my 4+ nimsy).

+ o+ +

= néF(Gl) + néllF(Gg) — F(Gl)F(Gz) + 6n1n§m2M1 (Gl)
+ GnQn%mlMl (GQ) + 3TL2F(G1)M1(G2) + 3TL1F(G2)M1 (Gl)
- 6n%m2F(G1) — 6n%m1F(G2) - 677,17L2M1 (Gl)Ml(GQ)

HMo5(G2)[ny(nS + 16n1m? — 10n3my — 8ny Ma(G1)

201 F(G1) +4ReZG3(G1)) + M1 (G1)(M1(G1) + 6n3 — 8nymy)]
naF(Go) My (G1)[n} — dnymy + My (Gh)] + HMo(G)[ne(n3
16n9m3 — 10n3mg — 8noMo(Gy) — 2naF(Go) + 4ReZG3(Gs))
My (G2)(M(Gy) + 6n3 — 8ngmy)| + n2F(G1) M, (G2)[n3

dngmy + Mi(Go)] + 2naReZG3(Go)[n3 (2nimy + F(G1) — 8m7
4AM5(GH)) — M1 (G1) (M1 (Gy) + 2n3 — 6n1mq)] + 4n2 My (Go)[4nim?
M3E(Gy) — 4nymy My (G1)] + 2n1 ReZG3(G1)[n3(2n3ms + F(G2)
8m3 + 4My(Ga)) — My (Ga)(M;(G2) + 2n3 — 6namy))

4nT My (G1)[4n3m3 + M7 (Gy) — dngma My (Go)]
2M;(G1) M, (G2)[n3 (2namy — Mi(Go)) +n3(2nymy — My (Gy))]
nimi ME(G2) + nymaME(G1) — 6n1naReZG3(G1)ReZG3(Gy)
n3n3[F(G1)F(Gs) + 8My(G1) My (G)] — 2H My(G1)H M (Gy),

V GQ)‘ = mln% + mgn% — 2mims, |V(G1 V Gg)l = N1N2.

Which are complete the proof.

Definition 3.1.17 [20] 21]

The symmetric difference G1 ® Ga, of two simple and con-

nected graphs G1 and Gy is the graph with vertex set V(G1) x V(G2) and E(Gy & G2) =
(u1,u2)(v1,v2)|urv1 € E(G1) or ugve € E(G3) but not both, such that |V (G1® Ga)| = nina,
|E(G1 @ Ga)| = ming? + mani? — dmima and Sg,ec,(u,v) = nadg, (u) + n1dg, (v) —

25(;1 (U)5G2 (’U)

Theorem 3.1.18

The second Hyper-Zagreb index of complement G; @ G5 is given

13



by:

HM(G1 & G2) = [min3 + mani — dmims](nins — 1)* — 2(nina — 1)*[(n1n3

—8magng) M1 (G1) + 4My(G1) M1 (Gs) + (ngn? — 8myny ) M;(G2)
+8mymaniny] + (ning — 1) [n%F(Gl) +niF(Gy) — 8F(G1)F(Gy)
+6n1n2maM;(G1) + 6nonimi M (G2) + 12n,F(G1) M1 (Gy)

+12n1 F(G2) M1 (G1) — 12n3mo F(G1) — 12n2m, F(G)
—12n1no M (G1) M (G2)] + 4(ning — 1)?[((n] — 2my)? — 4nfmy) Ma(G2)
+((n3 — 2mg)? — 4nima) Mo (Gy) + (2ntnamy — 8ming) My (Gy)
+(2n§n1m2 — 8m§n1)M1(G1) — 2nyno M (G2) M, (Gh)

+  8noMs(G1)Mi(G3) + 8ny Ma(G2) M1 (G1) — 16 M2 (G2) M2 (Gh)
+4mami (nimy + nims)] — 2(ning — 1) [(nin3
—8mang) My (G1) + 4M1(G1) M1 (Gs2) + (nen? — 8myng ) M1 (Gs)
+8mimanins] [n3F(G1) + niF(Gs) — 8F(G1)F(G>)
—|—6n1n§m2Ml(G1) + 6n2n%m1Ml (G2) + 12n9 F(G1) M1 (G2)
+12n, F(G2) M1 (G1) — 12n2ma F(G1) — 12n2m, F(G2)

