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AN ALTERNATIVE HYBRID ESTIMATOR OF FINITE POPULATION MEAN IN SIMPLE RANDOM
SAMPLING

ABSTRACT

In this paper, we propose an alternative hybrid estimator of finite population mean in simple random sampling
without replacement (SRSWOR). This proposed estimator is a modification of Rashid et al. (2015) estimator. The
expressions for the bias and Mean Square Error (MSE) of the estimator are derived. A comprehensive simulation
study to show the efficacy of the estimator as compared to conventional estimators using Coefficient of Variation as
a performance measure. The results of the simulation study have shown that the proposed estimator was more
efficient than almost all the existing estimators considered in this study,
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1. Introduction

The use of auxiliary information in estimation of population mean, total, or ratio got a boost
when Bahl and Tuteja (1991) introduced their exponential ratio and product estimators of
population mean respectively. These estimators use a single auxiliary variable and produce more
efficient estimates than the usual existing estimators. As noted by Rashid et al. (2015),
exponential estimators are preferable to classical ratio and product estimators, especially when
the linear relationship between the variable of interest and the auxiliary variable is weak. Several
authors have over the years proposed estimators based on exponentiation of the traditional ratio,
product and regression estimators respectively or a mixture of these.

Rashid et al. (2015) suggested two exponential type, ratio-cum-ratio and product-cum-product
class of estimators of finite population mean. These estimators are a product of the study variable
and exponent of the linear combination of two auxiliary variables such that the sum of the
constants is unity. They firstly developed the generalized forms of the estimators and discussed
special cases and conditions under which they produce optimum estimates. Meanwhile, Shabbir
et al. (2014), and Jhajj and Lata (2014) worked independently to improve the difference
estimator through exponentiation. The new improved estimator was achieved by averaging
exponential ratio and product estimators respectively, after drawing inspiration from Yadav and
Kadilar (2013) estimator. This new estimator was validated by using ten different real datasets.
Similar exponential ratio type estimators were developed by Singh and Vishwakarma (2007),
Vishwakarma and Kumar (2014), and, Singh and Khahid (2015) with application in two phase
sampling.

On the other hand, Kumar et al. (2017) proposed a class of exponential chain type ratio estimator
for population mean with imputation of missing data in Two-Phase sampling. The work dealt
with the challenge of non-response in situations where the information on another additional
auxiliary is available alongside the main auxiliary variable.

Hamad et al. (2013), in extending the work done by Hanif et al. (2009) developed a regression
type estimator with two auxiliary variables for two-phase sampling when there is no available
information about the auxiliary variables at the population level. This estimator is a product of
the classical regression estimator, and the linear combination of two ratio estimators. To avoid



the problem of multi-linearity, they assumed there is minimum correlation between the
supplementary variables.

Saini and Kumar (2015) estimator is a modified unbiased exponential type product estimator of
the population mean. This particular estimator has a unique property of a bi-serial correlation
between the variable of interest and auxiliary attributes. By using a linear combination of two
auxiliary variables, Lu et al. (2014) presented a new exponential type estimator. The chosen
weights satisfy the condition that their sum equals unity and by employing Tailor series method,
obtained the bias and the MSE by first order approximation.

Yadav et al. (2016) showed a deviation from estimation of population mean to that of population
variance using auxiliary variables which was achieved by utilizing the auxiliary information in
the context of coefficient of kurtosis and the population mean of the auxiliary variable.
Meanwhile, Jabbar et al. (2014) developed an exponential estimator of population variance in
two stage sampling under the conditions where sum of the weights was not equal to unity and
secondly when the sum of weights equals unity.

Interestingly, Yadav and Misra (2017) constructed an exponential estimator for population mean
using median of the variable of interest. This estimator appeared useful in practical situations
where it is difficult to get information on the mean of the study variable from the population.
Mishra (2018) suggested a more generalized square root transformed ratio type estimator and
exponential ratio type estimator similar to Gupta et al. (2017) estimator except that it combined
two ratio estimators in the linear combination and two ratio estimator in the exponential
component. Meanwhile, Riaz et al. (2014) had constructed regression-cum-ratio/product
exponential type estimator by combining the concept of Bahl and Tujeja (1991), and the
regression estimator.

