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ABSTRACT 

In this paper, we propose an alternative hybrid estimator of finite population mean in simple random sampling 

without replacement (SRSWOR).  This proposed estimator is a modification of Rashid et al. (2015) estimator. The 

expressions for the bias and Mean Square Error (MSE) of the estimator are derived. A comprehensive simulation 

study to show the efficacy of the estimator as compared to conventional estimators using Coefficient of Variation as 

a performance measure. The results of the simulation study have shown that the proposed estimator was more 

efficient than almost all the existing estimators considered in this study, 
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1. Introduction 

The use of auxiliary information in estimation of population mean, total, or ratio got a boost 

when Bahl and Tuteja (1991) introduced their exponential ratio and product estimators of 

population mean respectively. These estimators use a single auxiliary variable and produce more 

efficient estimates than the usual existing estimators. As noted by Rashid et al. (2015), 

exponential estimators are preferable to classical ratio and product estimators, especially when 

the linear relationship between the variable of interest and the auxiliary variable is weak. Several 

authors have over the years proposed estimators based on exponentiation of the traditional ratio, 

product and regression estimators respectively or a mixture of these.  

Rashid et al. (2015) suggested two exponential type, ratio-cum-ratio and product-cum-product 

class of estimators of finite population mean. These estimators are a product of the study variable 

and exponent of the linear combination of two auxiliary variables such that the sum of the 

constants is unity. They firstly developed the generalized forms of the estimators and discussed 

special cases and conditions under which they produce optimum estimates. Meanwhile, Shabbir 

et al. (2014), and Jhajj and Lata (2014) worked independently to improve the difference 

estimator through exponentiation. The new improved estimator was achieved by averaging 

exponential ratio and product estimators respectively, after drawing inspiration from Yadav and 

Kadilar (2013) estimator. This new estimator was validated by using ten different real datasets. 

Similar exponential ratio type estimators were developed by Singh and Vishwakarma (2007), 

Vishwakarma and Kumar (2014), and, Singh and Khahid (2015) with application in two phase 

sampling.  

On the other hand, Kumar et al. (2017) proposed a class of exponential chain type ratio estimator 

for population mean with imputation of missing data in Two-Phase sampling. The work dealt 

with the challenge of non-response in situations where the information on another additional 

auxiliary is available alongside the main auxiliary variable.  

Hamad et al. (2013), in extending the work done by Hanif et al. (2009) developed a regression 

type estimator with two auxiliary variables for two-phase sampling when there is no available 

information about the auxiliary variables at the population level. This estimator is a product of 

the classical regression estimator, and the linear combination of two ratio estimators. To avoid 
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the problem of multi-linearity, they assumed there is minimum correlation between the 

supplementary variables.  

Saini and Kumar (2015) estimator is a modified unbiased exponential type product estimator of 

the population mean. This particular estimator has a unique property of a bi-serial correlation 

between the variable of interest and auxiliary attributes. By using a linear combination of two 

auxiliary variables, Lu et al. (2014) presented a new exponential type estimator. The chosen 

weights satisfy the condition that their sum equals unity and by employing Tailor series method, 

obtained the bias and the MSE by first order approximation.  

Yadav et al. (2016) showed a deviation from estimation of population mean to that of population 

variance using auxiliary variables which was achieved by utilizing the auxiliary information in 

the context of coefficient of kurtosis and the population mean of the auxiliary variable. 

Meanwhile, Jabbar et al. (2014) developed an exponential estimator of population variance in 

two stage sampling under the conditions where sum of the weights was not equal to unity and 

secondly when the sum of weights equals unity.  

Interestingly, Yadav and Misra (2017) constructed an exponential estimator for population mean 

using median of the variable of interest. This estimator appeared useful in practical situations 

where it is difficult to get information on the mean of the study variable from the population. 

Mishra (2018) suggested a more generalized square root transformed ratio type estimator and 

exponential ratio type estimator similar to Gupta et al. (2017) estimator except that it combined 

two ratio estimators in the linear combination and two ratio estimator in the exponential 

component. Meanwhile, Riaz et al. (2014) had constructed regression-cum-ratio/product 

exponential type estimator by combining the concept of Bahl and Tujeja (1991), and the 

regression estimator.  

This study modifies Rashid et al. (2015) estimator by replacing the sample mean with the 

regression mean estimator to form a regression and ratio exponential type estimator of finite 

population mean in simple random sampling without replacement. It further applies a 

transformation due to Srivenkataramana (1980) to ascertain whether or not the efficiency of the 

proposed estimator is improved. 

2.  Preliminaries and notations  

Consider a finite population,               . Suppose that a sample of size n is drawn 

from this population using Simple Random Sampling without replacement (SRSWOR) scheme. 