—12n1n2 M, (G1) M, (Gg)} + [HMg(Gg)[ﬂl(rﬁ + 64n1m3 — 20nim,
—64n1 M>(G1) — 1601 F(G1) + 64ReZG3(G1)) + M1(G1)(16M71(G1)
+24n% — 64nymy)] + ni2F(G2) My (G1)[n? — 8nymy + 4M,(G))

+  HDMy(G1)[na(nj + 64nym3 — 20n3me — 64ny Mo (Go) — 1609 F (Go)
+64ReZG3(Ga)) + My (G2)(16M;(Gy) + 24n3 — 64nyms))
+niF(G1) M1 (Go)[nj — 8namg + 4M;(G2)] + 4na ReZG3(Go)
[n3(2nmy 4+ 2F(G1) — 8m? + 8My(Gy)) — My (G1)(4M,(G1)
+2n3 — 12n1my)] + 1603 My (Go)[nimT + ME(G1) — 2nymy M1 (G1)]
+4ny ReZG3(G1)[n3(n2my + 2F(Go) — 8m3 + 8My(G))
—M;(G2)(4M1(Go) + 2n3 — 12namy)] + 1617 Mo (G ) [nam3
+MZ(G) — 2nyma My (Go)] 4+ 4M1(G1) M1 (Go)[n3[name — My (Gy)]
+n3(nimy — My (Gh))] + nimi M; (Ga) + nyma M7 (Gh)
—48n1nyReZG3(G1)ReZG3(Go) — 2nin3[F(G1)F(Gy)
+8M5(G1)Ma(Ga)] — 64H My (G1)H M (G2)].

120 Proof. By using (Theorem 3.1.1) we have,

HM;(Gy & Gs) |E(G1 & Go)|(|V(G1 & Ga)| — 1) =2([V(G1 & Go)| — 1)° My (G1 @ G2)
(IV(G1® Ga)| = 1)’F(G1 ® Ga) + 4(|V(G1 @ Ga)| — 1)’ My(G1 @ Ga)

— 2(|V(G1 D G2)| — I)Ml(Gl D GQ)F(Gl D GQ) + HMQ(Gl D GQ),

_|_

And by [25] 27], [23], [24] and [12], respectively, we have

Mi(Gh®Ga) = (nlng — 8mang) M1 (Gh) + 4M1(G1)M1(G2)

+ (ngn% — 8m1n1)M1 (Gg) + 8m1m2n1n2.

14



My(Gr® Ga) = ((nf —2m1)? —4nimi)Ma(G2) + ((n3 — 2mo)?
— 4n§m2)Mg(G1) + (2n%n2m1 — 8m%n2)M1(G2)
(2n3n1my — 8mang ) M1 (G1) — 2nina M, (G2) M, (G1)
8no Mo (G1) M (Ge) + 8ny Ma(G2) M1 (G1) — 16Ma(G2) Ma(Gh)

4momy (namy 4+ n2my).

+ o+ +

F(Gl D GQ)

n%F(Gl) + n%F(G2) — SF(Gl)F(GQ) + 6n1n§m2M1(G1)
6n2n?m1M1(G2) + 127’L2F(G1)M1 (Gg) + 12711F(G2)M1(G1)
— 12n§m2F(G1) — 12n%m1F(G2) — 12n1n2M1(G1)M1(G2).

