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DETERMINATION OF THE ELECTRONIC ENERGY LEVELS OF A QUANTUM

WELL HETEROSTRUTURE Zn,_,Mg,0/Zn0/ Zn,_,Mg 0.

ABSTRACT

This paper studies a quantum well heterostructure made up by a zinc oxide (ZnO) thin layer
(well) sandwiched between two Zn;..Mg.O layers acting as potential barriers. Setting the width
of the well to a = 10 nm, the allowed quantum states in the conduction band (CB) and the wave
function profiles are examined for two values of magnesium concentration : x = 0.1 and x =
0.2. The calculated wavelengths corresponding to intra-band transitions in the conduction band
are in the infrared domain of the electromagnetic spectrum. These wavelengths depend on x,
allowing to control the optoelectronic properties of the quantum well by adjusting the
concentration x during the growth process.
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INTRODUCTION

In the last few years, semiconductors based quantum well structures have been intensively
investigated because of their interesting optical and electrical properties. From the years 70,
the investigations showed that lasers whose active layer is very thin “quantum well” would be
more efficient than lasers with massive active layer [1]. The first quantum wells were formed
from a GaAs layer interposed between two barriers made of AlAs layers [2]. Nowadays,
quantum wells are mainly manufactured by Molecular Beam Epitaxy “MBE” or by Chemical
Vapor Deposition “CVD” [3].

The present article studies a quantum well structure made up by zinc oxide (Zn0), a
semiconductor with a large fundamental band gap of about 3.37 eV and an exciton banding
energy of 60 meV at room temperature. The material is chemically and thermally stable, non-
toxic and abundant in the nature [4, 5]. To develop a ZnO based quantum well, it is used a
higher gap material like magnesium and zinc oxide (Zn,_, Mg, 0), the most important ternary
alloy of Zn0O. The gap of (Zn,_,Mg,0) is adjustable with the concentration x and varies
between 3.37 eV and 6.7 eV [6]. In the interval 0 < x < 0.36, the band gap width E; of the
alloy, the effective mass m” for the electron and the electronic affinity e, vary linearly with x
according to Vegard’s law [7, 8]. The study is focused on electron behavior in a finite square
quantum well Zn,_,Mg,0/Zn0/ Zn,_,Mg,O by analyzing the energy of the particle and the
corresponding wave function. The bound states energy with the related wave function Y will
be given through solutions of transcendental equations obtained by resolving the Schrédinger
equation [9, 10].

I. BAND DIAGRAM OF THE HETEROSTRUCTURE

The model used for the calculations, is a simple square quantum well formed by a thin layer of
Zn0 sandwiched between two layers of Zn,_, Mg, 0 which is grown along the c axis. The
charges carriers of the well “electrons and holes” will be geometrically confined in the plane
space formed by the ZnO layer and perpendicular to the growth direction. Taking into account
the values of gap and electronic affinities of ZnO and Zn,_, Mg, O, the band structure of the
heterostructure can be represented as shown in figure 1.
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Figure 1 : Band structure of quantum well Zn,_,Mg,0/Zn0/Zn,_,Mg,0

Electrons and holes are confined inside the same material Zn0, so a type I quantum well is
obtained. In fact, there are two distinct quantum wells whose common width corresponds to the
thickness of the ZnO layer : the well of the conduction band where the electrons are confined
and that of the valence band “retuned or reversed well” where the holes are locked down. This
article focuses only on the well of the conduction band represented in figure 2.
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Figure 2 : Schema of a finite symmetrical square well

The depth Vy, = AE, of this well is given by the following relation [11] :

2
AE, = §AEC (D
Electrons are considered as particles of effective mass m* confined in a direction z’z in a square
potential of depth V, and width a bounded on z’'z axis by z = —% and z = + %