This study modifies Rashid et al. (2015) estimator by replacing the sample mean with the
regression mean estimator to form a regression and ratio exponential type estimator of finite
population mean in simple random sampling without replacement. It further applies a
transformation due to Srivenkataramana (1980) to ascertain whether or not the efficiency of the
proposed estimator is improved.

2. Preliminaries and notations

Consider a finite population, U = {U,,U,, ..., Uy}. Suppose that a sample of size n is drawn
from this population using Simple Random Sampling without replacement (SRSWOR) scheme.
Let y be the study variable of interest, x and z, be the respective auxiliary variables and y;, x; and
z; be the observations in the i® unit of the study variable and the two auxiliary variables under
consideration.

Define e,, as error term of the study variable; e, : error term of the x variable; e, : error term of
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the z variable; y = S iL,yi: sample mean of study variable; X = =}iL, x;: sample mean of x

n
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variable; z Y L, z;: sample mean of z variable; Yzﬁ N L vi: population mean of study
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S N . X;: population mean of x variable; Z = NZL z;: population mean of z

variable; SJ = ﬁZ{il(Yi —Y)2: population variance of study variable;

variable; X =

S2 = ﬁ N .(X; — X)?: population variance of x variable; S? = ﬁz?‘ﬂ(zi — 7)?2: population

variance of z variable; Sy, = ﬁ N . —X)(y; — V): population covariance between x and y;

Sy, = tz{“zl(zi — Z)(y; — Y): population covariance between y and z;
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Sz = EZ}\‘:l(xi — X)(z; — Z): population covariance between x and z; py, = ﬁ: correlation
_ Sz

coefficient between y and z denoted by p; ;  pyx = Ssy;‘ : correlation coefficient between y and
yox

x denoted by p,; pxz = SSXSZ: correlation coefficient between x and z denoted by ps; Cy, = S—?y:

coefficient of variation of the study variable; C, = S—X": coefficient of variation of x variable;

Z

C, = %; coefficient of variation of z variable. Furthermore, let E(e;) =0 for (i =
x,v,z);E(e2) = 0C%, E(e?) = 0C2; E(e2) = 0CZ; E(exey) = 0pyxCyCy)

1 1
E(eve,) = 0py,CiC, ; E(eye,) = 0py,C,C, Where, 6 = i
3. Existing Ratio-Exponential Estimators in Simple Random Sampling
Q) Classical regression estimator

Cochran (1942) estimator of finite population mean uses one auxiliary variable like the classical
ratio estimator but produces more efficient estimates when the regression line has an intercept. It
IS an unbiased estimator given as:

Yor =Y+ ﬁy,x()? —X) €]
The MSE of the classical regression estimator is given by:
MSE(y;,) = Y2C26(1 - p2 ) 2)

(i)  Exponential ratio-cum-ratio estimator
Rashid et al. (2015) used two transformed auxiliary variables to develop this estimator under
single phase sampling which is an improvement on Bahl and Tuteja (1991) estimator. It is given

as:
) ) et AW Loty -
=yexp|a| = =
YRar = YEXP |4\ ¥ Z+7
where, a = - G y"_pyzzp“) h =22 G PREZE "Z); g = ——; ¥* and z* are transformed auxiliary
9Cx(1-p%2) 9€2(1-p%2) N-n

variables such that x* = (1 — ge,)X and z* = (1 — ge,)Z. The bias and MSE are respectively
defined as:

Yo
Bias(yRAH) N ?{QZ[CZZ (Zabez + bz) + aZCJ?] - 4g(anyC3? + bezCZZ)} (4)

[1 - (pjz/'x + p32/z - Zpyxpxzpyz)]
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where, K, , = py‘xé; f=-——-= N_n”

(ili)  The Exponential ratio type estimator

Ekpenyong and Enang (2015) exponential ratio type estimator is an improvement on the classical
regression and ratio estimators. It is preferable to both the classical regression and ratio
estimators respectively, in situations where there is low positive correlation between the study
variable and the auxiliary variable. It is given as:
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where: 6; and 6, are suitably chosen scalars, such that ; > 0 and —c0 < 6, < co. Its MSE and
bias are given as:

