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Classification of Units of Five Radical Zero Completely Primary Finite Rings with Variant

Orders of Second Galois Ring Module Generators

Abstract

Let R be a commutative completely primary finite ring with a unique maximal ideal Z (R) such
that (Z (R))" =(0);(Z(R)) #(0). Then R/Z(R)=GF(p") is a finite field of order p'. Let
R, =GR( P, pk) be a Galois ring of order p* and of characteristic p* for some prime number
p and positive integers k,r so that R=R,®&U &V &W @Y, where U, V, W and Y are

R,/ PR, - spaces considered as R, modules generated by e, f, g and h elements respectively.

Then R is of characteristic p* where 1<k <5. In this paper, we investigate and determine the
structures of the unit groups of some classes of commutative completely primary finite ring R

with pu; = p°v; = pw, = py, =0, where £ =2,3; 1<i<e, 1< j<f, 1<k<g, and1<I<h.

Keywords: Completely Primary Finite Rings, Five Radical Zero, Unit Groups
1. Introduction

Completely primary finite ring isa ring R with identity 10 whose subset of all its zero divisors
forms a unique maximal ideal. Recall that completely primary finite rings are necessary for the
classification of finite rings, which is still inconclusive with just some few expositions on the
structures of group of units as well as the zero divisors of the finite rings that have been
constructed. Chikunji in [1, 2] obtained the structures of group of units of classes of completely
primary finite rings in which the product of any three zero divisors is zero. In [3], the authors

determined the structure of the unit groups of completely primary finite rings in which the product
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of any four zero divisors is zero. Were et al in [5] obtained the structures of the group of units of

a completely primary finite rings in which the product of any five zero divisors is zero satisfying
peu; = pv; = pw, = py, =0; £=1,2,3,4; 1<i<e, 1< j<f, 1<k<g, and 1<l <h.Some of the
previously studied related work can be obtained from [6 & 7]. Unless otherwise stated, R shall

denote a finite ring, Z (R) its Jacobson radical and R” the group of units of R. If a is an element

of R",then < a > denotes the cyclic group generated by a. The rest of the notations are standard

and reference can be made to [1, 2, & 4].

The rest of the paper is as follows. In section 2, we give the preliminary to the main result in this
work which is basically the construction of five radical zero completely primary finite rings. The

conditions necessary for a class of rings for each characteristic p*, 1<k <5 is given. In section
3, we determine the structure of the group of units R™ of R for all characteristics p*, 1<k <5
restricted to the conditions pu, = p‘fvj =pw,=py,=0 where £=2,3;1<i<e, 1<j<f,

1<k <g, and1<I|<h. Finally section 4 gives the conclusion of this research and what future

researchers may look at on certain classes of this rings.
2. Preliminaries

2.1 Construction of Five Radical Zero Commutative Completely Primary Finite Rings

Let R, =GR(pk’, pk) be a Galois ring of order p* and characteristic p* where p is a prime

integer, 1<k <5 and reZ". Suppose U, V, W and Y are R,/pR, - spaces considered as R,

modules generated by e, f, g and h elements respectively, such that the corresponding
generating sets are  {u,,..,U,}, {vl,...,vf}, {wl,...,wg}and Yo Yo),  s0 that

R=R,®U @&V @W @Y is an additive abelian group. Then on the additive group, we define

multiplication by the following relations:

(i) If k=1 then uu, =u.u, =v;, UV, =V,U =W, UW =W =Y, Uy =Yy =0,

ViV =V =Y, VW =wy =0, vy =Yy =00 wwe =wew, =0, wy, = yw =0,

VY =Y.y, =0.



UNDER PEER REVI EW

(i) If k=2, then uu, =u.u, = pr, + pu, +V;, UV, =VU = U +W,, UW, = WU, = pu; +Y,,
WY, = YU =pu, Vv, =V,v; =Y, V;W =WV, =0, ViY =YY, =0, ww,.=w.w, =0,

WY, =YW, =0, yy.=Yy.y =0.