The one dimensional, time-invariant and non-relativistic Schrodinger equation governing the
movement of an electron, takes the general form:
h? d*y(z)
—S—— T+ V@Y = EY() ©)
The resolution of the Schrédinger equation leads to two transcendental equations which are
implicit in E:
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These two equation refer to two classes of wave functions alternating from symmetrical “even”

to antisymmetrical “odd” and whose union gives all the stationary states and allowed energies



for E < V,. Wave functions for symmetrical and antisymmetrical solutions for regions I, II and
IIT are determined. The values of k, are determined graphically and give the energy by :
B h2k3 4

II. RESULTS AND DISCUSSIONS

Calculations are made for a quantum well of width a = 10 nm, for two values of the
composition of Zn,_,Mg,0 : x = 0.1 and x = 0.2. The following table gives the solutions
k, for equation (3) and the related energy levels of possible stationary states for electrons in the
conduction band.

Table 1: Solutions for transcendental equations and the related energy levels for electrons in
the conduction band for x = 0.1, m* = 0.28 m,

k, x 108 (m™1) 2.662 5.269 7.860 10.224
E (meV) 9.64 38.19 84.11 142.31

The electron confinement potential calculated from relation (1) is Vy = 167 meV, for x = 0.1,
It is theoretically established that for a finite quantum well of depth V, and width a, the number

of quantum states accessible to the electrons in the well is [12, 13]:

a
N =1+ Ent (%W/Zm*VO) Ent the entire part (5)

Forx = 0.1, N = 4 states, which is in agreement with relation (5), as shown in figure 4.
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Figure 4 : Diagram for energy levels E,, and the associated wave functions prdﬁles Y;;(2) in
the well for x = 0.1 : (a) fundamental level ; (b) first excited state ; (c) second excited state ;
(d) third excited state.



The discrete energy values correspond to the energy operator H eigenvalues. This discretization
of energy is justified by the nanometric dimensions confirming the quantum character of the
system. The wavelengths corresponding to the inter sub-band transitions represented in figure
4, are: A%, = 43.49 um; 2% ,, = 27.03 um; 104_>3 = 21.32 um. The energy levels are not
equidistant : the interval between two successive ones increases with excitation, which justifies
the progressive reduction of the corresponding wavelengths which lie in the far infrared range
from 20 um to 1 mm of the electromagnetic spectrum. For the direct transition between the
last excited state and the ground state, the corresponding radiation from the desexcited photon
energy is A%} ,; = 14.97 um. The wave functions of these four quantum levels are shown in
figure 4 and illustrate the confinement of electrons in the well of the conduction band with four
accessible quantum states. These four states are associated to two even wave functions (a) and
(c) and to two odd wave functions (b) and (d). The even functions correspond respectively to
the energy levels E% = 9.64 meV and EY%! = 84.11 meV. They have respective amplitudes
|t | = 13.06 x 10% and |%! | = 13.32 x 10° reached at the center (z = 0) of the

well. The two odd functions (b) and (d) are associated with the energy levels E%! =
38.19 meV and EY; = 142.31 meV with the respective amplitudes [%' | = 13.06 x 103

and |l/)c3max| = 13.67 x 103. Generally, the amplitude of the wave functions increases with
excitation. The curves show the presence of nodes for the excited states and the number of
nodes increases with the energy level according to the formula n — 1 [14]. It is noted that
wave function spreads out beyond the well, by penetrating in the classically forbidden region
and therefore reduces its kinetic energy.