_ C?
B(.VEE) =Y [(91 - 1) + HZKy,xH Txl (6)
MSE (Ygg) = 72[1 + 912]/1 — 26, — 20,0,my, — 20,my; + 9227”2)/4] (7)
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(iv) Exponential regression-ratio/product estimator
Riaz et al. (2014) developed the regression-ratio/product exponential estimator by combining the
concept of Bahl and Tuteja (1991) exponential type estimator and the classical regression

estimator. It is given as:

_ X—x
y =|y+a,(Z—2)|ex -_— 8
Yrnm = [V + ai( )]exp IVX_|_ (b, — 1)921 (8
where a4, b, are real positive constants and y may take the values -1 and 1.
- _ C.C, OyYc?
Bias(Yryu) = a1Y0Zpy, b + 22 [1 +2(by—1) — 2b1ny] )
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Y Px.z Ky,x > Kx,z v C_JZCZ
5 7263%0 2,2 2 2,2 2
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4. Proposed Estimator

The proposed alternative hybrid regression-cum-ratio exponential type estimators of finite
population mean modifies Rashid et al. (2015) estimator. Here, the sample mean is replaced with
the classical regression estimator. Further, it is assumed that z and x have strong and weak
positive relationship with study variable respectively. The estimator is given as:

Vo =7 + B(Z — Z X-x 11
yuv_[y+ﬁ( _Z)]exp[a<)?+f>l (11)

where, a and g suitably chosen constants such that MSE (¥,,,,)) is minimized.

Theorem 1:

The bias of the proposed alternative hybrid estimator when auxiliary variables are not
transformed is given as:

_ /1

Bias(y,,) = Y6 (—

1 1 _
5 a’C? - —apy,xCny) + EﬁZapr_ZCxCZ (12)
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Theorem 2:
The MSE of the proposed alternative hybrid estimator when auxiliary variables are not
transformed is given as:

MSE(:)_’uv) = YZHC; (pJ%Z - 1)_1(,0)212 + pa%z + p321x - Zpyxpxzpyz - 1) (13)
where, pyy, Pyz Prxz * £1.

When the auxiliary variables are transformed, our proposed estimator becomes:

_ *— X
Vew = [y + 1(Z" — Z)] exp Ia1 (; n f*)l (14)

where, a; and [; are suitably chosen constants that minimize MSE of y,,. x* and z* are

transformed auxiliary variables such that x* = (1 — ge,)X and z* = (1 — ge,)Z and g = ﬁ;
Theorem 3:

The bias of the proposed alternative hybrid estimator when auxiliary variables are transformed is
given as:

_T1 1 _I1
Bias(yi,) =Y ga%gzgcﬁ N Ealgepyxcxcy] + p1Z [E algzgpxzcxcz] (15)

Theorem 4:
The MSE of the proposed alternative hybrid estimator when auxiliary variables are transformed
is given as:

MSE(}_/“,) = ngcﬁ (p;%z - 1)_1(,032/2 + p)%z + p32/x - 2.Dyxpxzioyz - 1) (16)

where, pyy, pyz, Pxz * £1
NB: Proofs of Theorems 1-4 are found in Appendices 1-4 below.

Corollary 1:

The bias of the alternative hybrid estimator when the auxiliary variables are not transformed,
Bias(¥,,) is -1 times the bias of the alternative hybrid estimator when the auxiliary variables are
transformed, Bias(¥;,). i.e. Bias(yy,,) = —Bias(¥y)

Corollary 2:

The MSE of y,, the alternative hybrid estimator when the auxiliary variables are transformed, is
independent of g and equals the MSE of y,,,, the alternative hybrid estimator when the auxiliary
variables are not transformed,. i.e. MSE (y,,,,) = MSE (V,)



5. Efficiency Comparison of Estimators

This study employs the Coefficient of Variation (CV) to compare performance of estimators
considered in this study. Bowerman (2001) defined Coefficient of Variation as a statistical tool
used to measure the size of the standard deviation relative to the size of the population or sample

mean. This is given as:
VVar(X)
CV = T X 100%

For estimators that are biased, the Coefficient of Variation is given as:

JMSE(X)
X

CV = X 100%

The estimator with the least CV is considered the “best” in the class of estimators.
6. Empirical study

To investigate the performance of various estimators of population mean Y of study variable y,
we generated synthetic data generated according to the Uniform Distribution with the following
statistics:

Statistics of Study Population:

