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Approximation on differences of linear positive operators

Abstract. In the present paper, we study the approximation of differences of linear positive
operators.  Quantitative estimates for the differences of Baskakov with Baskakov-Szasz and
Baskakov-Durrmeyer operators are discussed. We have also present difference properties of
Baskakov-Szasz and genuine Baskakov-Durrmeyer operators. Finally, we obtain the quantitative
estimate in terms of the weighted modulus of smoothness for these operators
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1. Introduction

In the year 1953, Korovkin found the most powerful and easiest criterion in order to decide
approximation process with linear positive operators on continuous functions. After that a
considerable amount of research on linear positive operators has been done by various
mathematicians. e.g. [2], [9], [11], [12], [13], [14], [15] etc.

The study on the difference of linear positive operators is an active area of research in recent years.
Difference of linear positive operators was studied in the last few years. Such problem was initiated
by A. Lupas [10]. The operators involved are usually on continuous functions defined on real
intervals. Aral-Inoan-Rasa [3], Acu et. al. [1], V. Gupta [6], Gupta-Tachev [7] discovered some
interesting results on difference of operators.

The aim of this paper is to study the approximation properties of difference on new generalization of
the Baskakov operator. First, we recall classical Baskakov operators [4], which for f € C[0, ) are
defined as

Ba(f,n) = S (" T D) ka4 kg (5). (L.1)

First, we consider F, ,;, G, ,,: D = R, where D is a subspace of C[0, o) having polynomials of degree
up to four. Following operators have been defined for the difference of operators

Mn(f' x) = Z pn,an,u(f)' Ln(fr x) = Z pn,an,uOC)'
u=0 u=0

where F, ,,(eg) = G, (e9) = 1.
o] o] k
We can define operators (1.1) as B, (f,x) = Yy=0 Pnu () Fau(f) = Xm0 Pnu () f (;), (1.2)

where p,, ,, (x) is the Baskakov basis function and defined as p,,,,(x) = (n + Z N 1) xk(1+ x)_n_k.
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Notations: Throughout the present papers following notations are used d” = F(e;), uf = F(e; — dfey)* k €
N

Applied operators:

Baskakov- Szasz operators: In [8] The Baskakov Szasz operators are defined as

Sn(f, %) = 00 Pa(®) fy dnu(®)f (©)dt, (1.3)
where py, (x) is defined in (1.2) and gy (£) = &0,

Operators (1.3) can also be written as Sy, (f, x) = X0 Pnu ()G, ().

Baskakov Durrmeyer operators: These operators are defined as, see [5]

Dalf2) = ) P Hn(1),
u=0

1 o t
where, Hyu(f) = S fo (1+t)n+u+1f(t)dt

2. Basic Results

Here we establish some lemmas and propositions, which are useful for the proof of main theorems
Propositionl: Denoting F,,(f) =f (%) such thatF,,(e) =1, dfmu:=F ,(e;) and
consideringygn'“ = Fpu(ey — dfrueg)®, k € N, then we have
1" = Fyy(ey — drueg)? = 0
Hy" = Fyy(ey — dneg)* = 0
Proposition 2 [6]: Letf(r) € C5[0,0),r =0,1,2. Let x € [0, o), then for n € N, we get

IIf”II (f", 61)

|(Mp, = L) f(0)] < y(x) + ———(1+y() + 20(f, 5,),

(o] Fn,u Gn,u
where, )’(X) = Zu:o pn,u(x) (:uz + U, )

0 Fn,u Gn,u o nu nu
and 82 = T2, (™ +ug™), 83 = Tiop,, (@™ — d)?.

Cg[0, 2)is the class of continuous and bounded functions defined for x > 0, ||| = sup |[f(x)| < oo.
X€[0,0)

Lemma 1: Some moments of the operators discussed in (1.2) are as follows

() B,(ep,x) =1,
(i) B,(es, x) = x,

(iii) B,(e;x) =

(iv)  By(esx) =

(n+ 1)x°

1]

n
3(n+1)x2 (n+1)(n+2)x>

%l* :N|>< 3 |><

n2 n2 !
7(n+1)x2 6(+1)(n+2)x>  (n+1)(n+2)(n+3)x*
v) B,(e4, %) = — + g +

n n Tl3
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Following recurrence relation holds for these moments

x(1+x)
n

Bn(em+1'x) = B;L(emr X) + xBn(em' X).

3. Difference between the operators

This section deals with the quantitative estimates for difference of Baskakov operators with
Baskakov-Szasz type operators, Baskakov operators with Baskakov-Durrmeyer operators and with
Baskakov-Szasz with Baskakov-Durrmeyer operators.

Proposition 3: By simple calculations as e, (t) = t*, where k € N°, we obtain

r wu+k)!
Gru(er) = Of qn’u(t)tkdt =k

G _ _1H1
Hence d""* = G, (e;) = —

and 1 = Gy(er — deg)? = Go(ez ) + (22) = 26,(e10) (1)
_(w+2)(u+1) <u+1) _(u+1
n

n? n?