+

HM;(Gy @ Gg) HMy(Go)[n1(nS + 64nym? — 20n3m,; — 64n, My (G1)

— 16n, F(Gy) + 64ReZG5(G1)) + M1 (G1)(16 M, (G1)

24n3 — 64nymy)] + n3F(Go) M1 (G1)[n? — 8nymy + 4M, (Gy)]
HM,(G1)[n2(n3 + 64nym3 — 20n3me — 64ny My (Ga) — 161, F (Go)
64ReZG3(Ga)) + M1 (G2)(16 M (Gy) + 24n3 — 64ngms)]
niF(G1) My (G2)[n3 — 8nama + 4M; (G2)] + dna ReZG3(Gy)
[n3(2nimy + 2F(G1) — 8m3 + 8Mz(G1)) — M1(G1)(4My(G)

203 — 12n1my)] + 16n3Ma(Go)[nim? + ME(G1) — 2nymy M (G1)]
4n1ReZG3(G1)[na(n2mso 4 2F(Gy) — 8m32 + 8Ms(Gy))

— M (G2)(4My(G2) + 2n3 — 12n9ms)] 4 1602 My(G1)[n3m3

+  ME(G) — 2nama My (Go)] 4+ 4M1(G1) M1 (Go)[n3[name — M (G3)]
+ n3(nimy — Mi(Gh))] + nimi M}(Ga) + nyma M (Gh)

—  48n1n9ReZG3(G1)ReZG3(Gy) — 2n3n3[F(G1)F(Gs)

+  8My(G1)My(Go)] — 64H My(G1)H My (G),

+ 4+ + +

125 And since |E(G1 D G2)| = mlng + mgn% — 4m1m2, ‘V(Gl D G2)| =ning.
Which are complete the proof.

3.2. Second Hyper-Zagreb index of complement V-Phenylenic Nanotubes VPH X [q, p|(Vp, q €
N—{1})
Corollary 3.2.1 The second Hyper-Zagreb index of complement V PH X|q,p| nan-
1 otube (Fig 1,2.) is given by
HMy(VPHX[q,p]) = (9pg—q)(6pg —1)* — 2(6pg — 1)*[54pg — 10q]
(6pg — 1)*[162pq — 38q] + 4(6pq — 1)*[81pq + 3q]
8q(6pg — 1)[54pg — 10¢](162pg — 38¢q) + 9¢(81p — 29).

+

Table 1: The edge and vertex partitions of V PH X|[q, p] nanotubes.
H Edge partition H Es = E§ \ Es = L3 H H Vertex partition H Vo \ Vs H
| Cardinality ||  4q [ 9pq—5q ||| Cardinality [ q+q | 6pg—2q |

The edge set of VPHX]|q,p] is divided into two edge partitions based on the sum of
degrees of the end vertices as:

15
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Figure 2: The molecular graph of

Figure 1: VPHX]|3,6] nanotube V PHX|q, p] nanotube.

Es(VPHX]|q,p]) = E§ ={e=uwv € E(VPHX]q,p]) : 6(u) =2,0(v) = 3},
Es(VPHX|q,p]) = E; ={e=uv € E(VPHX][q,p]) : 6(u) = 3,6(v) = 3},

135 Proof. By using (Theorem 3.1.1) we have

HMy(VPHX[q,p]) = |E(VPHX[q,p))|(|V(VPHX][q,p])| —1)*
- 2(|V(VPHX[q,p))| — 1)’ My (VPHX]|q,p])
+ (V(VPHX][q,p])| —1)*F(VPHX[q,p))
+ 4(|V(VPHX][q,p])| — 1)*M(VPHX][q,p))

— 2(|V(VPHX][q,p])| — 1)M(VPHX|[q,p])F(VPHX|q,p)])
+ HMy(VPHX][q,p)).

And M, (VPHX|g, p]) = 54pq—10g, My(V PHX g, p]) = 81pg+3q¢, and HM>(V PHX][g, p]) =
9¢(81p — 29), given in (Theorem 2.2)above. And since F(VPHX|q,p]) = 162pq — 38¢ given

in [26] and the partitions of the vertex set and edge set of (VPHX]|q,p]) nanotubes are
given in (Table 1) respectively [IT] [19].

Y [V(VPHXg,p))|=6ps, > |E(VPHXIq,p))|=9pq—q

Which are complete the proof.