N = 1000; Y = 100.0786; n, = 10,n, = 25, n; = 50,n, = 100; X = 25.90251;
X, = 25.42673; X, = 26.29295; X3 = 24.82662; X, = 27.15513; Z = 75.27509;
zy = 59.3777; z, = 82.72477; z; = 70.25747 ; z, = 89.85487; C,, = 0.71745;
C, = 0.55689; C, = 0.56869; p,, = —0.0158; p,, = 0.009504; p,, = —0.0036

We denote the four correlation coefficient partitions by the following:
Q) py 1S the region, (0.7 < p; < 1and 0 < p,, p3 < 0.5)

(i) pypy istheregion, (0.7 < py,p2,p3 < 1)

@iii)  pyy istheregion, (0 < pq, P2, p3 < 0.5)

(iv)  pg isthe region (=0.5 < pq, p2, p3 < 0)

where, p; = Pyz: P2 = Pyx and p3 = py;



Table 1: Estimates of Population Mean asn - o

S/No Corr.Coeff Estimator

Sample Size (n)

10 25 50 100
Vo 147.4198  120.4119 122.4200 116.8018
1 PHLL Vran 153.4693  117.4461 121.6723 120.2516
Vrnh 194.1192  117.2039 119.5628 114.2322
Vew 1457691  118.6578 123.0296 121.5947
Vi 146.7985  117.5898 122.7491 122.7091
Vran 146.7881  117.5749 122.7485 122.7097
2 P Vrnn 135.2068  118.1773 120.0823 113.3764
Vew 146.7992  117.5802 122.7495 122.7099
Vi 103.7209  130.4219 146.8077 121.2824
Vran 103.0653  129.4315 146.2017 121.7589
3 Prr Vrnn 95.81516  133.7055 146.0153 120.2461
Vew 104.8436  128.1368 146.3138 122.1731
Vi 1449099  129.0238 127.1195 126.0852
4 B Vran 1463571 128.8966 127.1003 126.0653
Pt Vrnn 134.8345  127.6844 126.6791 125.6746
Vew 149.7035  129.3264 127.3368 126.2446




Table 2: Mean Square Error asn —» o

S/No Corr.Coeff. Estimator Sample Size (n)
10 25 50 100
Vv 121.1768 7.1448 1.5136 0.5845
! PHLL Vran 323.3008 13.5262 2.6982 1.0518
Yinh 121.1768 7.1448 1.5136 0.5845
Vew 121.1768 7.1448 1.5136 0.5845
Yuw 83.9331 6.3376 1.5063 0.5703
Yran 10765.58 2187.5446 2498.7742 3414.1341
2 PHHH
Vinh 83.9331 6.3376 1.5063 0.5703
Vv 83.9331 6.3376 1.5063 0.5703
Vv 223.4875 192.9899 69.9694 40.5525
Vran 258.637 196.1521 71.8245 40.5574
3 pur Vinh 223.4875 192.9899 69.9694 40.5525
Vev 223.4875 192.9899 69.9694 40.5525
Yuw 329.9688 148.6753 84.50811 47.8513
B Yran 344.059 148.6887 85.1384 47.8785
* Pt Vinh 329.9688 148.6753 84.5081 47.8513
Vev 329.9688 148.6753 84.5081 47.8513




Table 3: Coefficient of Variation as n —» o

S/No Corr.Coeff. Estimator Sample Size (n)
10 25 50 100
Vi 746.7133 221.9855 100.4975726(2) 65.4559
PhLL Vran 1171.607 313.1472 135.0028942(4) 85.2867
1 Vrnh 567.0758 228.0614 102.8992177(3) 66.9284
Ve 755.1692 225.2671 99.9996388(1) 62.8759
Vi 624.087 214.0891 99.9858889(2) 61.5448
Vran 7068512  3977.9885  4072.369351(6)  4761.6916
2 PHAH Vrnh 677.5915 213.0246 102.2063491(3) 66.6109
Ve 624.0837 214.1064 99.9855416(1) 61.5444
Vi 1441319 10651644  569.7773019(1) 525.0625
Vran 1560.389  1082.0729  579.6739417(5) 523.0391
3 Pret Vrmh 1560.243  1039.0064  572.8695164(3) 529.5877
Vew 1425.886  1084.1602  571.7005986(2) 521.2346
Vo 1253.540 945.0388 723.1641231(2) 548.6341
. Vran 1267.368 946.0143 725.9656075(4) 548.8764
4 PLLL