G +12
oo " = o = dve0)" = Gp(en ) 46,0000 (1) + 602 ) ()

u+ 1,3 u+ 1\*
_4Gn,u(elr x) <T) + Gn,u(eO! x) < )

_ u+dHu+3)w+2)u+1) B 4(u +3)u+2)(u+1) <u + 1) wu+2)(u+1) (u + 1)
n n? n

n* n3
IR

Theorem 1: (Difference between Baskakov-Szasz and Baskakov operators)

(u+1)4’ _ 3(u?+4u+3)

n n#

Letf(r) € C5[0,0),r =0,1,2. Let x € [0, o), then for n € N, we get

n ”5
162~ Bf e =y + 29220 (1 4y ) 4 20(r,8,00),

nx+1 52( ) _ 3x n(n+1)+15nx+9 52( ) _ iz

where, y(x) =

Proof: Following propositions 1, 2 and 3 and also using Lemma 1, we have

S c +1
V@ = D o) (5 4 1) = 3 )
u=0 u=0

= lB (61, %) +i = %:1
8100 = Epnu(x) W )
3x?n(n+1) + 15nx + 9
anu(x)u4 = =

0

85(x) = Z P, () (d™ —don)?

u=0

anu()[u u+1] n_l2
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Collecting above estimates, we get required result.

Proposition 4: By simple calculations with e, (t) = t*, k € N°, we obtain

u+r—D!'(n-k)!
(u—1D!n!

Hn,u (ek) =

Hence dnv = H,, (ey) = %

" 2

nu H. 2 u u
™ = Hyg (e = d"veg)? = Hyy(ep) = 2Hy (o) (=) + Hyuleo) ()
_ u(u+l) _ (u)z _ u(utn)

nZ-n T n2(n-1)

n
Hnu 4 2
and #4 T= Hn,u(el - dHn'ueO) = Hn,u(e4' x) - 4Hn,u(e3' x) (g) + 6Hn,u(e2' x) (2)

Uy 3 N
_4'Hn,u(elr x) (Z) + Hn,u(em x) (Z)
u+3)w+2)(u+Du wu+2)(u+Du u (u+ Du u\?
- nn—-—1Dn-2)(n—-3) B nn—1n-2) (_) nn—1) (Z)
_4 (z) (2)3 " (2)4’ 3((u*(n+6)+2nud(n+6)+n?u?(n+8)+2n u)

n n*(n-1)(n-2)(n-3)

Theorem 2: (Difference between Baskakov-Durrmeyer and Baskakov operators)

Letf(r) € C5[0,0),r =0,1,2. Let x € [0, o), then for n € N, we get

KD—&U(N<W”() (f'”u+(@)
where, y(x) = % d
82(x) = 3+ Dx(x + 1) [n3x(x + 1) + n?(11x% + 11x + 3) + n(36x% + 36x + 7) + 6(6x2

n(n—1)n-2)(n—-3)
+ 6x + 1)].

Proof: Using Propositions 1, 3 and Lemma 1, we have the results

F, H +1 +2
]/(X) - z pnu(x) " zn,u) = W

2 nu nu m = 3(n * 1)X(x i 1)
83(x) = Z pnu(x)(u4 an“(x)“‘* T n¥(n-1)(n-2)(n-3)

[n3x(x + 1) + n2(11x% + 11x + 3) + n(36x% + 36x + 7) + 6(6x% + 6x + 1)].

Following proposition 2, we get the result.
Theorem 3: (Difference between Baskakov-Szasz and Baskakov Durrmeyer operators)
Letf(r) € Cg[0,),r =0,1,2. Let x € [0, o), then for n € N, we get

'V"() U'j)O+V@D+2wU6ﬂ@)

1S = D) f ()] <

nx+1 | (m+Dx(1+x)

where, y(x) = D)
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2
§(x) = & "(”“3:15"“9” n;iﬁ)l()nx_(z’;nl_)g) [3x (e + 1) + n2(115% + 11x + 3) + n(36x% + 36x + 7) +
6(6x* + 6x + 1)],
1
85(x) = .

n

Proof: According to Lemma 1, Propositions 2, 3 and 4, we have

_nx+1 (m+ Dx(1+x)
T on? nmn-—1)

y(x) = Z P (g™ + 1™
u=0

3x’n(n + 1) + 15nx + 9n
= r

Gn,u Hn,u
500 = Y p (™ + 1)
u=0

3(n+ Dx(x+1)
nd(n—1Dn—-2)(n—-13)

n

[n3x(x + 1) + n?(11x% + 11x + 3) + n(36x2% + 36x + 7) + 6(6x2 + 6x + 1)]

2 o G gHnun2 _ 1
800 = Xiop,, () (@ — d™)? ==,
Combining the estimates, according to proposition 2, we get the result.
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