(iii) If 3<k<5,then uu, =u.U; = P+ pu, +V;, UV, =V,U, = P+ pU, + PV, + W,
2 2
UiWe =W U = P I + PU; + PW + Yy, Uiy, = YU = P + U,
2 _ — n? — — n?
ViV =V, = PP+ Y Y VW = WY = PO PY, W, VY = YY) = PR+ Py,

WW: =W W = pzro +PWe, WY, =YW = pzro +PW, VY=Y = pzro-

Further uu.u.u.U, =0, UK =1, VI =0V, Wl =LW, Y =rY, where ,eR, and
1<i,i'<e, 1<j,j'<f, 1<k,k'<g, 1<I,I'<h. From the given multiplication in R , we see
e f g h ) e f ' 9 h .
that if I+ KU+ SV, + D tW +> 7y, and [+ KU+ > SV, + Y tw +> 7y, areany

i=1 j=1 t=1 1=1 i=1 j=1 t=1

=1

two elements of R, then

e f g h ) e f . 9 h .
(ro D T+ DSV + Y LW D 7Y, ](ro D HU DSV + ) LW +Zz,y|j
i1 = k=1 =1 i1 = k=1 =1

=rr + pZ(rr +pR)+Z[rr+rr+pR]u+i[ (1, + PRy)s; +s( +pR)

=1

il(rvrfr pRO)]v +Z[ I, + PR, )t +t ( + pR, )+ZJ: (1, + PRy)s, +sj(ri'+ pRO)]Wﬁ
VU= i

h
=1

>

f

[(ro+ PRy) 2 +2, (1 + pRo)+;(r + PRy )t +t (1 + PRy )+ X (5,5, + pRO)]yI

x,7=1

where a=1,2,3 or 4 depending on whether Char R, = p?, p®, p* or p°. It can be verified that

this multiplication turns R into a commutative ring with identity 1.

Notice that if R, =GR(p", p) where Char R = p , then the above multiplication reduces to

e f g h ) e ) f . g : h .
[ro D EU A+ Y SV D LW+ D7y, }[ro + ) EU+ DY SV + ) W, +Zz,y|j
i1 =1 k=1 = i=1 =1 k=1 =
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f

=nr +Z|:r0|’| +rr]u +Z[ s;+s; (1 )+ i(rvr;,)]vj+ki_[("o)t'k+tk(ré)+

=

Z(r,)s +S. ( )]W + Izhl:[ )z +z|(r0')+%:(ri)t'k+tk(r.')+ Zf:(sks;)]yl

1] K, 7=1

Since the unique maximal ideal of R is

e f g h
R) = PR, +Z Rou; +Z Ryv; +Z RoW +Z Ry
i1 = k=1 =

and

e f g h
1+Z(R)=1+ pRy+ Y Ryl + D RV, + D Rw, + D Ry, ,
i=1 j=1 k=1 1=1

we use the ideas of Raghavendran [4] and Chikunji [2] to classify the unit groups of the rings
constructed in this section.

*

R :(F%+Z(R)jx(l+Z(R)) —<b> x (1+Z(R))

where <b>=(F%+Z(R)]=(%(RJ=F; =7,

Proposition 2.1: Let R be the ring described by the above construction and of characteristic p

with pu; = pv; = pw, = py, =0. Then its group of units

Proof : See proposition 1 in [5]

3. Main Results



UNDER PEER REVI EW

Proposition 3.1: Let R be the ring described by the above construction and of characteristic p’

with pu; = p®v; = pw, = py, =0. Then its group of units

Zrile;x(Z;)ex(Z;)gx(Z;)h , if p=2

* 2

"= Z,71><erx(erz)ex(erz)fx(er)g , If p>3

p

Proof : Since R is commutative, R’ =<b>-(1+Z(R))=<b>x(1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Then it suffices to determine the
structure of the subgroup 1+Z (R) of the group of units R™. Let ¢,,...,&, be elements of R, with
g =1suchthat £,...,& formabasisfor R,/ pR, regarded as a vector space over its prime subfield

IF, . We consider the two cases separately.

Case (i). For p=2, 1+Z(R) contains subgroups <1+ 2¢, > of order 2, <1+gu; > of order
8, <l+¢&w, > of order 2 and < 1+¢,y, > of order 2 forevery t =1,...,r. Since the intersection
of any pair the cyclic subgroups <1+2¢ >, <l+gu, >, <l+gw, >and <l+egy, >

(1£ i<e 1<k<g,1<I< h) is trivial, and that the order of the group generated by direct product

of these cyclic subgroups coincides with |1+Z (R)| , it follows that

1+Z(R)=1L[< 1+2¢, > x fﬂL[< 1+&U; > x ﬁﬁ< 1+&W, > x fﬂL[< 1+gy, >
t=1

i=1l t=1 k=1 t=1 =1 t=1
=25 x (23) < (25) < (23)'