3.3. Second Hyper-Zagreb index of complement V-Phenylenic Nanotorus VPHY [m,n|(VYm,n €

N—{1})

Corollary 3.3.1 The second Hyper-Zagreb index of complement VPHY [m,n] nan-
o otorus (Fig 3.) is given by

HMy(VPHY [m,n]) = 9mn(6mn — 1)* — 108mn(6mn — 1)3 + 486mn(6mn — 1)?
—17496m?n?(6mn — 1) 4 729mn.

The edge set of VPHY [m,n] have only one type of edges:

16
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Figure 3: The molecular graph of VPHY [m,n] nanotorus.

Table 2: The edge and vertex partitions of V PHY [m,n] nanotorus.
H Edge partition H E¢ = E5 HH Vertex partition H Vs H
H Cardinality H 9mn HH Cardinality H 6mn H

Es(VPHY [m,n]) = B ={e =uwv € E(VPHY[m,n]) : §(u) = 3,5(v) = 3},
Proof. By using (Theorem 3.1.1) we have

HMy(VPEYTron)) = |E(VPHY [, n])[(1V(VPHY [m, )| - 1)°
2([V(VPHY [m,n])| — 1)*M(VPHY [m,n])
+ ([V(VPHY[m,n])| — 1)2)F(VPHY [m,n])
+ 4(|V(VPHY[m,n])| — 1) Mo(VPHY [m,n))
— 2(V(VPHY[m,n])| — 1)My(VPHY [m,n])F(VPHY [m,n])
+ HMy(VPHY [m,n]).
And My (VPHY[m,n]) = 54mn, Ma(VPHY [m,n]) = 81mn, and HM2(VPHY [m,n]) =
729mn, given in (Theorem 2.3)above. And since F(VPHY [m,n]) = 162mn given in [26]

and the partitions of the vertex set and edge set of (VPHY [m,n|) nanotubes are given in
(Table 2.) [11} [19).

Y V(VPHY[m,n))| =6mn, Y |E(VPHY[m,n])| = 9mn
Which are complete the proof.

3.4. Second Hyper-Zagreb index of complement Titania nanotubes and nan-
otorus

Titania nanotubes are considered one of the most studied compounds in materials sci-
ence. Owing to some outstanding properties, it is used, for instance, in photocatalysis,
dye-sensitized solar cells, and biomedical devices |28, 29] [30]. In the following subsection,

17
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we study the second Hyper-Zagreb of molecular complement graph Titania nanotubes and
molecular complement graph of nanotorus.

Corollary 3.4.1 The second Hyper-Zagreb index of complement 79Oz [n, m] nanotube
(Fig 4.) is given by

HM;(Ti03[n, m]) [10mn + 8n][6mn + 6n — 1]4

—  2(76mn + 48n) [6mn + 6n — 1]° + (840mn + 408n) [6mn + 6n — 1]
+  1930mn + 362n — 2[6mn + 6n — 1](76mn + 48n)(320mn + 160n).

Proof. By using (Theorem 3.1.1) we have

Top image

Across image

Figure 4: The molecular graph of T%O2[n, m| nanotube.

HM2 (TZOQ [n, m])

|E(Ti02)|(|V(TiO2)| = 1)* = 2(|V(TiOs)| — 1)* M1 (TiOs)
+  (JV(Ti0y)| — 1)2F(TiO5) + A(|V (Ti0y)| — 1)2 My (Ti0s)
2(|V(Ti02)| — 1) My (TiO2) F(Ti02) + HMy(TiO5).

And since M7 (TiO2[n, m]) = 76mn+48n, Ma(TiO2[n, m]) = 130mn+62n. F(TiOz[n,m]) =
320mn + 160n given in [28, 29]. H M5(TiO2[n, m]) = 1930mn + 362n given in [30]. and the
partitions of the vertex set and edge set V(TiOs), E(TiO3), of TiOs[n, m] nanotubes are
given in (Table 3,4), respectively. We have

Table 3: The vertex partition of TiO2[n, m| nanotubes.

