Decay estimate for solutions to a semilinear plate equation
with memory

Abstract

In this paper we consider the initial value problem of a semilinear plate equation with memory
term in R"(n>1). We study the decay estimates for solutions to the equation in the spirit of

referencel’ 2, and obtain the global existence and decay estimates of solutions to the semilinear
problem, which generalize the results in referencelll.
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1 Introduction

In this paper we consider the initial value problem of the following semilinear plate equation
with memory termin R" (n>1):
u, +Au+u—g=*u=fu,u) (1.2)
with the initial data
u(x,0)=u,(x), u,(x,0)=u,(x) (1.2)
Here u = u(x,t) is the unknown function of x =(x;,---,X,) € R"andt >0, which represents
the transversal displacement of the plate at the point X and the timet . The subscriptt inu, and
u, denotes the time derivative (i.e.,u, = d,uandu, =a?u) . The memory term g =u is defined
by
(g *u)(x,t) = j; g(t—2)u(x,7)dz,
which means the stress at an instant depends on the whole history of the strains the material has
suffered. The memory kernel g is a given function which satisfies the following assumption.
Assumption[A] :
(i) gec*([0=)),
(i) g(t)>0,-C,g(t)<g’(t)<-C,g(t).]g"(t)|<C,g(t) fort >0,
(iii) [ g(r)dz<ifort=0,

where, C, ( j =1,2,3) are positive constants.



The nonlinear term f (5%u,u,) satisfies the following

Assumption[B]: f (202u,Au,) = A" f (B%u,u,), VA >0,
5-n, n<3§
here & is an integer satisfying o > o, with ¢, := 1 2

2, n>4
n
Denote
o-(k,n)=2k+[n7+1},n21, (L.3)

then our main theorem can be stated as follows.
Theorem1.1 (Existence and Decay Estimates). Letsbe an integer and s > max {n+1,3} . Also let
U, e H*?(R")NL(R")andu, e H*(R")NL(R"), and put

o= s+ 100,

Then there exists a unique solution u(x,t) of (1.1)--(1.2) with
u(x,t) € C°([0,00); H***(R")) NC*([0,0); H* (R"))

and satisfying the following decay estimates:
k

<Cl(L+t) 8 4, (1.4)

9 ut,

s—o(kn
k

o“u, (t)||HHM <ClL(1+t) 8 ¢, (1.5)

for k > 0satisfying o(k,n) <s, here o(k,n) is defined in (1.3).
For the study of the plate equations, many results have been obtained in the literatures. Da
Luz and Char&!®! studied the following semilinear dissipative plate equation
U, —Au, +A’u+u, = f(u). (1.6)
They obtained the global existence of solutions and a polynomial decay of the energy by applying
an energy method. However the result was confined to the lower spatial dimension1<n<5. This
limitation on the spatial dimension was eliminated by Sugitani and Kawashimal*l by using the
fundamental method of energy estimates in the Fourier (or frequency) space and some sharp decay
estimates. Subsequently, Liu and Kawashimal®8l studied a more complex inertial model for

quasilinear dissipative plate equation whose linear part is presented by

Uy — AU, + D b" (B5u),, +u, =0. (1.7)

i j=1
For the case of plate equations with memory term, Liu-Kawashimal”l studied the following
semilinear plate equation
u, +Au+u+g*Au=f(u). (1.8)
and obtained the global existence and decay estimates of solutions by exploiting the energy
method in the Fourier space. Liul? studied the following initial value problem of rotational plate

equations with memory,



U, —Au, +A’u+u+g*Au= f(u,u, Vu). (1.9)
Due to the rotation term, Liu obtained the global existence and decay estimates of solutions with
more general semilinear term. The results in these papers and the general dissipative plate
equation (see [2,5,8,9])show that they are of regularity-loss property.

A similar decay structure of the regularity-loss type was also observed for the dissipative
Timoshenko systeml['®% and a hyperbolic-elliptic system related to a radiating gas(*?. For more
studies on various aspects of dissipation of plate equations, we refer to referencel314.15.16],

The main purpose of this paper is to study the global existence and decay estimates for solutions
to the initial value problem (1.1)--(1.2) with semilinear term in the spirit of reference>2. We
extend the result in [1] to the semilinear case.