Vrnn 1347.210 954.9521 725.6784863(3) 550.4262
Vew 1213.402 942.8273 721.9302 547.9411

6. Discussion of Results

In this study we have considered the performance of our proposed estimators and some selected
estimators in literature on four partitions of the correlation coefficient interval (—1,1). (i) py..
(i1) puuy (iii) pyry and (V) i,

From Tables 1, observe that as n — oo, all the estimators pinned good estimates of the
population mean in the same neighborhood at all levels of correlation coefficients. However, for
small samples, yxvy €xclusively overestimated the mean at p,;, and underestimated the mean at p; ;.

In Table 2, the MSE of yg4y4 is consistently higher for all sample sizes at py;;, pyuy and p,.,, but
fairly stable when n =50 at p;;;. Observe also that the MSEs of ¥y, Vi, and ygpyy in all the
sampling regions decrease as n — oo, and are the same for all sample sizes. This family of
estimators are generally preferable for large scale surveys.

From Table 3. At p,,., Yryy Performed better on the CV scale than the others estimator at small
sample sizes. This is followed by yi,,,, ¥¢,, and yray. As sample size increases moderately, v,
performed better followed by ¥, ¥rnu, andyray. At n = 50 and above, y;,, has outperformed
all the other estimators, followed by 3y, and then ygyy. Under this particular interval, we can



confidently say that, yzyy estimator performs better when sample size is very small. Whereas
YV 1S preferable when sample size is moderate, while, for large samples, y,,, is preferred.

At puun. Ve appears to dominate throughout the parameter space except for moderate sample
sizes. This is closely followed by y,,,,.

In the third region, p,,,, where all the correlation coefficients are low but positive, it is observed
that , y., and , y,, in a closely dominate the for small sample size of between 10 and 25.
Between n=25 and n=50, yzyy and yr.y had better performance while for n = 50, the duo,
Yuw and , ¥4, have dominance over yp gy and  Veyu-

The fourth experiment considered the region, p;,,. Here, y,, dominated all other estimators
throughout the parameter domain. This is followed by ¥,,,, and then yz4y. Both y, and yran
utilize two auxiliary variables that are transformed according to Srivenkataramana (1980) yet y;,,
performed better than yg4y for all the experiments conducted in this study. Reason is not far-
fetched, as y;,, belongs to the regression family whereas, yz44 iS @ member of the ratio family.
Thus, yray Would dominate v, only if the regression line between y and X or z passes through
the origin, (Pradhan, 2005). The transformation of the auxiliary variables has also shown
improvement on efficiency of y,,, as compared to that of y,,,,.

7. Concluding Remark
This study proposed an alternative hybrid exponential type estimator of finite population mean in
simple random sampling under two cases:

e When the auxiliary variables are not transformed

e When the auxiliary variables are transformed
Coefficient of Variation (CV) of different estimators for different sample sizes as given in Table
3 have shown that both the proposed estimator, y,,,,, and its variant y,, performed better than
the existing estimators in most of correlation coefficient partitions. The proposed estimators are
more efficient as sample sizes are increased.
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Appendix 1: Proof to Theorem 1
Consider the expression in (11) above,

(=
al=——
X+x
By substituting the definitions for X, y and Z from section 1, we have:
X—(1+e)X
X+(1+e)X
X—X—Xe,
X+ X+ Xe,

Vuw = [y + ,B(Z_ — Z)]exp

= [(1 + ey)Y + [3(2_ -1+ eZ)Z_)]exp [a<

_ [T+ e, + BZ =7 = Ze,)]exp [a<
o ) [ —Xe,

= [V + Ve, + B(—Ze,)|exp _a <ﬁ)l

N ) [ —Xe,
= [Y SC Yey + ﬁ(—ZeZ)]exp _a <m>l

= [V + Ve, + B(—Ze,)|exp :“ ((2_+ezx)>]

= [V + Ve, + B(~Ze,)]exp :_Ozlex (1+ 67)1]

_ - [ 1 1 1
= [V + Ve, + p(—Ze,)]|exp |- S ae, (1——ex+—e,% —)]

