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ABSTRACT  
 
      In this  paper, we introduced new index from the Zagreb index family, named as 

‘ S -index’. We derive the S -index of some different graph operations such that Join, Cartesian 

product, Composition, Corona product, Tensor product, Strong product, Disjunction, 
Symmetric difference, Corona join product, Subdivision vertex join are obtained. 
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1. INTRODUCTION  
 
            Topological indices are a numeric value which is associated with a chemical 

structure of a particular chemical compound. Graph operations play a important role 

in chemical mathematics, since some chemically interesting graphs can be derived 

from some simpler graphs by different graph operations. 

               Let G  be a connected graph with vertex set  GV  and edge set  GE , 

respectively. The degree of a vertex v  is the number of edges incident to v  and is 

denoted by  .vG   

The first general Zagreb index is defined as: 
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The first and second Zagreb index is defined as: 
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The F-index is defined as: 
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The Y-index is defined as: 
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The S -index of a graph G is defined as: 
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2. MAIN RESULTS 
 

         In this section, we study about the S -index of some different graph operations. 

 
 

Join: 
 

       The join HG of graphs G  and H  with vertex sets  GV  and  HV  and    

 edge sets  GE  and  HE  is the graph union HG  together with all the    

 edges between  GV  and  HV . Obviously,  

                                )( HGV  = )()( HVGV    

                                )( HGE  = )()()()( HVGVHEGE    

 
Theorem : 2.1 

               The S -index of HG is given by 
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Proof: 
 

     From definition of S -index, we have 

                  HGS   =     


 
)(

44

HGEuv

HGHG vu   

                              =   

         

     



 















)( )(

44

)(

44

)(

44

GVu HVv

HGHG

HEuv

HGHG

GEuv

HGHG

vu

vuvu





 



 

  

                              =  

         

       



 







)( )(

4

1

4

2

)(

4

1

44

)(

4

2

44
22

GVu HVv

HG

HEuv

HG

GEuv

HG

kvku

kvukvu





 

                
                   
    .8

642

2

5

112

4

11

4

2

3

11

3

21

2

1

2

21

5

22

4

1

4

21

kkkHYjkjk

kHMkGMkHFkGFkkkGYkkjHSGSHGS





  
       which is complete the proof. 
 
Cartesian Product: 
 

        The Cartesian Product HG of graphs G  and H  has the vertex set 

       HVGVHGV  and   yvxu ,, is an edge of HG if  GEuv and  

  yx  or  vu   and  HExy Obviously,      HVGVHGV   and     

           .HEGVHVGEHGE   

Theorem : 2.2 

          The S -index of HG is given by 
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Proof: 

        From definition of S -index, we have 
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     which is complete the proof. 

 
 

 

Composition 



 

  

             The Composition  HG of graphs G and H with disjoint vertex sets  GV  

and  HV and edge set  GE and  HE is the graph with vertex set    HVGV 

and  11,vuu  is adjacent to  22 ,vuv  whenever 
1u is adjacent to

2u  or 
21 uu  and 

1v is adjacent to 
2v  

                                    ., 2 bakba HGHG  
 

 
Theorem: 2.3.  

            The S -index of  HG is given by 
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Proof: 

        From definition of S -index, we have 
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        which completes the proof. 

Tensor Product 

           The Tensor Product HG  of graphs G and H has the vertex set  

     HVGVHGV   and   yvxu ,, is an edge of HG  if  GEuv and 

 .HExy Obviously,            HEGEHGEHVGVHGV 2,   and 

     ., xuxu HGHG    

 

 



 

  

Theorem: 2.4.  

         The S -index of HG is given by 

      .HSGSHGS   

Proof: 

   From definition of S -index, we have 
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        which complete the proof. 

Disjunction : 

             The Disjunction HG  of a graphs G and H is the graph with vertex set 

   HVGV  and 
11vu  is adjacent with 

22vu  whenever  GEuu 21
 and   HEvv 21

. 

Theorem: 2.5: 
 

         The S -index of HG is given by 
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Proof: 
 

         From definition of S -index, we have 
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    which completes the proof. 
 
Symmetric Difference : 

                The Symmetric Difference HG  of two graphs G and H is a graph with 

vertex set    HVGV    and 

         bothnotbutHEvoruGEvuvvuuHGE  22112121 /,,  

Theorem :2.6. 
 