Before closing this section, we give some notations to be used below. Let F| f |denote the

Fourier transform of f defined by

f(@) = F1]©) 2 [ e ™ f (xdx,

(27m)?

and we denote its inverse transform as F .
L =L°(R")for1< p<cois the usual Lebesgue space with the norm||-||,.H" =H*(R") for

s € N denotes the Sobolev space with its norm

= o )

Also, C*(I;H*(R™)) denotes the space of k -times continuously differentiable functions on the

LZ

interval I with values in the Sobolev space H® = H*(R") .
Finally, we denote every positive constant by the same symbol C or ¢ without confusion, and

[]is Gauss’ symbol.
2 Proof of the Main Theorem

In this section, by virtue of the properties of solution operators, we prove the global existence
and decay estimates of solutions to the semilinear problem (1.1)--(1.2) by employing the
contraction mapping theorem. Now we recall the fundamental solution formula of the linear

problems in referencel, which is given by

ut) =u, (t) =G(t) =u, + H(t) *u,. (2.1)
Also, the solution u(x,t) to the problem (1.1)--(1.2) can be formally expressed as
u(t) = G(t) *u, + H(t) *u,+ j;H(t —7)* f(02u,u,)dr . 2.2)

To prove theorem 1.1, we need some lemma.



Lemma 1 (see [1]). Assume that  H** (R")L*(R" )andy e H* (R") N L*(R" ) fors > 0
and1<q<2. Letkand I be non-negative integers satisfyingk +1<s, then the following

estimate holds:

n k |
3G(t)* ol <2C,, 1+ t)fz&%}Z lolo +2C, (1 +) 305" 2] ..
n k |
(2) ||atatg(t)* 4 2= 2 q.k (1+t)72[é7%)71 ||¢||Lq + ﬁcl (:]__}_-t)71|al><<+l+2¢ L

nf1 1) k |
<Cy (Lt daz i+ Loty

OFH(t)*y

o'y

nf1 1) k |
@) |odsH(t) <C,y (l+t)7(?5]7 Il +C (2+1) e

oy

where C,, is a positive constant depending only ongandk, C, is a positive constant depending
onlyonl.
By some modification of the theorem 2.7 in Liu-Ueda™, we have the following
Lemma 2 (see [1]). Lets > 0be an integer. Suppose thatu, € H** (R"), u, e H*(R").
Furthermore, assumeu, € L'(R"), u,  L'(R"), and put
1y = ug e+l e + (1o, )]s

then the following decay estimate holds:
Ifs>{n;1} then

OO, < CEH) T (e I+

Yt (t)"Hs—a(k,n) <C (1+ t)igiZ ("uO”HS*Z + ”ul"HS + "("’lo""ll)"L1 )
Wherek >0, o(k,n)<s.

Proof. Letk and m are non-negative integers.
By virtue of (2.1) and Lemma 1 (1) (3)withq=21andC = max(x/?Cq'k ,x/EC, ) , we have

6l><<+m+2 < al><<+m+2g(t) + 6k+m+2H(t)

k+m+l+2
a il

0 5||uo||u +c<1+t>

uO 12

»\%‘

s +C(1+t)‘1|ak+m+lzu1 2

k+m+l;+2
6 1

Pk

<C(1+
+C(1+t) &
(1+t)7§7 [CS] +C(1+t)

Uo

LZ
+C(1+ t) ok,

herel, >0,1,>0,k+m+1, <s,k+m+l, <s.

Choose the smallest integers |, and I, satisfying

Lon k|
>—+—,

It yields that



Takel, =l,=o(k,n) —k , where o(k, n) is defined by (1.3). Hence that holds m satisfying

0<m<s—o(k,n).Taking sum withm , we get that

PO <COE (il o+ 0,)-
Similarly, we can prove that

3y, (t)"HH(m < C(1+t)7g7% ("Uo [ +||(u0,u1)||L1) :

So far we complete the proof of Lemma 2.

=l+1and

Lemma 3 (see [2]). Assume that p,q,r,k,«and g are integers,1< p,q,rgoo,% atr

k>0, «>1and 8>1, then

ok (u“v”) Hv v

a—
L

<Cfo

k
o u

Ml

L LU

p-1
= (lule ol
Proposition 1. Leta > 0andb > 0be real numbers. Ifa+b>1, then there existsC >0
(independent of t >0) such that the following estimate holds,

j; A+t-7)*@A+7)"dr<C.
Proof. Directly computation!