Let y be the study variable of interest, x and z, be the respective auxiliary variables and       and 

   be the observations in the     unit of the study variable and the two auxiliary variables under 

consideration.  

Define    as error term of the study variable;    : error term of the   variable;    : error term of 

the   variable;    
 

 
   

 
       sample mean of study variable;    

 

 
   

 
   : sample mean of x 

variable;    
 

 
   

 
   : sample mean of z variable;    

 

 
   

 
     population mean of study 

variable;    
 

 
   

 
     population mean of x variable;    

 

 
   

 
     population mean of z 

variable;   
  

 

   
          

   : population variance of study variable;  

  
  

 

   
          

      population variance of x variable;   
  

 

   
          

   : population 

variance of z variable;     
 

   
                

   : population covariance between x and y; 

    
 

   
                

   : population covariance between y and z;  
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   : population covariance between x and z;     
   

    
  correlation 

coefficient between y and z denoted by    ;         
   

    
  correlation coefficient between y and 

x denoted by   ;     
   

    
: correlation coefficient between x and z denoted by   ;    

  

  
  

coefficient of variation of the study variable;    
  

  
: coefficient of variation of x variable; 

    
  

  
: coefficient of variation of z variable. Furthermore, let                

      ;    
      

 ;     
      

 ;       
      

 ;                 ;  

                  ;                     where,   
 

 
 

 

 
 

3. Existing Ratio-Exponential Estimators in Simple Random Sampling 

(i)         Classical regression estimator 

Cochran (1942) estimator of finite population mean uses one auxiliary variable like the classical 

ratio estimator but produces more efficient estimates when the regression line has an intercept. It 

is an unbiased estimator given as: 

                                                                                                           

The MSE of the classical regression estimator is given by: 

               
         

                                                                                          

 (ii)  Exponential ratio-cum-ratio estimator 

Rashid et al. (2015) used two transformed auxiliary variables to develop this estimator under 

single phase sampling which is an improvement on Bahl and Tuteja (1991) estimator. It is given 

as: 

              
      

      
    

      

      
                                                                               

where,   
               

         
  

   
               

         
  

;   
 

   
;     and     are transformed auxiliary 

variables such that               and              . The bias   and MSE are respectively 

defined as: 

            
   

 
      

                 
            

        
                                

                 
 
       

     
              

        
                                                                       

where,          
  

  
    

 

 
 

 

 
 

   

  
   

(iii) The Exponential ratio type estimator 

Ekpenyong and Enang (2015) exponential ratio type estimator is an improvement on the classical 

regression and ratio estimators. It is preferable to both the classical regression and ratio 

estimators respectively, in situations where there is low positive correlation between the study 

variable and the auxiliary variable. It is given as: 
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where:     and    are suitably chosen scalars, such that      and        . Its MSE and 

bias are given as: 

                         
  
 

 
                                                                                     

                  
                          

                                 
  

where:         
        

       
 

 
       

  
 

 
        

    
  

  
     

       

       
      

          

       
    

  

  
   

(iv)  Exponential regression-ratio/product estimator  

Riaz et al. (2014) developed the regression-ratio/product exponential estimator by combining the 

concept of Bahl and Tuteja (1991) exponential type estimator and the classical regression 

estimator. It is given as: 

                         
     

           
                                                                 

where       are real positive constants and   may take the values -1 and 1. 

                      
    
  

 
      

 

   
                                                  

       

   
  

  
 
            

        
  

        
        

  

             
  
 

   

   

           
     

  

         
         

      
        

                                        

 

4. Proposed Estimator 

The proposed alternative hybrid regression-cum-ratio exponential type estimators of finite 

population mean modifies Rashid et al. (2015) estimator. Here, the sample mean is replaced with 

the classical regression estimator. Further, it is assumed that z and x have strong and weak 

positive relationship with study variable respectively. The estimator is given as: 

                        
     

     
                                                                              

where,    and   suitably chosen constants such that           is minimized. 

 

Theorem 1: 

The bias of the proposed alternative hybrid estimator when auxiliary variables are not 

transformed is given as: 
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Theorem 2: 

The MSE of the proposed alternative hybrid estimator when auxiliary variables are not 

transformed is given as: 

 

                
      

          
     

     
                                        

where,                 . 

When the auxiliary variables  are transformed, our proposed estimator becomes: 

              
             

      

      
                                                                           

where,    and    are suitably chosen constants that minimize     of     .     and     are 

transformed auxiliary variables such that               and               and   
 

   
;  

Theorem 3: 

The bias of the proposed alternative hybrid estimator when auxiliary variables are transformed is 

given as: 

              
 

 
  
      

  
 

 
                  

 

 
   

                              

Theorem 4: 

The MSE of the proposed alternative hybrid estimator when auxiliary variables are transformed 

is given as: 

                
      

          
     

     
                                 

where,                   

NB: Proofs of Theorems 1-4 are found in Appendices 1-4 below.  

