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The second Hyper-Zagreb index of complement graphs and its
applications of some Nano Structures

Abstract

In chemical graph theory, a topological descriptor is a numerical quantity that is based on the
chemical structure of underlying chemical compound. Topological indices play an important
role in chemical graph theory especially in the quantitative structure-property relationship
(QSPR) and quantitative structure-activity relationship (QSAR). In this paper, we present
explicit formulas for some basic mathematical operations for the second hyper-Zagreb in-
dex of complement graph containing the join G; + G2, tensor product G; ® G2, Cartesian
product Gy X Ga, composition G1 o Go, strong product G * G, disjunction G V Gy and
symmetric difference G1 & G3. Moreover, we studied the second hyper-Zagreb index for
some certain important physicochemical structures such as molecular complement graphs of
V-Phenylenic Nanotube V PH X [m,n], V-Phenylenic Nanotorus VPHY [m,n] and Titania
Nanotubes T705.

Keywords: Zagreb index, Hyper-Zagreb index, Y-index, Second Hyper-Zagreb index,
Forgotten index, graph operation, Titania Nanotubes, V-Phenylenic Nanotube
V PHX[m,n], V-Phenylenic Nanotorus VPHY [m,n|, complement graph.

1. Introduction

A graph can be recognized by a numeric value which represent the whole graph. Topolog-
ical indices are numerical quantity which are used to correlate the physico-chemical proper-
ties of a molecule with its structure such as boiling point, stability, strain energy etc. There
are a wide range of topological descriptors which based on degree-based, distance-based,
eigenvalue-based, matching-based and mixed-based. The topological indices which based on
degree-based play a vital in chemical sciences and computing these topological indices is one
of the recent areas of research in chemical graph theory. In our study, we have computed
the degree-based topological indices of some graph operations and some nanostructure. All
graphs in this paper are finite and simple, let G be a finite simple graph on V(G) = n,
vertices and E(G) = m, edges, the degree of a vertex v is the number of edges incident to
v, denoted by dg(v). The first and second Zagreb indices have been introduced by Gutman
and Trinajsti¢ in 1972 [I]. They are respectively defined as:

M(G)= > 6w)= Y [bc(u)+dcv)],

veV(G) uwweE(G)
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My(G)= > da(u)dav).

weEE(G)

The first and second Zagreb coindices have been introduced by A.R. Ashrafi, T. Dosli¢,
and A. Hamzeh in 2010 [2]. They are respectively defined as:

My(G)= ) Be(w)+oc@)], MxG)= Y dcu)dc(v),
uwvg E(G) uwvg E(G)

In 2013, Shirdel et al. [3] introduced degree-based of Zagreb indices named Hyper-Zagreb
index which is defined as:

HM(G)= Y (dc(u)+ dc(v))?,
weE(G)

In 2016, M. Veylaki et al. [4] introduced degree-based of Zagreb coindex named Hyper-
Zagreb coindex which is defined as :

HM(G) = Y (ba(u)+ 6c(v)*,
w¢E(G)
Furtula and Gutman in 2015 introduced forgotten index (F-index) [5]. which defined as:
F@G)= Y (5°w) +5°v),
weE(G)
N. De et al. in 2016 defined forgotten coindex (F-coindex)[6]. which defined as:
F(@G) = Y (6c°u) +65°(v)),
wg E(G)

Ranjini et al. [7] defined the redefined first, second and third Zagreb indices for a graph
G and these are manifested as:
d(u) + 6(v)
5(u)d(v)

5(u)é(v)

ReZG1(G) = Z 3@ +0(v)’

weE(G)

ReZGy(G) = Y

weE(G)

ReZGs3(G) = Z (6c(u) 0G(v))(6c(u) + da(v)),

weE(G)

In 2020, Alameri et al. [8, @] presented new degree-based of Zagreb index and coindex
denoted by (Y-index, Y-coindex) and defined respectively as:

Y(@) = Y dsw= Y [k + &),

ueV(QG) wEE(G)

V(@)= Y s&w= Y [6&w) + &),

ugV(QG) wg E(G)

In 2016, Wei Gao et al [I0] defined the second Hyper-Zagreb index of a graph G, which
is defined as:

HM(G) = Y (86(u)da(v))’,

weE(G)
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Therefore, Wei Gao et al. [10] in (2016) computed the second Hyper-Zagreb index
H M>5(G) of Carbon Nanocones CNCjy[n]. M. Farahani et al. [I1] studied the second Hyper-
Zagreb index of Molecular graphs V-Phenylenic Nanotubes and V-Phenylenic Nanotorus.
A. Modabish et al. [I2] in (2021) computed the second Hyper-Zagreb index of some spe-
cial graph and graph operation. Here we continue this line of research by exploring the
behavior of the second Hyper-Zagreb index under several important operations such as the
tensor product G; ® Gs, join G; + G5 and G7 + Go, strong product Gi * G, disjunction
G1 V G4 and symmetric difference G; & G5. The results are applied on some molecular com-
plement graphs such as of V-Phenylenic Nanotube V PH X [m,n], V-Phenylenic Nanotorus
VPHY [m,n] and Titania Nanotubes T%0O5. Any unexplained terminology is standard, typ-
ically as in [10] 1T}, 13} 14} 15} [16, 17, 18]

