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S-INDEX OF DIFFERENT GRAPH OPERATIONS

ABSTRACT

In this paper, we introduced new index from the Zagreb index family, named as
‘S-index’. We derive the S-index of some different graph operations such that Join, Cartesian
product, Composition, Corona product, Tensor product, Strong product, Disjunction,
Symmetric difference, Corona join product, Subdivision vertex join are obtained.
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1. INTRODUCTION

Topological indices are a numeric value which is associated with a chemical
structure of a particular chemical compound. Graph operations play a important role
in chemical mathematics, since some chemically interesting graphs can be derived
from some simpler graphs by different graph operations.

Let G be a connected graph with vertex set V (G) and edge set E(G),
respectively. The degree of a vertex Vv is the number of edges incidentto v and is

denoted by g (V)

The first general Zagreb index is defined as:

a+l Z zx+l Z 7/G + 7@

veV G uveE

The first and second Zagreb index is defined as:

Zye = > [reu)+rs(v)]

veV (G uveE(G)

Z?”G 7/G

uveE

The F-index is defined as:




G):VEVZ(G)7G(V)3 = Zb/c;(u)z +7/G(V)2J

uveE(G)

The Y-index is defined as:

Z 7@ = ZlVG(u)3+7G(V)3J

veV (G uveE(G)

The S-index of a graph G is defined as:

ZVG 2[76 +7G ]

veV uveE

2. MAIN RESULTS

In this section, we study about the S-index of some different graph operations.

Join:

The join G+ H of graphs G and H with vertex sets v (G) and v(H) and
edge sets E(G) and E(H) is the graph union G U H together with all the
edges between v (G) and v (H ). Obviously,

V(G +H)|= M@G)+N(H)
[E(G+H)|= [EG)|+|[E(H)|+N GV (H)|

Theorem : 2.1

The S-index of G+ H is given by

S(G+H)=S(G)+S(H)+ j1(2k;‘ + k14)+Y(G)k2 +kk, +4[F(G)k22 +F(H )k12]+ 6[M1(G)k23 +M,(H )kf]
+8lke j, -+ ki, Y (H )k, + kK,

Proof:

From definition of S-index, we have

S(G+H) = ZI7G+H(U)4+7/G+H(V)4J

uveE (G+H)

Zb/sm (u)4 + VGiH (V)4J+ Zb/em (u)4 + VGin (V)4J

_ uveE(G) uveE(H)

i + z Z[?’G+H(U)4+7G+H(V)4]

ueV (G)veV (H)



S e ) + 7 ) 2K |+ S o () + 40 (v + 2

_ uveE(G) uveE(H)

£ Y ra)rk, )+ () +k, )]

ueV (G)veV (H)

S(G+H)=5(G)+S(H)+ j,(2k + k! )+ Y (G )k, +k3k, +4|F (G k2 + F(H k? |+ 6|M, (G kS + M, (H )k}
8k, + kP G, Y (H Kk, + kK,
which is complete the proof.

Cartesian Product:

The Cartesian Product G x H of graphs G and H has the vertex set
V(GxH)=V(G)=xV(H)and (u,x)v, y)is an edge of GxH if uve E(G)and
X=Yyor u=V and xy e E(H )Obviously, [\/(G X H] :[\/(G][\/(H) and

EGxH)=[E@)V(H]+V(G)EH).

Theorem : 2.2
The S-index of Gx H is given by

S(GxH)=k,S(G)+k,S(H)+10Y(G)j, +10F(G)M,(H)+10M,(G)F(H)+10j,Y (H)

Proof:

From definition of S-index, we have

SGxH) = 2 rem(UVf

(uv)eV(GxH)

= Z [7(; )+ W)F

ueV ) VeV

S(GxH)=k,S(G)+ le( )+10Y(G)j, +10F(G)M,(H )+10M,(G)F(H)+10 jY(H ).

which is complete the proof.

Composition



The Composition G[H Jof graphs G and H with disjoint vertex setsv (G)
and v (H )and edge set E(G)and E(H )is the graph with vertex set v (G)=V (H)
and u = (u,,v, )is adjacent to v = (u,,v, )whenever y, is adjacent tou, or u, =u, and

vis adjacent to v,
7G[H](a' b) =k,76 (a)"' VH (b)

Theorem: 2.3.
The $-index of G[H Jis given by

S(G[H])=k?S(G)+k,S(H)+10k3F(G)M,(H ) +10k2F(H M, (G)+10k, j,Y (H )+10k; j,Y (G).