For x = 0.2, the calcul of confinement potential gives Vy; = 335 meV and the roots of
transcendal equation are listed in table 2

Table 2: Solutions for transcendal equations and the related energy levels for electrons in the
conduction band for x = 0.2, m* = 0.28 m,

k, x108(m™) 2.792 5.572 8.326 11.028 13.622 15.672
E (meV) 10.61 42.27 94.38 165.58 | 252.63 | 334.39

This case gives six allowed quantum states for electrons in the conduction band, their energy
levels and the related wave functions y;;(z) are represented in figure 5. The wavelengths for
the inter level transitions are: A% ,; = 39.21 um; 1% ,, = 23.82 um; 1% 3 = 17.43 um;
202, =14.26 um; %2, = 15.16 um. The first two wavelengths are in the far infrared and
the last three ones are in the middle infrared. The photon energy corresponding to the transition
between the last excited level and the fundamental one is: AEX%,; = 323.78 meV,
corresponding to a wavelength 1%2 ,, = 3.83 um (middle infrared range). The fundamental
state (a) of energy E%? = 10.61meV, is associated to an even wave function with the
amplitude 7% = 13.35 x 103. The first excited state (b) (E3y> = 42.27 meV) corresponds
to an odd wave function with the amplitude ¥25> = 13.35 x 103. The other four excited
states (c), (d), (e) et (f) of respective energies E%? = 94.38 meV; E%? = 165.58 meV; E%? =
252.63 meV and E%?* = 334.39 meV, are associated to the alternately even and odd wave
functions of amplitudes 125> = 13.44 x 10%; 22 = 13.54 x 1039  =13.71 %

03 and wg-ﬁz’nm = 14.16 x 103. For x = 0.1, it is noted an increase in the amplitude of the
wave function with the excitation and the presence of nodes for the excited states. Just as with
the energy levels, for the same quantum number n, the maxima of the wave function are more
important for x = 0.2.

4



ETAED
=AYV

- \ -/\ / |
e % n \/ \/

,,,,,

E2=334392meV

1 E (mev)

n==6 E%2 = 334.39

meV

=252,632

AE%2,, = 81.76

EY

‘‘‘‘‘‘‘
(e) w .-umd th: a m nm

| ) /
n=5 E%2 = 252.63 ’ZIZ/\ -/\
AEc5—>4- = 87.05 / "
v -
n=4 E%? = 165.58 o /\
AE®2,, = 71.20 / \_/ \/
v 0.2 -
_ E%? = 94.38 .
n 3 c3 s ﬂ .
v e 40x10°  2,0x10° 00 200" 40x10°
n=2 E% = 4227 " Traiees” 7T
l AEOZ,, = 31.66 -
a
n=1 E%? =1061 — / \

forxor  ‘omx0s 00 fOM0S-  “OMx03-
ma 0 =g :dvhiw lls W (s)

Figure 5: Energy band diagram for x = 0.2 and the associated profiles wave functions
Y;;(2) profiles for x = 0.2: (a) fundamental level; (b) first excited state; (c) second excited
state; (d) third excited state; (e) forth excited state; (f) fifth excited state.

CONCLUSION

The present study, through a graphical resolution of Schrédinger equation, shows that the
electrons energy spectrum inside the well in the conduction band of Zn,_,Mg,0/Zn0/
Zn,_,Mg,O heterostructure is a finite sequence of discrete energy values E,: F; < E, <
E;...< E, <V,. The work shows that ZnO layer constituting the well, is so thin that the
electrons ondulatory behavior cannot be neglected. Due to the non-zero value of wave function
outside of the well, a non negligible probability exist to find there the electron by “tunneling
effect”, a purely quantum phenomenona meaning the existence of evanescent waves. The
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allowed states in the structure correspond to stationary waves in the direction perpendicular to
the layers. Hence, the system is quantized and the quantum confinement effect can be estimated
via a simple effective-mass approximation model. The energy of the discrete quantum states
depend on the quantum number n and the concentration x of Mg. For a given value of n, the
energy increases with x, just as well as intra band transitions between two consecutive levels
which augment with n. Consequently, the corresponding infrared wavelengths decrease and
also depend on the concentration x. This suggests that it is possible to control the optoelectronic
properties of a quantum well by adjusting the concentration during the growth process, in order
to obtain the desired wavelength for a semiconductor laser. Many of the physical effects in
quantum well structures can be seen at room temperature and can be exploited in real devices
like laser diodes, infrared lasers, blue lasers, fiber optic transmitters, infrared photodetectors,
high electronic mobility transistors “HEMT”...[15]

REFERENCES

[1] Laid Abdelali, « Etude des niveaux d’énergic dans la structure de la diode laser “gainp/algainp” par la
méthode du pseudopotentiel », Mémoire de Magister, Université Djalali Liabes Sidi Bel-Abbes, 2009, 54 p.