H Vertex partition H Vg \ V3 \ V4 \ Vs H
H Cardinality H 2mn + 4n \ 2mn \ 2n \ 2mn H

Table 4: The edge partition of TOz2[n, m] nanotubes.
H Edge partition H E¢ = E3 ‘ Ly = Efy U ET, ‘ Es = Ef5 ‘ ET, ‘ £, H
H Cardinality H 6n \ dmn + 4n \ 6mn — 2n \ dmn + 2n \ 2n H

18



w Y |V(TiOz[n, m])| = 6mn + 6n, ST|E(TiO2[n, m])| = 10mn + 8n

H M5(TiO3[n, m])

Corollary 3.4.2

> |B(Ti0z [ m])|[ Y|V (TiOsfn, m])| - 1]*

2My(Ti02)[ S [V(TiOs[n, m))| - 1]*

F(Ti0)[ 3 [V(TiOa[n, m])| - 1]°

AMy(Ti02)[ Y [V (TiOs[n, m])| — 1)

2[ > [V(TiOs[n, m])| — 1] My(TiO4) F(Ti02) + HMy(TiO2)

B3| + |Efo U Efy| + |Efs || [6mn + 6n — 1]

2(76mn + 48n) [6mn + 6n — 1]° + (320mn + 160n) [6mn + 6n — 1]

4(130mn + 62n) [6mn + 6n — 1]° + 1930mn + 362n
2[6mn + 6n — 1] (76mn + 48n)(320mn + 160n)

[10mn + 8n][6mn + 6n — 1]4

2(76mn + 48n) [6mn + 6n — 1]° + (840mn + 408n) [6mn + 6n — 1]
1930mn + 362n — 2[6mn + 6n — 1] (76mn + 48n)(320mn + 160n).

Let T = TIp,q] be the molecular graph of a nanotorus such that

\V(T)| = pqg, |E(T)| = 3pq (Fig 5). Then,

a. ReZG3(T|p,q])

b. HM;(T[p,q]) =

= 81pgq.

- Pg.

ws ¢ HMy(P, x T) = pq[2n — 1831].

Proof. To prove identity (a), by definition of redefined third Zagreb index we have

ReZG3(T[p, q))

Z 5T[p,q] (u) 5T[p,q} (U)[(ST[p,q] (u) + 6T[p7q] (1})] = 81pgq.
weE(T[p,q])

To prove identity (b), by definition of second Hyper-Zagreb index we have

243

HM;(T(p,q]) = D 5 g (0)] = o

wEE(Tp,q])

To prove identity (c), by [12] we have

HMQ(Gl X Gg)

o HMs(Gy) + ny HMs(Gs) + 3F(G1) My (Gs)
3F(G2)M;(G1) +m1[Y (Ga) + 4ReZG3(Go)]
malY (G1) + 4ReZG3(G1)] + AM; (G1) Ms(Ga)
AM,(G2)Ma(Gh),

+ + +

wo  Where M1(T) = 9pq, My (P,) = 4n — 6, M2(T) = 9pq and M3 (P,) = 4n — 6 given in [20].
F(P,) =8n — 14, F(T) = 27pq given in [31]. ReZG3(P,) = 16n — 30, ReZG5(T) = 81pq

19



given in identity (b). Y (P,) = 16n — 30, given in [§], Y(T') = 81pq, and since HMy(P,) =
16n — 40 given in [12] and HM>(T[p,q]) = %pq given in identity (b). Then,

]
V(D) HMa(Py) + |V (P)| HMa(T) + 3F(P,) My (T)

HMy(P, xT) =
T+ BF(T)My(P) + [E(P|[Y(T) + AReZGo(T)
£ )Y (Pa) + AReZGs(P,)] + 4My (P Ma(T)
+ 4AM(T)M3(P,)

243
= pq(16n —40) + 5 pan + 27pq(8n — 14)
4+ 8lpg(4n — 6) + (n — 1)[81pq + 324pq]
+ %pq[lGn — 30 + 16n — 30] + 36pg(4n — 6)
+ 36pg(4n —6)
2837

= pq[Tn —1831].