Corollary 1: 

The bias of the alternative hybrid estimator when the auxiliary variables are not transformed, 

           is -1 times the bias of the alternative hybrid estimator when the auxiliary variables are 

transformed,           . i.e.                           
Corollary 2: 

The MSE of      the alternative hybrid estimator when the auxiliary variables are transformed, is 

independent of g and equals the MSE of        the alternative hybrid estimator when the auxiliary 

variables are not transformed,. i.e.                      
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5. Efficiency Comparison of Estimators 

This study employs the Coefficient of Variation (CV) to compare performance of estimators 

considered in this study. Bowerman (2001) defined Coefficient of Variation as a statistical tool 

used to measure the size of the standard deviation relative to the size of the population or sample 

mean. This is given as: 

   
       

  
                                                                         

For estimators that are biased, the Coefficient of Variation is given as: 

   
       

  
                                                                         

The estimator with the least CV is considered the “best” in the class of estimators. 

6. Empirical study 

To investigate the performance of various estimators of population mean    of study variable y, 

we generated synthetic data generated according to the Uniform Distribution with the following 

statistics: 

Statistics of Study Population: 

                   ;                                        ; 

             ;              ;              ;              ;             ; 

                                         ;              ;           ;   

            ;           ;            ;              ;             

We denote the four correlation coefficient partitions by the following: 

(i)       is the region, (          and            ) 

(ii)      is the region, (               ) 

(iii)      is the region, (               ) 

(iv)      
  is the region (               ) 

where,       ,        and        
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Table 1: Estimates of Population Mean as     
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Table 2: Mean Square Error as     
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Table 3: Coefficient of Variation as     

                                           
               

  
 

     

                                              
 

                                               
  

                                               
 

                                             

  

 

 

     

                                            
 

                                                  
  

                                               
 

                                             

  

 

 

     

                                                
 

                                                 
  

                                                 
 

                                                

  

 

 

    
  

 

                                               
 

                                                
  

                                                
 

                                         
 

6. Discussion of Results 

In this study we have considered the performance of our proposed estimators and some selected 

estimators in literature on four partitions of the correlation coefficient interval       . (i)        

(ii)       (iii)      and (iv)     
  

.From Tables 1, observe that as    , all the estimators pinned good estimates of the 

population mean in the same neighborhood at all levels of correlation coefficients. However, for 

small samples,        exclusively overestimated the mean at      and underestimated the mean at     . 

 

In Table 2, the MSE of       is consistently higher for all sample sizes at     ,      and     , but 

fairly stable when      at     
 . Observe also that the MSEs of     ,     , and       in all the 

sampling regions decrease as    , and are the same for all sample sizes. This family of 

estimators are generally preferable for large scale surveys.  

 

 From Table 3. At     ,       performed better on the CV scale than the others estimator at small 

sample sizes. This is followed by     ,     , and      . As sample size increases moderately,      

performed better followed by     ,      , and     . At      and above,      has outperformed 

all the other estimators, followed by      and then      . Under this particular interval, we can 
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confidently say that,       estimator performs better when sample size is very small. Whereas 

     is preferable when sample size is moderate, while, for large samples,      is preferred.  

At     ,      appears to dominate throughout the parameter space except for moderate sample 

sizes. This is closely followed by     . 

 

In the third region,     ,  where all the correlation coefficients are low but positive, it is observed 

that ,       and ,       in a closely dominate the for small sample size of between 10 and 25. 

Between n=25 and n=50,         and         had better performance while for     , the duo,  

     and ,      have dominance over       and        .  

 

The fourth experiment considered the region,     
 . Here,      dominated all other estimators 

throughout the parameter domain. This is followed by      and then      . Both      and       

utilize two auxiliary variables that are transformed according to Srivenkataramana (1980) yet      

performed better than       for all the experiments conducted in this study. Reason is not far-

fetched, as      belongs to the regression family whereas,       is a member of the ratio family. 

Thus,       would dominate      only if the regression line between y and x or z passes through 

the origin, (Pradhan, 2005).  The transformation of the auxiliary variables has also shown 

improvement on efficiency of      as compared to that of     . 