2 2 4
o ] 1 1,1
= [V + Ye, + B(—Ze,)]exp —Sae, +oae; —gaeg’ +]

By First order approximation principle, we have:
12



_ - 1
= [Y +Ye, + B(—Zez)]exp [— Eaex] (17)
Expanding the exponential part in expression in (17), we have
_ - 1 11 ,, 11
= [V + Ve, + B(—Ze,)] 1 et oropate - ETRPE —a‘e; + ]
_ - [ 1 1 1 .,
= [Y+Yey+ﬁ(—ZeZ)] _1 2aex+8a ez — i ex+---]
_ _ 1 1
= [V + Ve, + p(—Ze,)| |1 - Saex toa ex]
_T 1 1 ,.1 = 1 1
=Y 1—§aex+§a ex|+Ye,|1— 2aex+ aex] BZeZ[l aex+8a ex]
Al 1 2 2_ VvV 1 2,2
=Y 1—§aex+§a ex|+Y|e — 2aexey+ a exey] BZ [ez zaexez+§a exez]
[ 1 L I 1 o2
=Y 1—§aex+§a ex|+Yle, — 2aexey+ a exey] BZ [ez Zaexez+§a exez]
_T 1 1., 1 1
=Y|1 —Eaex +§a ey + e, — zaexey + a exey] BZ [ez —aeye, + 8“ exez]
_ 17 1 1., 1
=Y+Y [—Eaex + §a ex + ey — > aexey] ¥4 [ez aexez]
YV —Y = [——aex +—a?eZ + gy = aexey] BZ [ez aexez] (18)

Taking expectation on both sides of (18),

< _ 1 1
Bias(yy,) =E({y —Y)=YE [— Eaex + 3

1
=Y [— —aE(ey) + = aZE(e,%) +E(ey) — > aE(exey)]
- 1
—p7 [E(e) — 5 ab(ece,)|
Applying the definitions of Expectations in section 1 to (19), we have

\ 1 1 _ 1
=Y [0 + gaZHCf +0-— Ea@pyxCny] 4 [0 - Ea@pszsz]

_ (1, 1 1
=Y (ga Ci — EapyxCny) + E,BZaprszCZ
Therefore,

o - (1 1 1 _
Bias(y,,) = Y6 (5“ C; —EapyxCny) +Eﬁza9szCsz

13

1
a’e; +e, — > aexey] BZE [ez aexez]

(19)



Appendix 2: Proof to Theorem 2

The MSE (¥,,,) = E(¥, — Y)?, therefore, squaring both sides of (19), we have:
2

_ o s _/ 1 1., 1 _ 1
D —Y)* = [Y (— Eaex + ga ex + e, — Eaexey) - Bz (ez — Eaexez>]
_ 1 7
= [Y (ey - Eaex) - ,BZ(eZ)]
2

=72(e —lae) —2pZe (e —lae)+ﬁ2Z_ze2
y 2 X Z y 2 X zZ

2

_ 1 1 __ 1 .
=Y? (ef, — Z.Eaexey + Zazef) —-2pBYZ (eyez — Eaexez) + p?Z%e?

EG, —Y)? =712 [E(ef,) — aE(eyey) + %aZE(e,%)]

_ 1 .
—2pYZ [E(eyez) — EaE(exez)] + B2Z%E(e?)
MSE()_’uv) = E(:)_/uv - 7)2
_ 1 2
=Y? [9C§ — abpy ,CCy + ZaZHC,?]
1
2

To obtain the optimal value of a that minimizes the MSE (y,,,,), we differentiate (20) with respect
to a, B and equate to zero.

—-2pYZ [gpy.szCz - aepx,zcxcz] +B2Z26C; (20)

OMSE (¥,,,,) 4 0
Ja T da
+ ,BZZ_ZHCZZ} =0

_ 1 2 _ 1
{Yz [963% — abfpy,C,Cy + ZaZHCf] —-2pYZ [prszCZ — EaGpXZCxCZ

_1 _
= 72 (Ea 0Cc2 — epyxcxcy) + BYZ6py,CC, =0

— a — —
72 (E 0C2 — 0pyxCiCy) = — BYZ 0, CiC,

a YpyxCny ~ BZ py;CxC,

2 YC2
2(Yp,xCy — BZ py,C
q = ( Pyx y BZ px, z) 1)
YC,

14



__/1 _
=2YZ (E abp,,C,C, — prZCyCZ> +2BZ%C20 =0
__/1 _
YZ (E alp,,C.C, — prszCz) + BZ%*C26 =0
_ _ 1
pZC,0 =Y (prsz - Ea@prCx>