Corollary 3.4.3 Let T = T[p,q] be the molecular graph of a nanotorus such that
w  |[V(T)| = pg, |E(T)| = 3pq (Fig 5.) Then,

3 243
a. HM,(Tlp,q)) = Zpa(pg— 1)* — 18pq(pg — 1)* + 81pq(pq — 1)* — 486p*¢*(pg — 1) + = Pa-
. 55 o 105 )
b. HM>(P, xT) = pq[(npg—1) [in pq—npg — —-n + 37 4 (npg — 1)*[375n — 370]

2837
—  2pq(25n — 18)(npq — 1)(125n — 122) + — " 1831].

Proof. To prove (a), by using (Theorem 3.1.1) we have

HM(Tlp,ql) = |E(Tlp,d))I(|V(Tlp.a)l = 1)* = 2(V(Tlp,q])| = 1)*M1(T[p, q])
+ (V(Tlp, )| = 1)*F(T[p, q]) + 4(V(Tlp, a])| — 1)*M2(T[p, q])
= 2(V(Tlp,a)| = )OM(T(p, gD F(Tp, q]) + HMs(T'p, q))-
And since My(T) = 9pq, M2(T) = Zlpq given in [I5]. F(T) = 27pq given in [31].
f—[;\f(T[]L q]) = 54pq given in [24]. and HM>(T[p,q]) = 22pq given in (Corollary 3.4.2
b)) above. Then,

HM(T[p,q]) = |E(T[p,d)|(IV(Tlp,q))l — 1)* = 2(IV(Tp, q])| — 1)>M1(T[p, q))
+ (IV(Tlp,q)| = 1)*F(Tp, q)) + 4|V (Tlp, q))| — 1)*Mx(T[p, q])
- 2(|V(T[pv (]])| - 1)M1(T[pa q])F(T[pv (]]) + HMZ(T[pv QD

3
= 5palpg—1)" — 18pg(pg — 1)°

243
+ 8lpg(pg — 1)* — 486p°¢*(pg — 1) + ERL

180 To prove (b), since My (P, x T') = pq(25n — 18), Ma(P, x T') = $pq(125n — 124), given
in [23]. and since
F(PaxT) = [V(T)|F(Py)+ V(P F(T) + 6| E(T)[My (Py) + 6/ E(Po)| M (T)
= 2pq(4n —7) + 27npq + 18pq(2n — 3) + 54pg(n — 1)
= pq[125n — 122].
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190

195

By (Corollary 3.4.2 (c)) HMs(P, x T) = pg[25Tn — 1831] and since |E(P, x T)| = (n —
D)pq + 3npq = pq(5n — 1), [V(P, x T)| = npq, and by using (Theorem 3.1.1) we get

HM,(P, xT)

Conclusion

|E(Py x T)|([V (P x T)| = 1)* = 2(|V(Py x T)| = 1)* My (P, x T)
(|V(P, xT)| = 1)*F(P, x T) +4(|V (P, x T)| — 1)>My(P,, x T)
2V (P, x T)| — 1)M(P, x T)F(P, x T) + HM(P, x T)
5
pa(5n = 1)(npg — 1)" = 2pq(npg — 1)°(25n — 18)
pq[125n — 122](npq — 1) + 2pg(npq — 1)*(125n — 124)
2

2p%¢*(25n — 18)(npg — 1)(125n — 122) + pq[gn — 1831]

35 105 )
pa[(npg — 1)3[=n*pq — npq — 5 1 3T+ (npg — 1)*[375n — 370)

2
2837
2pq(25n — 18)(npq — 1)(125n — 122) + — "= 1831}.

Figure 5: molecular graph of a nanotorus

This article has presented explicit formulas of some basic mathematical operation for the
second Hyper Zagreb index of complement graph operations. Moreover, we computed the
second hyper-Zagreb index for some certain important physicochemical structures such as
molecular complement graphs of V-Phenylenic Nanotube V PH X|q,p], V-Phenylenic Nan-
otorus VPHY [m,n] and Titania Nanotubes TiO5.
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