Case (ii). For p>3, 1+Z(R) contains subgroups < 1+ pe, > of order p, <1+&u, > of order
p?, <l+gv; > of order p?> and <1+g&y, >of order p for everyt=1,..,r. Since the
intersection of any pair the cyclic subgroups <1+ pg >, <1l+gU; > <l+gv; >, and

<l+gy, > (1<i<e, 1< j< f,1<I<h) is trivial, and that the order of the group generated by

direct product of these cyclic subgroups coincides with |1+ Z (R)|, it follows that
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1+Z( H<1+ pe, >xHH<1+gu >><HH<1+5V >><HH<1+gy|

i=1 t=1 j=1 t=1 =1 t=1

=~ er X (erz )e X (erz )f X (er )h

Proposition 3.2: Let R be the ring described by the above construction and of characteristic p*

with pu, = p v = pw, = py, =0. Then its group of units

7 xZ;x(Zg)ex(ZZ)fx(Zg)g , if p=2

* 2"-1

"o Zp,_lerpzX(erz)ex(erz)fx(er)g . if p>3

Proof : Since R is commutative, R"=<b >-(1+Z(R))=<b>x (1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Then it suffices to determine the
structure of the subgroup 1+Z(R) of the unit group R™. Let &,,...,&, be elements of R, with
g =1suchthat £,...,& formabasis for R,/ pR, regarded as a vector space over its prime subfield

IF, . We consider the two cases separately.

Case (i). For p=2, 1+Z(R) contains subgroups <1+ 2¢, > of order 2, <1+¢u; > of order
8, <l+gv, >oforder 4 and <1+¢w, > of order 2 forevery t=1,...,r. Since the intersection
of any pair the cyclic subgroups <1+2¢ >, <l+gu, > <l+gv,> and <l+ew, >

(1s 1<e 1< j<f,1<k< g) is trivial, and that the order of the group generated by direct product

of these cyclic subgroups coincides with |1+Z (R)| , it follows that

1+Z( H<l+2.9 >><HH<1+5U >XHH<1+€V >XHH<1+€W >

i=l t=1 j=1 t=1 k=1 t=1

=75 % (Z;)ex (ZZ)f X (Z;)g
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Case (ii). For p>3, 1+ Z(R) contains subgroups < 1+ pg, > of order p®, <1+&u, > of order

? and <1l+gy, >of order p for everyt=1..,r. Since the

p?, <l+gv, >of order p
intersection of any pair the cyclic subgroups <1+ pe, >, <l+gu, > <1l+gv, > and
<l+egy, > (1<i<e 1< j<f,1<I<h) istrivial, and that the order of the group generated by
direct product of these cyclic subgroups coincides with |1+ Z (R)| , it follows that

r e r foor r
14+Z(R)=][<1+pg > x[[[[<1+&u >x [ [[ [<1+&v, > x ﬁH< 1+e&w, >
t=1

i=1 t=1 j=1 t=1 k=1 t=1
r r\ e\ r\?
:sz X (sz) X (sz) X (Zp)
Proposition 3.3: Let R be the ring described by the above construction and of characteristic p°

with pu, = p’v; = pw, = py, =0. Then its group of units

ZZ,AXZ;x(Zg)ex(Zg)fx(Z;)g , If p=2

R Zpul X (er3 )e X (erg)f X (er)g X (er )h , or

1

2, <L x () x (prB)f Cif p=3

Proof : Since R is commutative, R =<b > (1+Z(R))=<b>x (1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Then it suffices to determine the
structure of the subgroup 1+Z(R) of the unit group R™. Let &,,...,&, be elements of R, with

g =1suchthat £,...,& formabasisfor R,/ pR, regarded as a vector space over its prime subfield

IF, . Then the generators with their respective orders are as indicated below.

Case (i). For p=2, 1<t<r, 1<i<e, 1< j<f, 1<k <g, the generators are 1+2¢ of order
2; 1+¢&u, of order 8; 1+¢v; of order 8 and 1+&w, of order 2. The rest of the proof follows a

similar argument and maybe deduced from that of proposition 3.2.
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Case (ii).For p>3, 1<t<r, 1<i<e, 1<j<f, 1<k<g, 1<I<h, thegeneratorsare 1+ &u,
of order p? 1+ gV, of order p’°, l+gw, of order p and 1+gy, of order p or
1+ pe, of order p?, 1+¢&u, of order p*, and 1+ &V, of order p®. The rest of the proof follows a

similar argument and maybe deduced from that of proposition 3.2.