 

7. Concluding Remark 

This study proposed an alternative hybrid exponential type estimator of finite population mean in 

simple random sampling under two cases: 

 When the auxiliary variables are not transformed 

 When the auxiliary variables are transformed 

Coefficient of Variation (CV) of different estimators for different sample sizes as given in Table 

3 have shown that both the proposed estimator,     ,  and its variant     ,  performed better than 

the  existing estimators in most of correlation coefficient partitions. The proposed estimators are 

more efficient as sample sizes are increased.  
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Appendix 1: Proof to Theorem 1 

Consider the expression in (11) above, 

                        
     

     
                                                                                                        

By substituting the definitions for   ,    and    from section 1,  we have: 

                                
           

           
                                                       

                              
          

          
                                                                  

                         
     

        
                                                                                 

                         
     

        
                                                                                     

                         
   

      
                                                                                         

                       
    
 

   
  
 
 
  

                                                                                

                        
 

 
      

 

 
   

 

 
  
                                                          

                        
 

 
    

 

 
   

  
 

 
   

                                                           

By First order approximation principle, we have: 
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Expanding the exponential part in expression in (17), we have     

                      
 

 
    

 

  
 
 

  
    

  
 

  
 
 

  
    

                                           

                      
 

 
    

 

 
    

  
 

  
    

                                                         

                      
 

 
    

 

 
    

                                                                                      

      
 

 
    

 

 
    

          
 

 
    

 

 
    

           
 

 
    

 

 
    

               

      
 

 
    

 

 
    

         
 

 
      

 

 
    

            
 

 
      

 

 
    

     

      
 

 
    

 

 
    

         
 

 
      

 

 
    

            
 

 
      

 

 
    

     

      
 

 
    

 

 
    

     
 

 
      

 

 
    

            
 

 
      

 

 
    

            

        
 

 
    

 

 
    

     
 

 
              

 

 
                                                      

            
 

 
    

 

 
    

     
 

 
              

 

 
                                              

Taking expectation on both sides of (18),  

                                 
 

 
    

 

 
    

     
 

 
               

 

 
          

     
 

 
       

 

 
      

         
 

 
                                                                             

            
 

 
                                                                                        

Applying the definitions of Expectations in  section 1 to (19), we have 

      
 

 
     

    
 

 
                 

 

 
                                                            

     
 

 
    

  
 

 
          

 

 
                                                                                            

Therefore, 

               
 

 
    

  
 

 
          

 

 
                                                                             



 

14 
 

 

 

Appendix 2: Proof to Theorem 2 

 

The                      , therefore, squaring both sides of  (19), we have: 

                
 

 
    

 

 
    

     
 

 
              

 

 
       

 

                                 

        
 

 
             

 

                                                                                                                 

        
 

 
    

 

            
 

 
            

                                                                

       
    

 

 
      

 

 
    

  
 

              
 

 
              

                              

                    
            

 

 
      

   
 

 

                 
 

 
                   

                                         

                                                                                                                                                 

                             
             

 

 
     

  
 

 

                   
 

 
                    

                              

To obtain the optimal value of   that minimizes the          , we differentiate (20) with respect 

to     and equate to zero. 
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Putting (21) into (22a), we have: 

   
                 

           

    
                                                        

                         
                                                                       

       
                                                                                                               

  
                  

             
                                                                           

Substituting the value of (21) and (22b)  into Equation (20), gives on simplification using Maple 

18, we have: 

          
     

  

    
   

     
      

      
                                                 

We now, substitute the values of   and   from (21) and (22b) respectively, into (20) to obtain 

bias of      as: 

               
 

 
    

  
 

 
           

 

 
                  

        
 

 

    
  

         
            

 
                                                                              

 

 

Appendix 3: Proof to Theorems 3  

 

By substituting the definitions for,  ,      and     in section 1 and 2 respectively, into (14), we 

have: 
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By first order approximation, 

                       
 

 
                                                                                  

Expanding the exponent in the expression (25) we have: 
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Taking expectation on both sides of (26) and subsequent application of the definitions in section 

1 gives us the bias. 

                                       

                                        
 

 
               

 

 
            

                  
 

 
  
       

                
 

 
   

          

                            
 

 
            

 

 
  
      

   

                                                  
 

 
   

           

                                 
 

 
            

 

 
  
      

        
 

 
   

           

Therefore, 

                         
 

 
  
      

  
 

 
                  

 

 
   

           

 

 

Appendix 4: Proof to Theorem 4 

In order to obtain the MSE of     , we square both sides of Equation (26) and take expectations. 
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Taking expectations on both sides of (27) and substituting the definition of section 1, we   have: 
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To obtain the value of   ,    that minimizes the MSE, we differentiate Equation (28) partially 

with respect to       and equate to zero: 
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Solving for    again we have 

   
                   

        
                                                                       

Equating 29a) to (29b) and solving for     we have 

   
                

             
                                                                            

Substituting (27) into (26a) and simplifying we have 
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We finally substitute the expressions for     and    in (31) and (30) above into (28) and 

simplify using maple to obtain the           as: 
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where,                          

Recall from (15) that: 

              
 

 
  
      

  
 

 
                  

 

 
   

                                    

Substituting (31) and (30) into the above expression gives on simplification (using Maple), 

                       
 

 

    
  

         
            

 
                                                                    

 