2. Preliminaries

Definition 2.1[25]  The complement graph of a graph G denoted by G, is a graph on
the same set of vertices V(G) in which two vertices u and v are adjacent, i.e., connected by

an edge uv, if and only if they are not adjacent in G. Hence, uv € E(G), < wv ¢ E(G).

Obviously E(G) U E(G) = E(K,), and m = |E(G)| = () — m, the degree of a vertez u in

G, is the number of edges incident to u, denoted by d5(u) = (n — 1) — g (u).

Theorem 2.2 [I1l 19] The first and second Zagreb and Hyper-Zagreb indices of the
V-Phenylenic Nanotubes V PHX[m,n| and V-Phenylenic Nanotorus VPHY [m,n](¥Ym,n €
N —{1}) (Fig 1,2.) are given by,

M, (VPHX[m,n]) = 54mn — 10m, M, (VPHY [m,n]) = 54mn,

My (VPHX[m,n]) = 81lmn + 3m, My (VPHY [m,n]) = 81mn,
HM(VPHX][m,n]) = 4m(81n — 20), HM(VPHY [m,n]) = 324mn,
HM>(VPHX[m,n]) = 9m(81n — 29), HM>(VPHY [m,n]) = 729mn.

3. Discussion and Main Results

In this section, we study the second Hyper-Zagreb index of various complement graph
operations and compute H My for some certain important Nano-Structures such as molec-
ular complement graphs of V-Phenylenic Nanotube V PH X [m, n], V-Phenylenic Nanotorus
VPHY [m,n] and Titania Nanotubes T7Ox.

3.1. Second Hyper-Zagreb index of complement graph binary operations

Theorem 3.1.1 Let G be a graph with n vertices and m edges. Then,

HMy(@G) = mn—1)*—2(n—1°M(G) + (n — 1)2F(G) + 4(n — 1)*M(G)
2(n — 1)My(G)HM, (G) + HM>(G).

Proof. By definition of the second Hyper-Zagreb index, we have

HMy(G) = Y [o5w)ig)?
w¢ E(G)
= Y -1 = da@)’(n - 1) - 6(v))*
weE(G)
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= Y [[n=1%=2(n—1dc(u) + & (w)][(n — 1)° = 2(n — 1)dc (v) + 65(0)]]

weE(G)
= Z [(n—1)%[(n—1)* = 2(n — 1)éc(v) + 6&(v)]
weE(G)
—2(n — 1)dg(u)[(n — 1)* = 2(n — 1)5g (v) + & (v)]
+04(w)[(n — 1)* = 2(n — 1)dc(v) + 6¢(v)]]
= Y (=1 =2(n—1)%c() + (n—1)°6%(v) = 2(n — 1)*6¢(u)
wEeE(G)
+ 4(n—1)%06(u)de(v) — 2(n — 1)dc(u)dZ (v) + (n —1)%0% (u)
—2(n — 1)0% (u)dc (v) + 02 (u)d (v)]
- Z [(n —1)* —2(n —1)*6c(v) — 2(n — 1)35g(u) + (n — 1)%64(v)
weE(G)
+(n —1)264(u) +4(n — 1)*5g(u)dg(v) — 2(n — 1)dq (u)d% (v)
—2(n — 1)6% (u)dc (v) + 0% (u)d& (v)]
= (-1 Y 1-2m-1% Y [bc(v)+dc(u)]

weE(Q) weE(Q)

+ (n—1)> Z (02 (v) + 0% (w)] + 4(n — 1)? Z da(u
weE(G) uwweE(G)

- 20n—1) Y [ba(w)dE(v) + 6% (u + Y S(u
uveE(G) uveE(G)

= mn-1"-2n-1>M(G)+ (n—1)*F(G) + 4(n — 1)*M(G)
— 2(n—1)My(G)HM,(G) + HM:(G).