Proposition 3.4: Let R be the ring described by the above construction and of characteristic p*

with pu; = p?v; = pw, = py, =0. Then its group of units

Zr71XZ;ZX(Z;)eX(ZL)fX(Z;)g , If p=2

* 2

s Z,lerpax(erz)ex(erz)fX(er)g , If p>3

pr—

Proof : Since R is commutative, R’ =<b>-(1+Z(R))=<b>x(1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Then it suffices to determine the
structure of the subgroup 1+Z(R) of the unit group R™. Let &,,...,& be elements of R, with
& =1suchthat g,...,, formabasis for R,/pR, regarded as a vector space over its prime subfield

IF, . We consider the two cases separately.

Case (i). For p=2, 1+Z(R) contains subgroups <1+ 2¢, > of order 4, <1+¢u; > of order
8, <l+gv, > oforder 4 and <1+e&Ww, > oforder 2 forevery t=1,...,r. Since the intersection
of any pair the cyclic subgroups <1+2¢ >, <l+gu, > <l+gv; > and <l+egw, >

(1§ i<e 1< j<f,1<k< g) is trivial, and that the order of the group generated by direct product

of these cyclic subgroups coincides with [1+Z (R)|, it follows that

r e r foor r
1+Z(R)=[[<1+2s > [ [ [c1+&u > < [[[ [ 1+&av; > x ﬁH< 1+&w, >
t=1

i=l t=1 j=1 t=1 k=1 t=1

=70, x (24) x (23) = (Z})’
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Case (ii). For p>3, 1+Z(R) contains subgroups < 1+ pg, > of order p*, <1+gu, > of order
p?, <1l+gv; > of order p> and <1l+¢y, > of order p for everyt=1,.,r. Since the
intersection of any pair the cyclic subgroups <1+ pe >, <1l+gU; >, <l+gv; >, and
<l+gy, > (1<i<e, 1< j< f,1<I<h) is trivial, and that the order of the group generated by

direct product of these cyclic subgroups coincides with |1+ Z (R)| , it follows that

r e r foor r
4+Z(R)=][<1+pe >x[[I[<1+eau > <[] [<1+&av, > x ﬁH< 1+&w, >
t=1

i=1 t=1 j=1 t=1 k=1 t=1
r r\° e\ r\?
:Zp3 X (sz) X (sz) X (Zp)
Proposition 3.5: Let R be the ring described by the above construction and of characteristic p*

with pu, = p’v; = pw, = py, =0. Then its group of units

) erilXZ;X(Z;)GX(Z;)fX(Z;)g , if p=2

R = . .
Zprilerp:%x(erg) X(erg) , If p>3

Proof : Since R is commutative, R'=<b>-(1+Z(R))=<b>x(1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Then it suffices to determine the
structure of the subgroup 1+Z(R) of the unit group R™. Let &,,...,& be elements of R, with

& =1suchthat g,...,, formabasis for R,/pR, regarded as a vector space over its prime subfield

[F, . Then the generators with their respective orders are as indicated below.

Case (i). For p=2, 1<t<r, 1<i<e, 1<j<f,1<k<g, the generators are 1+2¢, of order
4; 1+¢gu, of order 8; 1+¢v; of order 8 and 1+&w, of order 2. The rest of the proof is similar
to the proof of proposition 3.4 .

Case (ii). For p>3, 1<t<r, 1<i<e, 1< j<f, the generators are 1+ pe, of order p°,1+&u,
of order p* and 1+ &V, of order p®. The rest of the proof is similar to the proof of proposition

34.
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Proposition 3.6: Let R be the ring described by the above construction and of characteristic p°

with pu; = p®v; = pw, = py, =0. Then its group of units

) Zz,ile;X(Z;)ex(Zz)fx(Z;)g , if p=2

"= Z,leL4x(ZLZ)ex(er2)fX(er)g , If p>3

pr—

Proof : Since R is commutative, R"=<b>-(1+Z(R))=<b > x (1+Z(R)), adirect product
of the p-group 1+Z (R) by the cyclic group < b >. Then it suffices to determine the structure
of the subgroup 1+Z(R) of the unit group R™. Let &,,...,, be elements of R, with ¢ =1 such

that &,...,& form a basis for R;/pR, regarded as a vector space over its prime subfield F . We

consider the two cases separately.