         The S -index of HG is given by 

                 

               

                   

                   .601201208080

16040408080

4020101040

10201032

2

2

2

1

2

121

2

212

121

3

1211

3

2

2

1

2

2

1

3

11

4

1

4

112

3

11

2

21

3

2

1

2

1

3

22

4

221

4

2

5

1

5

2

HFGFkkHYGFkkHFGYkkGYHSkHYGSk

HYGYkkHYGMkkHMkGYkGFHSkHFGSk

GMHSkjHSkHYkjkHFkGMkHMGSk

HMkGFkjGSkjGYkkHSGSHSkGSkHGS









 

Proof: 

From definition of S -index, we have 

   
   





HGVuu

HG uuHGS
21 ,

5

21,
 

                      
  

 
 


GVu HVu

GGHG uuukuk
1 2

5

212112   



 

  

                 

               

                   

                   .601201208080

16040408080

4020101040

10201032

2

2

2

1

2

121

2

212

121

3

1211

3

2

2

1

2

2

1

3

11

4

1

4

112

3

11

2

21

3

2

1

2

1

3

22

4

221

4

2

5

1

5

2

HFGFkkHYGFkkHFGYkkGYHSkHYGSk

HYGYkkHYGMkkHMkGYkGFHSkHFGSk

GMHSkjHSkHYkjkHFkGMkHMGSk

HMkGFkjGSkjGYkkHSGSHSkGSkHGS









 

           which completes the proof. 

 

Strong Product 

              The Strong Product HG  of a graph G and H is a graph with vertex set 

   HVGV   and any two vertices  rp vu ,  and  sq vu ,  are adjacent if and only if if
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Theorem: 2.7 
 

         The S -index of HG is given by 
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Proof: 

           From definition of S -index, we have 
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         which completes the proof. 
 
 

 

Corona Product: 

The Corona Product HG   is defined as the graph obtained from G and H by 

taking one copy of G and  GV  copies of H and then joining by an edge each 

vertex of the thi copy of H is named  iH ,  with the thi  vertices of .G  
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Theorem : 2.8 
 

             The S -index of HG  is given by 

 

             

    .101010

10101055

2121111

1

4

21

4

21

3

2

2

2121

kkjkHMkHFk

kkjkGMkGFkHYkGYkHSkGSHGS





 
Proof: 

         From definition of S -index, we have 

        
  

 
 


GVv HVv

HG vkkvHGS
5

1

5

2 1  

 

             

    .101010

10101055

2121111

1

4

21

4

21

3

2

2

2121

kkjkHMkHFk

kkjkGMkGFkHYkGYkHSkGSHGS





             

     which completes the proof. 
 
Corona join product : 

           Let  11, jkG  and  22 , jkH  be simple connected graphs, and the Corona join 

graph of G  and H is obtained by taking one copy of G , 
1k  copies of H , and 



 

  

joining each vertex of the thi  copy of H  with all vertices of G . The Corona join 

product of G  and H  is denoted by    
   

    












HVvkv

GVvkkv
v

H

G

HG
,

,

1

21




  

Theorem : 2.9 
  

       The S -index of HG is given by 

           

      .1010105

1010105

2

6

12

5

1

4

11

3

1

2

1

1

5

2

6

1

4

2

4

11

3

2

3

11

2

2

2

121

kkjkkHMkHFHYk

HSkkkkkjkkGMkkGFkkGYGSHGS





 

Proof: 

        From definition of S -index, we have 

   
 





HGVv

HG vHGS
5

  

                   
   

  
  


GVv GVv HVv

HG kvkkv
5

1

5

21       

           

      .1010105

1010105

2

6

12

5

1

4

11

3

1

2

1

1

5

2

6

1

4

2

4

11

3

2

3

11

2

2

2

121

kkjkkHMkHFHYk

HSkkkkkjkkGMkkGFkkGYGSHGS





 

        which completes the proof. 

 
Subdivision vertex join : 

         For  11, jkG  and  22 , jkH , the subdivision vertex join is denoted by HG  

and is obtained by joining the each new vertex of  GS  to all vertices of .H  

   

   

 

   






















HVvjv

GVvk

GVvv

v

H

s

G

HG

,

,2

,

1

2





  

Theorem: 2.10  

       The S -index of HG is given by 



 

  

              .10101052 4

12

3

11

2

112

5

11

5

2 jjjHMjHFjHYkjHSjkGSHGS 

 

 

Proof: 

      From definition of S -index, we have 

   
 





HGVv

HG vHGS
5

  

                    
   

  
  


GVv GVv HVv

HG

s

jvkv
5

1

5

2

5
2   

              .10101052 4

12

3

11

2

112

5

11

5

2 jjjHMjHFjHYkjHSjkGSHGS 

 

    which completes the proof. 
 
Example: 2.11 
 

   In this part, the S -index of some special graphs are  calculated. 

 

A.     3,1
5

 nnnKS n  

B.   nCS n 32  , 3n  

C.   6232  nPS n  , 3n  

D.      11
5

 nnSS n  , 3n  

E.   5243 nnWS n  , 3n  

    F.     24342128  nLS n  , 2n  

 
 Example: 2.12 



 

  

 
 
 
 

   
 

314,61,1
5
 

 GVv

G vGS   

 
 
 
 
3. CONCLUSION 

             In this paper, we compute some exact expressions for the S -index of some 

graph operations such as Join, Cartesian product, Composition, Corona product, 

Tensor product, Strong product, Disjunction, Symmetric difference, Corona join 

product, Subdivision vertex join. 
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