40 Definition 3.1.2 [20| 21] The tensor product G1 ® Ga of two graphs Gy and Go is the
graph with vertex set V(G1) x V(G2) and E(Gy ® G2) = (u1,uz2)(vi,v2)|urvr € E(G1) and
ugvy € E(G2), such that |[V(G1 ® G2)| = ning, |[E(G1 ® G2)| = 2mims and d¢,ea,(u,v) =
oc, (u)6G2 (U)

Theorem 3.1.3 The second Hyper-Zagreb index of complement G; ® G is given by:

HMQ(Gl X GQ) = lemg(nlng — 1)4 — 2(n1n2 — 1)3M1(G1)M1(G2)
+ (nlng - 1)2F(G1)F(G2) + 8(n1n2 - 1)2M2(G1)M2(G2)
- 2(77,17’7,2 - 1)M1(G1)M1 (Gg)[F(Gl)F(GQ) + 2M2(G1)M2(G2)]
+  2HM,y(Gy)HMs(Gs).
s Proof. By (Theorem 3.1.1) we have
HMy(G) = mn—1)*—=2(n—1)>M(G) + (n — 1)2F(G) + 4(n — 1) My(G)
= 2(n—1)Mi(G)HM(G) + HM;(G).
And Ml(Gl (24 GQ) = Ml(Gl)Ml(GQ), MQ(Gl X Gg) = QMQ(Gl)MQ(GQ) given in [22]
F(G1 ®G2) = F(Gl)F(Gz) given in [23] HM(G1 ®G2) = F(Gl)F(Gg) +2M2(G1)M2(G2)

given in [24]. HM5(G1®G3) = 2HM5(G1)H M3(G2) given in [12]. and since |E(G1 ®Gs)| =
2myime, |V(G1 X G2)| = nyinsy. Then,
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HMy(G1 @ Gy) = |B(G1®Ga)|([V(G1®Ga)|— 1) =2(|V(G1 ® Ga)| — 1)’ My (G ® Ga)
+ (V(G1@Gy)| = 1)°F(G1 @ Ga) + 4([V(G1 ® Ga)| — 1)*Ma(G1 @ Gs)
— 2(|V(G1 ® G2)| — 1)M1(G1 ® G2)HM;(G1 ® G2) + HM3(G1 ® Ga)
= 2mima(ning — 1)4 —2(ning — 1)3M1(G1)M1(G2)
+  (ning — 1)?F(G1)F(Go) + 8(ning — 1)2My(G1) Mo (Gy)
— 2(nins — )My (Gy) M (Ga)[F(G1) F(Ga) + 2Ma(Gr ) Ms ()]
+ 2HM,(Gy)HMs(Gs).

Definition 3.1.4 [20,21] The join G1+Gs of two graphs G; and G5 is a graph with ver-
tex set V(G1+G3) = V(G1)UV (G2) and edge set E(G1)UE(Gh)U{uv|u € V(G1),v € V(Ga)},
such that |V(G1 + G2)| = n1 + na, |[E(G1 + G2)| = m1 + ma + nine and dg,ea, (u,v) =
6, (u)da, (v).

Theorem 3.1.5 [25] The second Zagreb index of G; + G5 is given by:

MQ(Gl + GQ) = MQ(Gl) + MQ(GQ) + nQMl(Gl) + nlMl(GQ) + ngml + n%mz

+ 4dmimeo + 2mining + 2mansng + n%ng
Theorem 3.1.6 The second Hyper-Zagreb index of G1 + G» is given by:

HM5(Gy +Go) = n3F(G1) +niF(Ga) +4n3My(Gy) + 4ntMo(Gy)
+2n3 M1 (GY) + 2n3 M1 (G2) + namy 4+ nimg + nind
+[4nymy + ning] My (Gh) + [4namy + nin3] M (Gs)
+4An2n3[my + ma] + 16n1n9mime + My (G1) M (Gs)
+2noM;(G1)F(G1) + 2n1 M1 (G2)F(G2) + HM»(G1) + HM2(G2).
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Proof. By definitions of the second Hyper-Zagreb index, we have

HM;(Gy +Ga) = Yo [0 40, (W) 1, (v)]
weE(G1+G2)
weE(Gy) w€EE(G2)

Step 1

+ Z Z 6G1+G2 5G1+G2( )]

uEV(Gl) UEV(GQ)

= Y (66, (w) + n2)* (¢, (v) +n2)?]

weFE(G1)

+ Y (e () +11)* (86, (v) +11)°]

uveE(Gzy)

+ 0 D (e, () + n2)?(0a,(v) + 1))

ueV (G1) veV (G2)

= D (6%, () + 2n2dc, (u) +n3) (62, (v) + 2020, (v) +n3)]
wweE(G1)

+ Y (62, (W) + 20186, (w) + 13)(8%, () + 2m06, (v) + nF)]
uwweE(G2)

+ > Y (0%, (u) + 2020, (u) + n3) (08, (v) + 2m10c, (v) + 1))
ueV (G1) veV(G2)

o [08,(W)8E, (v) + 2n262, (w)dc, (v) + 1308, (u) + 2n2dc, (u)5E, (v)
w€eE(Gy)

+4n30, (1)0c, (v) + 2n506, (u) + n30E, (v) + 2n506, (v) + ng)