_ _ly(apxzcx - zpyzcy)

=72 7, (22a)
Putting (21) into (22a), we have:
g VpyupesCy = BZpz:Cs — YpyCy
ZC,
—~BZC, = YpyrpxsCy — BZ p2,C; — Y py;Cy
BZ pz,C; — BZCy = Y pyrpx;Cy — Yy, Cy
g = Y (0yxPxzCy — PyzCy) (22b)

Z_p;%zcz - Z_Cz
Substituting the value of (21) and (22b) into Equation (20), gives on simplification using Maple
18, we have:

V2,2
MSE (3yy) = P Y (pjzzx + p)%,z + pgzz,z - Zpy,xpx,zpy,z - 1); Pxz * +1; Py x: Py .z F 1 (23)

Px,z — 1

We now, substitute the values of a and g from (21) and (22b) respectively, into (20) to obtain
bias of y,,,, as:

o 1 1 1
Bias(y,,) = Y0 (§ a’C? — Eapy,xCny) + EﬁZa:pr,ZCx C,

1 Ycie 2
o _E(pz—_l)z(pxzpyz - pyx) i Pxz F 1 (24)
XZ
Appendix 3: Proof to Theorems 3

By substituting the definitions for,y, x* and Z* in section 1 and 2 respectively, into (14), we

have:

(1 - gex))? - X)l

Vo = [+ &)V + fi((L — ge)Z = 2] exp Ial (Y +(1 - ge)X

15



_ _ [ —ge, X
= [V + Ve, — p1ge,Z] exp _al W —geX

_ _ [ —ge
= [Y+ Ye, —,BlgeZZ] exp [, (2 —gz )]
o X

_ _ 1 1 !
= [Y +Ye, — BlgezZ] exp —Ealgex (1 + Egex) l

_ _ 1 1
= [Y +Ye, —,BlgeZZ] exp —Ealgex (1 —Egex

1 1
t9%er —ggler o )]

_ _ 1 1
= [V + Ve, — prge,Z] exp [—Ealgex Xy Za192€§

1
_§a1g3e£ + ...]

By first order approximation,
_ _ 1
= [Y +Ye, — BlgezZ] exp [— Ealgex]

Expanding the exponent in the expression (25) we have:

P | _ 1 1,1 2
= [Y+Yey—[>’1gezZ] 1—§a1gex+§(§a1gex>

3

1/1
“g(gaser) +-

_ _ 1 1 1
= [V +Ye, — p1ge,Z] [1 — 5 @196y +—a?g?e? —Eafg%; +

8

\V4 V4 7 1 1 22,2
= [Y+Yey—ﬁlgeZZ] [1—Ea1gex+§a1g ex]

_ 1 1 _ 1 1
=Y [1 — Ealgex + gafgzef] +Ye, [1 - Ealgex +-atg’el

_ 1 1 s 2 o
— p1ge.Z [1 _Ea1gex +§a1g ex]

16
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V4 1 1 2.2,2 174 1 1 2.,2,2
+Y|—sa19ex +saigex|+Y|e, —sagece, + sajgexey,
2 8 2 8

~l

_ 1 1
_,812 [gez - Ealgzexez + _a%gsegez]

8
= > _o[. 1 1 1, 2
th_yzY[_Ealgex_ey_ialgexey-l'@alg ex]
— 1 )
_.81Z [gez_zalg exez] (26)

Taking expectation on both sides of (26) and subsequent application of the definitions in section

1 gives us the bias.

Bias (V) = E(Ye — ¥)

_ 1 1
=Y [—EalgE(ex) + E(ey) — EalgE(exey)
L a2g2E@d)| - piZ[gE () — 2 arg?E
+ 8 alg (ex) ﬁl g (ez) 2 alg (exez)
_ 1 1
=Y [O —-0— EalgﬁpyxCny + gafgzeCf]

- 1
~6:2[0 =5 019709 C:C |

_r 1 1 2 20,2 -1 2
=Y [—EalggpyxCny + galg HCx] + BZ [E a g prZCxCZ]

Therefore,

_I1 1 yl
Bias(ytv) =Y [g a:ngHC,? - Ealggpyxcxcy] + ﬁlZ [E algzepszsz]

Appendix 4: Proof to Theorem 4
In order to obtain the MSE of y,,,, we square both sides of Equation (26) and take expectations.