Case (i).For p=2,1+Z(R) contains subgroups < 1+2¢, > of order 8, <1+¢u; > of order 8,
<l+gv, > oforder 4 and <1+gw, > of order 2 forevery t=1,..,r. Since the intersection
of any pair the cyclic subgroups <1+2¢ >, <l+gu, > <l+gv; > and <l+ew, >
(I<i<e 1< j<f,1<k<g) istrivial, and that the order of the group generated by direct product

of these cyclic subgroups coincides with [L+Z (R)|, it follows that

r e r foor r
1+Z(R)=][<1+2g >x [ [[[<1+au > [[] [<1+&y; > x fﬂ_[< 1+&gw, >
t=1

=l =1 j=1 t=l k=1 t=1
=7 % (Zg)e X (Z;)f X (Z;)g

Case (ii). For p>3, 1+Z(R) contains subgroups < 1+ pg, > of order p*, <1+&u, > of order

2

p’, <1+gyv, >of order p’

and <1+gy, >of order p for everyt=1..,r. Since the
intersection of any pair the cyclic subgroups <1+ pe >, <1l+gU; >, <l+gv; >, and
<l+gy, > (1<i<e, 1< j<f,1<I<h) is trivial, and that the order of the group generated by

direct product of these cyclic subgroups coincides with |1+ Z (R)|, it follows that

10
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i=1 t=1 j=1 t=1 =1 t=1

r e r foor r
+Z(R)=][<1l+pg >x[[[[<1+&u > [[[ [<1+&v, > x ﬁH< 1+&w, >
t=1 j k

=7, x (erz )ex (erz)f X (er)g

p

Proposition 3.7: Let R be the ring described by the above construction and of characteristic p°

with pu; = p’v; = pw, = py, =0. Then its group of units

Z,71xng(Zg)ex(Z;)fx(Zr2)g , If p=2

* 2

Z,lerpAX(er3)ex(ZL3)f , If p>3

Proof : Since R is commutative, R'=<b>-(1+Z(R))=<b>x (1+Z(R)), a direct
product of the p - group 1+Z(R) by the cyclic group < b >. Thus it suffices to determine the
structure of the subgroup 1+Z(R) of the unit group R™. Let &,...,&, be elements of R, with

& =1suchthat g,...,, formabasis for R,/pR, regarded as a vector space over its prime subfield

IF, . Then the generators with their respective orders are as indicated below.

Case (i). For p=2, 1<t<r, 1<i<e, 1<j<f,1<k<g, the generators are 1+2¢ of order
8, 1+¢&u, of order 8; 1+&v, of order 8 and 1+¢&w, of order 2. The rest of the proof is similar
to the proof of proposition 3.6.

Case (ii). For p>3, 1<t<r, 1<i<e, 1< j<f, the generators are 1+ ps, of order p*, 1+&u,
of order p®,and 1+ ¢y, of order p°. The rest of the proof is similar to the proof of proposition

3.6.

4. Conclusion

This study has classified the group of units of a class of five radical zero commutative completely
primary finite rings with variant orders of second Galois ring module generators. This has been
achieved through isolation of the set of units from the set of zero divisors followed by the use of

fundamental theorem of finitely generated abelian groups. The results are noted to be in piece

11
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when the prime integer p is even and odd. Further research will focus on the classification of the
group of units of classes of five radical zero commutative completely primary finite rings with

variant orders of third as well as mixed variant orders of first and second Galois ring module

generators.

References

1. C.J. Chikunji, On unit groups of completely primary finite rings. Mathematical Journal of
Okayama University, 50, (2008), 149 — 160.

2. C. J. Chikunji, Unit groups of cube radical zero commutative completely primary finite
rings. International Journal of Mathematics and Mathematical Sciences, 4 (2005),
579 —592.

3. 0. M. Oduor and O. M. Onyango, Unit groups of some classes of power four radical zero
commutative completely primary finite rings, International Journal of Algebra, 8, (2014),
357 — 363.

4. R. Raghavendran, Finite associative rings, Compositio Mathematica, 21(2), (1969),
195 — 469.

5. H.S.Were, M. O. Owino and M. N. Gichuki, Unit Groups of Classes of Five Radical Zero
Commutative Completely Primary Finite Rings, Journal of Advances in Mathematics and
Computer Science, 36(8), (2021), 137 — 154.

6. O. M. Oduor, O. M. Onyango and Mmasi Eliud, units of commutative completely primary

finite rings of characteristic p", International Journal of Algebra, 7(6), (2013), 259 — 266

7. O. M. Oduor, C. J. Chikunji and O. N. Ongati, Unit groups of k+1 index radical zero
commutative finite rings, International Journal of Pure and Applied Mathematics, 57(1),
(2009), 57 - 67.

12