Proof:

From definition of S-index, we have

S(G[H])= ZVG[H u, V

(uv)ev(G[H])

Z Z 27(3 +7/H ]

UEV VEV
S(G[H])=ks(G)+ le(H)+10k2F(G)M1(H)+10k22F(H )M, (G)+10k, j,Y (H )+10k; j,Y (G).
which completes the proof.
Tensor Product
The Tensor Product G® H of graphs G and H has the vertex set
V(G®H)=V(G)xV(H) and (u,x)v, y)is an edge of G®H if uve E(G)and

xy < E(H ). Obviously, V(G®H | =N (G)V(H),[E(G®H ) =2E(G)E(H) and

YeeH (u’ X): 7@(“)7H (X)



Theorem: 2.4.
The S-index of G ® H is given by
S(G®H)=S(G)S(H).
Proof:

From definition of S-index, we have

S(G®H) ZVG@H UV

(uv)eVv(G®H)

= Z Z(VG (u)7H (V))S

ueV(G)veV(H)
S(G®H)=S(G)S(H).
which complete the proof.

Disjunction :

The Disjunction Gv H of agraphs G and H is the graph with vertex set

V(G)xV(H)and u,v, is adjacent with u,v, whenever uu, € E(G) and v,v, e E(H)

Theorem: 2.5;

The S-index of Gv H is given by

S(GVvH)=k3S(G)+k’S(H)-S(G)S(H )+10k;kY(G)j, —10k;sS(G)j, +10k3F (G kM, (H)
10k3S(G )Ml( )+10k2M, (G k]F(H )+10k, j kY (H)—10k;S(H)j, +10k’S(H M,
—10k?S(G)F(H)-10k2S(H )F(G)—-20k3Y (G Jk,M, (H )— 20k,k*M, (G )Y (H )— 20k, k.Y (G)Y (H )
+5k,S(G)Y (H )+5k,S(H )Y (G)+30k2k,Y (G)F (H )+ 30k k2F (G )Y (H ) — 30k k2F (G )F (H ).

Proof:

From definition of S- index we have

S(GVH) Z7GvH ul’u

(up,uy eV (GVH)



= Z Z[kzye (Ul)"' K7y (Uz)_?/s (ul)?/s (uz)]s

heV (G)uyeV(H)

S(Gv H)=k3S(G)+k’S(H)-S(G)S(H )+10ksk,Y (G)j, —10ksS(G)j, +10k3F (G kM, (H)
10k3S(G )M, (H ) +10kZM, (G )k F(H ) +10k, jk;'Y (H)—10k'S(H ) j, + 10k S (H )M, (G)
~10k?S(G)F(H)—10k?S(H )F(G)—20k2Y (G k,M,(H ) — 20k kM, (G )Y (H ) - 20k,k,Y (G)Y (H)
+5k,S(G)Y (H )+5k,S(H )Y (G)+30kZk,Y (G)F(H )+ 30k,k*F(G)Y (H )30k 2k 2F (G )F (H ).

which completes the proof.
Symmetric Difference :
The Symmetric Difference G @ H of two graphs G and H is a graph with
vertex setv (G)=V(H) and
E(G®H)={u,,u,)v,,v,)/uyV, € E(G)oru,v, € E(H )but not both}
Theorem :2.6.
The S-index of G @ H is given by

S(G®H)=kS(G)+k’S(H)-325(G)S(H)+10k k.Y (G)j, — 20k;S(G)j, +10k3F (G kM (H )+
40k:S(G)M, (H ) +10kZM, (G kF (H )+10k, j,k;Y (H )— 20k;'S(H ) j, + 40k S (H )M, (G)
—80k2S(G)F(H)—80kS(H )F(G)-40k3Y (G Jk,M, (H )— 40K,k M, (G )Y (H ) - 160k k.Y (G)Y (H)
+80k,S(G)Y (H)+80k,S(H )Y (G)+120k2k,Y (G)F (H )+120k kZF (G )Y (H )— 60k 2k 2F (G )F (H )

Proof:

From definition of S-index, we have

S(GG')H) ZVG@H U, U,

(Ug,Up JeV (G®H )

= Z H[kzj/G(Ul)+ K7y (Ug)_VG(Ul)?/G(uz)]S

WV (G) U,V (H)



S(G@®H)=k3S(G)+k>S(H)-32S(G)S(H)+10k;k,Y (G)], — 20ksS(G)j, +10k3F (G kM, (H )+
40kS(G)M, (H ) +10kZM (G k3F (H ) +10k, j, k'Y (H )— 20k;'S(H ) j, + 40k S (H )M, (G)
—80kS(G)F(H)—80k2S(H )F(G)—40k2Y (G kM, (H )— 40k, kM (G )Y (H ) -160k,k,Y (G)Y (H)
+80k,S(G)Y (H)+80k,S(H )Y (G)+120k2k,Y (G)F (H )+120k,k2F (G )Y (H )— 60k 2k 2F (G )F (H ).

which completes the proof.

Strong Product

The Strong Product G*H of a graph G and H is a graph with vertex set
V(G)xV(H) and any two vertices (Up,Vr) and (Uq,Vs) are adjacent if and only if if

lu, =u,andv,v, € E(H)| or v, =v,andu,u, € E(H)] or |u,u, € E(G)andv,v, e E(H)}
Yo (ab)=75(a)+ 74 (b)+ 76 (@) b)
Theorem: 2.7
The S-index of G*H is given by

S(G*H)=S(G)k,

+5S(G)Y(H
(G)
M

+S(H )k, +S(G)S(H)+10Y (G)j, +108(G)j, +10j,Y (H)+10S(H )j,
)+5S(H )Y (G)+10F(G)M,(H)+20Y (G)M,(H )+10S(G)M,(H )+10M,(G)F(H)
(H)+10S(H)M,(G)+10S(G)F(H )+20Y(G)Y (H)+10S(H )F(G)+30F(G)F(H)
(H

M
)+30F(G)Y(H).