= ove _ o1 1 1, 2
(th_y) :{Y(_Ealgex+ey_Ealgexey'l'galg ex)

17



_ 1 2
_,812 (gez - Ealgzexez>}

[P~ Lergen +e) - 26|

1 ‘ o 1
=y2 (—Ealgex + ey) —2p,YZge, (—Ealgex + ey)
+B272g%e?
_)_/2 laz Zez—zla e,e +eZ
= 10197 ¢ex 5 ) 19€x€y T €y
__1 1 )
—2 ﬁYZ [—Ealg exez +geyez]
+ﬁ2Z_292922 (27)

Taking expectations on both sides of (27) and substituting the definition of section 1, we have:
_ _. 11
B = 1) = 72 |1 a2g?E(ed) — g (ese,) + B(e})|

.17 1
—2pYZ [‘5“1921‘7(6;;62) + gE(eyez)]
+B2Z%g%E (ef)

_. /1
=Y? (Z azg*0C: — g0py,CiC, + 0C§)

__ 1
—2pYZ (gepyzcycz - Ealgzgpxzcxcz)
+B2Z%g%0C?
Therefore,

— _ —\2 — 1
MSE(F) = E(Fip = 7)° =7 (5a2920C2 — a196p,.C,Cy + 6C3)

_ 1
~2 172 (96y:C,C, — 5 19°0p2CiC )
+ﬁ12Z_2g29CZZ (28)

18



To obtain the value of a;, f; that minimizes the MSE, we differentiate Equation (28) partially

with respect to «,, 5; and equate to zero:

IMSE(,,) 0 (.. /1
e " 7a {YZ (Z azg?0C; — a;90pyCCy + 063)

__r1 _
=2 V7 (50970 CoC. — 90pyuCyC, ) + B727g70CE] = 0
172210( 20C2 — g0p,,CyC +2ﬁ)7Z_129 C.C,)=0
"4 19 x — JUPyxlxly 1 Zg Pxzlxlz

_. /1 __
P2 (30197062 = 90pyeCiCy ) + F1VZ9%0psCuC, = O

1 Y9pyxCy — B1Zg*pssC
L grc, = Y9Prly )fl 9"PxzCz

_ Z(ngyxcy - .Blz_gszzcz)

“ Yg2C,

Therefore,

- Z(YPyny - ﬂlz_gpxzcz)

29
74C. (29a)

aq

OMSE (7, \ 1 i}
6—,81v = _2YZ (pyZCyCZ — Ealgzepszszge) +2B1Z%g%6C: =0

__/ 1 _
~VZ (=5 0197000 Gy + GOy CyC, ) = FrZ2g70CE = 0
Solving for a; again we have

_ Z(Y.szcy + .Blz_gcz)
YgpxzCx

(29b)

aq
Equating 29a) to (29b) and solving for f; we have

_ YCy(pyxpxz - pyz)
1= =
ZgCZ (pa%z - 1)

Substituting (27) into (26a) and simplifying we have

(30)

19



o = ZCy(pyxpxz - pyz) (31)
! gCZ(pa%z - 1)

We finally substitute the expressions for a, and S, in (31) and (30) above into (28) and

simplify using maple to obtain the MSE (y;,) as:

Y2963% (pjzlz + pa%z + p}zlx - zpyxpxzpyz - 1)

MSE (7) = R
Xz

Therefore,
2, — DY (p2, + pZ, + p2x — 2PyxPrzPyz — 1) (32)

MSE (1) = 72963% (Pxz

where, pyy, Pyz, Pxz # £1

Recall from (15) that:
1 _11 5
algepyxcxcy] + 1z [E a9 epszsz]

_I1
Bias(y,) =Y [—angBCf —=
8 2
Substituting (31) and (30) into the above expression gives on simplification (using Maple)
Ycie
197 (PuzPys ~ Pyx) s Pz # 1 (33)
x

Bias(V,) = (o
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