Now in order to prove theorem 1.1, we define
X = {u e C([0,00); H**2((R"))) NC([0,00); H* (R ). Jull, < oo} ,

here
nk
“u”x = Z sup(1+t)a 4 al:rzu(t)"HH(k‘n)
{k;o(k,n)<s} t>0
n k
+ Y sup@+ 0 4ot ) -
{k;o(k,n)<s} t>0 H .
Denote

U =(0%u,u,),
S ={ue X;[ul, <R},vR>0,
#lu](t) =G(t) *u, + H(t) *u, + _[; H(t—7)* f(U)(r)dr,
@, (t) =G(t) *u, + H(t) *u,.
Noticing that f (v) = O(|v|“) and applying lemma 3, we have the following inequalities for

k>0:

a(f(V)-f(W))@)

L <Clv W)@ (Ivaw) @)
oy (V.W)(7)

L[ (v -w) )

:)

L [2% (Vv -W)(z)

)

Y (23)

+

(V-W)(z)

(v w)e
oAV W)@, [(V-W)(2)

o (f(V)-f(W))(@)

L <C|(v.wW)(@)

LZ

(2.4)
+

LZ

Now we will prove thatu — ¢[u]is a contraction mapping on S, for some R > 0. We divide the



proof into the following four steps.
Step 1. First we give an estimate on the L* — norm by using the Gagliardo-Nirenberg inequality

which will be regularly used in the succeeding computation.
Sets, = B} +1,6, = ZL . Takeu € X , by using the Gagliardo-Nirenberg inequality, we have
SO

(516 %

- <cluwl”

Whenn =1, sinces>3, i.e.s—o(1,1) >0, hence we get |U (t)||Lz <C(L+t) ® ||u||

3
oRU (1)), <C@+t) ®|ul, by the definition of u], . It yields U (t)

< <C@+t) 4 ||u||
. ], [y .
Whenn > 2, sinces > n+1and?+T =n,i.e.s—o(0,n)>s,, thus we obtain

V@], <ca+t)® ||u|| . <C(L+1) ®|ul, by the definition of u], . Then we have

P, <carv [,

Denote
i, n=1,
d = 4
E, n>2,
8
Therefore we have
u®]. <Clul, @+t (2.5)

Step 2. Take anyv,we X , denoteV = (d2v,v,) ,\W = (62w, w,) , then we have
S[V] () - g[w] () = j;H(t—r)*( f(V)-f(W))@)dz.

Assume thatk, m and | are non-negative integers and s > o(k, n) , then we have that

o (150 Jlomor =y« (1 (v)~ t (W) 26)
=1 +1,.
By applying Lemma 1 (3) with g =1and C =max(C,,,C,), we have that
t n k+m
<C[2(L+t—z)s @ |(f(V)-f(W))
t |
+C[2(L+t—z) ol (£ (V)-f(W)) 2.7)

=1, +1,.
By applying (2. 3) withk =0, we obtain that

By virtue of (2.5), we get that

v w)

g (V-w)




n
~dy(@-2)-5

I(F(v)- (W)@

L <Clewy v =w, @+7)

ot (2.8)
a-1 1 4 ] :11
<clowl fw-wl, (4D "

na

A+7) 8, n>2.
In view of Assumption [B], we have thataT_1 >1and n?a >1. Therefore, by Proposition 1, we
obtain that
e <CA+D) 7 ) v —w)], 2.9)
form=>0.

Similarly, ifk + m+1<s, by using (2.4) with k replaced by k + m+1, we obtain that
o™ (£ (V)= £ (W)@, <Clv W)@ (||(v WY@ [l (v -w ) (2)

L™ (VW) (2) )

n
—d_(a-1)-—
n(a-1)-2

L

LZ

+

(V-W)(z)

L2
By virtue of (2.5), it holds that

™ (F(V)= (W) @), <Clv W) |(v—w)|, @+7)

LZ

a-1
A+7) 4, n=1, (2.10)

(A+7) ¢, n>2

<Clv.wl v -wl,

Takel =o(k,n)—k, then !I > g + ; By virtue of Assumption [B] and Proposition 1, we have

that
I, < C(1+t)’§’§ v w2 v = w), (2.11)
with0<m<s—o(k,n).
Put the estimates for I.,and 1, in (2.7), then we obtain
I, < C(1+t)’5’5 v, W) v —w))), (2.12)
with0<m<s—o(k,n).

Also, by using Lemma 1 (3) with g =1and C = max(C, ,,C,), we have that

q.k?

I, scj£(1+t—r)*§*k+7m||a‘;(f(v)— f(W))()], dr
+cj£(1+t—f)"2|a§+m+' (f(V)-f(W))@).dr (2.13)

=1, +1,,.
By using (2.3) , we have
3 (F(V)- F (W)@

LS Cl(v.w)()

= (v wye
o (V,W)(z)

LZ o5 (V-W)(z)

:)

LZ

+

(V-W)(2)

L2
hence we obtain that

F(F(V)-f (W)@

L <Clv W)@V -w) @), @y T




It holds that
ok B
Ly SCEA+) ® 4 (v W) (v —w)|,
with0<m<s-o(k,n).