[2] Robin Adrien, « Opto-¢lectronique des boites et puits quantiques colloidaux — Application au photo-
transport », Thése de Doctorat, Université Pierre et Marie Curie, Paris, 2006, 187.

[3] David A.B. Miller, “Optical Physics of Quantum Well”, Research Gate publications, Vol 38, N°8§, 25, (2014).

[4] Hafdallah Abdelkader, Ynineb Fayssal, Daranfed Warda, Attaf Nadhir et Aida Mohamed Salah, Les
propriétés structurales, optiques et électriques des couches minces de ZnO:Al élaborées par spray
ultrasonique », Revue « Nature & Technologie », N°6, 2012, 25 - 27.

[5] Xiaoming Wen, Jeffrey A. Davis, Lap Van Dao, Peter Hannaford, V. A. Coleman, H. H. Tan, C. Jagadish K.
Koike, S. Sasa, M. Inoue, and M. Yano, Temperature dependent photoluminescence in oxygen ion implanted
and rapid thermally annealed Zn0O/ZnMgO multiple quantum wells, Applied Physivs Letters 90, 221914
(2007).

[6] Leghighan Billel, « Etude des composés n — Zn0O et p—ZnO et leur application en optoélectronique »,
Mémoire de Magister, Ecole Nationale Polytechnique d’Oran », 2015, p 99.

[7] Sahal M., Hartiti B., Mari B., Ridah A., Mollar M., « Etude des propriétés physiques des couches minces de
ZnO dopées Al, préparées par la méthode « sol-gel » associée au « spin coating » », Afrique Science 02 (3)
(2006) 245 —254.

[8] Bouchereb Fatima Zohra, « Etude Ab-Initio des propriétés électroniques de ZnO/Mg0/CdO : Effet de
polarisation », Mémoire de Magister, Université d'Oran, 2014, p 98.

[91 B. Supriadi and al, “Determination of energy levels, probabilities, and expectation values of particles in the
three-dimensional box at quantum numbers n < 5, J. Phys. : Conf. Ser. 1211 012035 (2019).

[10] X. Layronas, M. Combescot, “Quantum wells, wires and dots with finite barrier : analytical expressions for
the bound states”, Solid State Communication 119 (2001) 631-635, PII : S0038-1098(01)00288-5

[11] Diaw Aminata, « Etude d’un puits quantique Zn0/Cd,Zn,_, 0 », Mémoire de Master, Faculté des Sciences
et Techniques, Université Cheikh Anta Diop, Dakar, 2019, p 44.

[12] Ducasse A, cours de Mécanique Quantique, p 78.

[13] Lahoual Mohamed, « Etude des propriétés optoélectroniques d’une diode Laser a puits quantiques a base de
MgxZni1xSe », Thése de Doctorat, Faculté des Sciences et de la Technologie, Universit¢ Mohamed Khider-
Biskra, 2017, p 136

[14] Amaky Badiane, “Etude des propriétés optoelectroniques des puits quantiques”, Mémoire de Master,
Faculté des Sciences et Techniques, Université Cheikh Anta Diop, Dakar, 2016, p3 6.

[15] R. Therry, G. Perrillat-Merceroz, P.H. Journeau, P. Ferret, G. Feillet, “Core-Shell Multi-quantum well in
Zn0 /ZnM g0 nanowires with higher opticalefficiency at room temperature”, IOP Publishing Ltd, 2012.



