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Bound Estimation of Some Special Functions

ABSTRACT |

This article estimates bounds of several special functions. Mathematical proof and the graph of the
corresponding functions are given. The results are can also be Applicable.in aspect of inequalities.
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1. INTRODUCTION

T, tree, which was introduced in article [1], brought some interesting inequalities and bound estimation for special
functions, as shown in [2,3,4,5]. During the study of the tree several new special functions are found. They are
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It also needs to estimate the bound of them. This paper presents the requ|red answers. Results of this paper are helpful
for further study of T, tree.

2. MAIN RESULT AND PROOF

Theorem 1. Let @ be a real number with a e (1,4)U(4,%) ;then

Ja a+l,
f(a)= P s (—)
thus 0< f(a)<ow, ae(Ld)
and —o < f(a) < (-17.345), a €(4,6)

Proof. Direct calculation shows
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f(a) = 2 1,1
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The original function can be changed to
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Since 1<a <4, 4(4-a)>0 . Nextisto show
8Ja +4a—(4-a)(a+1)?> >0
Let h(a)=8Ve +4a—(4—a)(a+1)? ; then

h(a) =8 +4a —4(a +1)? + a(a +1)?
= 8Ja+1-1+4(a+1-1) - 4a+1)? + (@ +1-1)(a +1)°.

Assume a+1=t ;then 2<t<5 and

f(t) =8Vt —1+4(t—1)—4t% + (t -t
=t —5t2 +4t+8Jt—1-4.

Direct calculation yields

f'(t)=3t>-10t +4+ .
t-1
2
(t-2y°
2

——(t_l)ﬂ—lo.

f(t) = 6t = ~10
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Note that, — <

2
4 (t-D\t-1

t>2, f(t) is monotonically increasing. Considering f(2) =0 ,itis obtained

<2 and when f"(t)>0.This means f'(t) is monotonically increasing. Since f'(t)>0 when

f(a)>0
Since f(4-0)=+w and f(a)>0, itholds

O< f(a)<+o ae(L4)
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Since o, = ~5.566 , it holds and consequently

f"(a,) = Jo 2 _l. 2598<0
0 2

It is obvious that f(«,) =—17.34544147 when 4<a<6.

Since f(4+0)=+0w and f(a,)=-17.34544147, it holds



—o < f(a) < (-17.345), a €(4,6)
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Figure 1 shows the graph of the function f(x)= 5 J__(T) with a e (1,4) U(4,) , which is just what Theorem 1
—/X
states.
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Fig. 1. The graph of the function
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Theorem 2. Let f(a):,’; : with o >1 and a>0 ;then f'(c)<0 and a< f(o)<+2a .

o

a2
27 -1

Proof. Let g(o)=

Direct calculation shows

a2°1n2(2° -1)-a2°(2°In2)

g'(o) = @ 1)
2
_—a2%In2
@ -1p*°
The conditions a>0 and o >1mean —-a2°In2<0; thus
g'(0)<0 (3

Obviously, (2) and (3) resultin f'(c)<0 . Since o =1, itcanbe f(l)=+2a . When o is to infinity, the value of f (o) is
equalto a.ltleadsto va< f(c)<+/2a .

O

2\2
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Corollary 1. Let f(o)=

with o >1 ;then 1.189< f (o) <1.682.

Proof. According to Theorem 2, since a=+/2 , it can obtain 1.189< f (o) <1.682 when o >1 .



Figure 2 displays the graph of the function f (x) :,’zx—\ﬁl when o >1,which is just what Corollary 1 states.
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Figure.2 The graph of the function
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Corollary 2. Let h(o) = with o >1 ;then 0.841<h(c)<1.189

Proof. By Theorem 2, Since o >1 and a>0 ,it holds

Ja< /;21<@

If a= % it can get 0.841<h(c) <1.189.

O

As shown in Figure 3 illustrates this.
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Figure.3 The graph of the function
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Theorem 3. Let f(o)= with o >1and a >0 ;then f'(c)>0 and R <f(o)<l.
2° +a 2+a

o

Proof. Let g(o)= 2 ;
2° +a

Direct calculation yields

g'(0) = 2°aln2
(27 +a)?
When o>1and a>0,itis obviously g(c)'>0 . So
f'(o)>0.
2 . 2° 2
Thenby f@)=,—— and lim= =1thus ,[— < f(o)<1.
2+a e \27 +a 2+a
]
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Corollary 3. Let f(o)=,|——= with o>1 ;then 1.082< <1.414.
y 2° +2 2° +2
. . 22
Proof. According to theorem 3, Since f(1)= mzl.OSZ and lim=+/2=1.414 hence 1.082< f(c)<1.414 when
+ O—>0

o>1.

O
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Figure 4 shows the graph of the function f(x)=

. Itis seen 1.082 < f(x) <1.414 when x>1 ,which is just what

2 +2
Corollary 3 states.
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Figure.4 The graph of the function

2c7+1 20'+l
Corollary 4. Let f(o) =¢,/ with o >1 ;then 1.155<4/ <1.414.
2° +1 2° +1

2
Proof. According to the analysis of Theorem 3, since 1‘(1):1/22 1 =1.155and lim =
+ O —>%0

o+l

=1.414 | So it is directly

o

+1
obtained 1.155< f (o) <1.414 when o>1.

O

As shown in Figure 5.



1.40]

1.35

1.30,

1.25

1.204

I 2 3 4 5 6 7 8 910
X

Figure.5 The graph of the function
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Theorem 4. Suppose f(o)= a with o >1 and a>0;then f'(c)>0and 4. <a .
29 41 3 2° +a

le}

2
Proof. Let g(a)z;— ;then

+1°
vy 2°aln2
@)=y
When o >1and a>0, thisis obviously g¢g(c)'>0 thus
f'(c)>0.

Since o=1, it can be f(@)= /2—: When o is to infinity, the value of f(s) is equal to +/a . Consequently

\/%Sf(a)<\/§.
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with o >1;then f (o) >0and 0.971<

Corollary 5. Assume f =
y (O-) (2c7+1) (20- +1)

<1.189 .

Proof. According to theorem 4, It yields 0.971< f (o) <1.189 when o>1 .

O
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Figure 6 shows the graph of the function f(x)= -
(2" +1)

. Itis seen 0.971< f(x) <1.189 when

x>1. This is exactly what Corollary 5 says.
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Figure 6: The graph of the function
3. CONCLUSION

This paper proves the estimation of several special function boundaries encountered in the research process, provides a
mathematical foundation and solution ideas for estimating function boundaries, so that it can be applied to engineering
practice, and it is hoped that it will be helpful to researchers.
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