+20M
+30Y(G)M,

Proof:

From definition of S-index, we have

SG*H)= > yemluvy

uv)eV(GxH)
[)7@( u)+ 74 (V) + 76 W WF

—

ueV (G)vev (H
S(G*H)=S(G)k, +S(H )k, +S(G)S(H)+10Y(G)j, +10S(G)j, +10,Y (H)+10S(H)j,
+5S(G)Y(H)+5S(H)Y(G)+10F(G)M,(H )+ 20Y (G)M,(H )+10S(G)M,(H)+10M,(G)F(H)

k
5
)+10S(H )M, (G)+10S(G)F(H )+ 20Y(G)Y(H)+10S(H )F(G)+30F(G)F(H)
)+30F(G)Y(H)

)+
+20M,(G)Y (H
+30Y(G)M,(H



which completes the proof.

Corona Product:

The Corona Product GoH is defined as the graph obtained from G and H by
taking one copy of G and [\/(GX copies of H and then joining by an edge each

vertex of the i" copy of His named (H,i) with thei™ vertices of G.

_[rs()+k,,veV(G)
Yoo (V)_{yH (V)+1,veV(H)}
Theorem : 2.8

The S-index of GoH is given by

S(GoH)=5(G)+k,S(H)+5k,Y(G)+5kY(H)+10k’F(G)+10k>M,(G)+10k; j, + ksk,
+10k, F(H )+10k,M, (H )+10K, j, +kk,.

Proof:

From definition of S-index, we have

S(GoH)= Z)UG(V)+k2]5 +k, Z[)yH (v)+1]

veV (G veV (H

S(GoH)=S(G)+k,S(H)+5k,Y(G)+5kY(H)+10k2F(G)+10k>M,(G)+10k; j, + ksk,
+10k,F(H )+10k,M, (H )+10K, j, + kk,.

which completes the proof.

Corona join product :

Let G(k,, j,) and H(k,, j,) be simple connected graphs, and the Corona join

graph of G and H is obtained by taking one copy of G, k, copies of H, and



joining each vertex of the i™ copy of H with all vertices of G . The Corona join

productof G and H is denoted by ., (v)= 76 (V) +kik, veV(G)
7a(V)+k,veV(H)

Theorem : 2.9
The S-index of G @ H is given by
S(G@®H)=S(G)+5Y(G)kk, +10F (G )k’kZ +10M, (G k’k? +10jk ks +kkS + k,S(H)
+5k2Y (H)+10F (H k2 +10M, (H )k} +10k? j, + kk,.
Proof:

From definition of S-index, we have

G@H Z?’G@H

veV (G@H)
= 2 (W) +kik, ) Z 20
veV (G) G)veV(H)

S(G@®H)=S(G)+5Y(G)kk, +10F (G )k’kZ +10M, (G k’k: +10jk'ks +kk +k,S(H)
+5k2Y (H)+10F (H k2 +10M,(H )k +10k? j, + kk,.

which completes the proof.

Subdivision vertex join :
For G(k,, j,) and H(k,, j,), the subdivision vertex join is denoted by G +H

and is obtained by joining the each new vertex of S(G) to all vertices of H.

VG(V)’VEV(G)
VG+H (V): 2+k2,V€VS(G)
VH (V)+ jl’VEV(H)

Theorem: 2.10

The S-index of G+ H is given by



S(G+H)=S(G)+(2+k,) j,+S(H)+ j’k, +5Y(H)j, +10F(H )jZ +10M,(H)j +10j, j..

Proof:

From definition of S-index, we have

G"‘H 276+H

veV G+H

= > v+ Y @+ + D W)+ i)

veV (G) veV, (G) veV (H)

S(G+H)=S(G)+(2+k,) j, +S(H)+ j’k, +5Y(H)j, +10F(H )j2 +10M,(H)j +10j, j..

which completes the proof.
Example: 2.11
In this part, the s-index of some special graphs are calculated.
A. S(K.)=n(n-1,n>3
B. S(C,)=32n ,n>3
c. S(P)=32n-62 ,n>3

D. S(S,)=(n—1 +(n-1) ,n>3

E. SW,)=243n+n°,n>3

£ S(L,)=128 +(2n-4)243 2

Example: 2.12



S(G)= > rs(v)’ =161314

veV (G)

3. CONCLUSION
In this paper, we compute some exact expressions for the $-index of some

graph operations such as Join, Cartesian product, Compaosition, Corona product,
Tensor product, Strong product, Disjunction, Symmetric difference, Corona join

product, Subdivision vertex join.
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