Similarly, by using (2.4) withk replaced by k + m+1, we obtain that
A (1(V) = f W)@ <Clv W)@[* ([v W) @)
(V-W)(2)

o™ (V =W)(2)

)

LZ

+a ™ (v, W) (2)

LZ

By applying (2.5), it holds that

A (£ (v)- T (W)@, <Clow] lv-wi, a+o) " @2
with0<m<s-o(k,n).
It yields that
1y SCA+t) ) [ —-w,
for0<m<s—o(k,n).
Put the estimates for 1, and 1., in (2.13), then we obtain
I, <C(+ t)_g_g v w2 (v = w), (2.14)

for0O<m<s—o(k,n).

Combining the estimates (2.6), (2.12) and (2.14), we obtain that
™2 (pIv]— glw]) (1)
Taking sum with0<m<s—-o(k,n), we have that

o4 (#IVI() - AIWI)))

.k B
L <CE+1) * v wy v —w,

<C+t) * 4 Jwli v -w, -

Hst(k,n) -

It holds that

o4 (VI(®) = AIWID))] . oy < CIOWI (V=W - (2.15)

n k
sup(l+ r)8+4
t>0

Step 3. Assume thatk, m and | are non-negative integers and o(k,n) <s, then we get that

00,0 ~ A, <C(I+: Jlor " H -0+ (F(V) - f W)@ de ) o
=1, +1,.
By applying Lemma 1 (4) withg=1and C =max(C,,,C,), we have that
I, scjf(lﬂ—r)%*k%m [(f(v)- (W)@, dz
+C_[O%(1+t—r)_|5 ™ (F(V)~f(W))(@)| . dz (2.17)

=1+ 1.
Similar to the argument of (2.9), we obtain
n k

L, <CA+1) & 4 [(vo W)l [lv—w)], -

At the same time, similar to the estimate of I, , we have



nk B
L, SCA+1) & 4|, W) [(v—w)], .
Put the estimates for I,, and I, in (2.17), then it holds that
_n_k .
I, <C@+t) & 4|(v, W) l(v—w), (2.18)

Similarly, by applying Lemma 1 (4) withq =1and C = max(C,,,C,), we have that

_n_k+m
8 4

1, <Cfi(1+t-7) F(F(V)-f(W))(@), dr
Cfi@rt—eyefolm (F(V)- F (W)@ ar (2.19)
= I412+ I,
Since
S (f(V)= T W)@, <clvwW)@[ (J(v.w) @) s (v -w) )] .
Hor v w) @IV -w) @) ).
thus
(£ (vV)- W)@, <clv wW)@[ |V -w)@), (1+t)’d"‘“’2)’3’5
It yields that

n k

Ly <CA+1) ® (v W) v —w)], -
Similar to the estimate of I,,, we obtain
nk )
L, SCEL+1) & 4| v, w)| (v —w), .
Put the estimates for 1,,and 1,,,in (2.19), then it holds that
_n_k §
I, SCEAL+1) ® 4 (v W) (v —w)|, (2.20)
Combining the estimates (2.16), (2.18) and (2.20), we get that
0,0, (¢1v1 - ¢[wl) (©)

Taking sum with0<m<s—-o(k,n), we have that

040, (AV1(t) — AIwI(V)

nk B
L <CE+) 4wl v -w)),

nk B
ot SCA+T) T AW v =W -

It yields that

840, (IV1(1) - AIWI(V)

nk .
sup(L+7)° ¢ o SClOW v =W - (2.21)

Step 6. Combining the estimates (2.15) and (2.21), we get that
(61 - gtwd)] < Cllevwll v - w
So far we prove that|(¢v]— g[w])| <C,R“*|(v—w)], ., ifv,weS,. On the other hand,
#[0](t) = 4, (t) =u, (t) , and by lemma 2 we know that|¢,|, <C,I,, if 1, is suitably small. Take

R=2C,l,,if | issuitably small suchthatR <1,C,R < % , then we obtain that
1
[(ev1 =), <5 lv—w

It yields that



1 1
oo, <l +2Ivl, <Cul,+ SR<R.

Hence v — ¢[v] is a contraction mapping on S , and by the fixed point principle there exists a

unique u e S, satisfying g[u]=u, and it is the solution to the semilinear problem (1.1)(1.2)

satisfying the decay estimates (1.4) and (1.5). Thus we complete the proof of Theorem 1.1.
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