Y 08, (W), (v) + 2m8E, (w)da, (v) + 1T, (u) + 20186, (u)dg, (v)
uveE(G2)
+4n10a, (1)0a, (v) + 2n10a, (u) + nidg, (v) + 2nide, (v) + ni]

D > [0 (W0E, (v) + 2m, (u)da, (v) + 1, (u)
ue€V(G1) veV(Ga)
+2n206, (u)0g, (v) + 4ninadc, (u)da, (v) + 2ninade, (u) + n3ée, (v)
+2n1n38c, (v) + ninj]

Yool o= ) 0, )]+ 2me Y 165, (Wi, (v) + ba, ()dE, (v)]

wv€EE(G1)

wweE(G1) wweE(Gy)

s Y 108, (W) + a5, ()] +4nd Y [ (u)dc, (v)]

weEE(Gy) w€EE(Gy)
+205 Y [, () +oe ()] +ny Y (1)
weE(Gy) weE(Gy)
= HMQ(Gl) + 2712M1(G1)F(G1) + TLQF(Gl) + 477,2M2(G1)
+2n§M1(G1) + ngml.
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Step 2

>

weFE(G2)

Step 3

PO

uEV(Gl) ’UEV(G2)

Y [ (e, ) +2m Y (68, (w)de, (0) + dc, (u)6, (v)]

uveE(Gz) w€EF(G2)

i Y (0%, (W) + 65, +4nf Y [fea(w)dc, (v)]

uwveE(G2) uwveE(G2)
+2nf Y [a,(w) + e, ()] +nt D (1)
uwweE(Gz2) wveE(G2)
HMs(Gsy) + 2n1M1(G2)F(G2) + an(Gz) + 4n1M2(G2)
+2n1M1(G2) + ’Illmg

= Y Y e, +2m > D (08, (e, (v)]

MGV(Gl)UEV(Gz) ’LLEV(Gl)’UEV(GQ)
i D > e Y Y e (w)d, (v)
ueV (G1) veV (G2) ueV (G1) veV(G2)
+4nqino Z Z [0, (u)dc, (V)] + 2n2ny Z Z S, (u)
uEV(G1)U€V(G2) uEV(Gl)UEV(GQ)
D DR RN ORI D AT
ueV(G1) veV(Ga) ueV(G1) veV(Ga)

wind Y Y

weV(G1) veV(G2)

= Ml(Gl)Ml(GQ) + 4n1m2M1(G1) + n%nng(Gl) + 4n2m1M1(G2)

+16n1m9m1ma + 4mining + nini M, (Gy) + 4maonini + ning.

It is easy to see that the summation of step 1, step 2 and step 3 complete the proof. O

Theorem 3.1.7 The second Hyper-Zagreb index of complement G1 + G5 is given by:

HMQ(Gl + G2)

+ + 4+ +

+ o+ ++ + o+

(my1 +ma +ning)(ny +ng — D4 = 2(ny + no — 1)3[M1(G1) + M1(Gs)

ning + nont + dmying + dmani] + (ny +no — 1)?[F(G1) + F(G3)

3no M (G1) + 3ny My (Gy) + 6n3my + 6n3msg + nyns + nan’

4(ny +ng — 1)2[Ma(G1) + Mo(G2) + no My (G1) + ny M (Go)

n%ml + n%mg + 4dmims + 2mining + 2monong + n%ng]

2(n1 + ng — 1)(M1(G1) + M1(Gs) + nin3 + nani + 4mins

dmany) [HM (G1) + HM (G2) 4 5(n1 M1 (G2) + na M (G1))

8[nims + njmi + mims] + nina[(ns +n1)? + 4(my + mo)]]

2no M1 (G1)F(G1) + 2n1 M1 (G2) F(Ge) + HM2(G1) + HM3(G2)
n3F(Gy) + an(GQ) + 4n§M2(G1) + 4n3 Mo (G) + 2n3 My (Gy)

203 M1 (G) + namy + nima +n3nd + [Anima + nins) M1 (G1)

[Anamy + nin3] My (G2) + 4n3nd[my + mo)]

16n1namime + M1 (G1) M, (G2).
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s Proof. By (Theorem 3.1.1) we have

HM(G) = mn—1)*—=2(n—1)>M(G) + (n — 1)2F(G) + 4(n — 1) My(G)
= 2(n—1)Mi(G)HM(G) + HM;(G).

And M;(G1 + Ga) = Mi(G1) + M1(G2) + nin3 + nan? + 4ming + 4man; given in [25].

F(Gl + GQ) = F(Gl) + F(Gg) + 3712M1(G1) + 3711M1 (Gz) + 6n%m1 + 6”%7’712 + nlng + ngnlf

given in [23] HM(Gl —|—G2) = HM(Gl) —|—HM(G2) —|—5(TL1M1(G2) +no My (Gl)) —|—8[n?m2 +

n3my + myms] + ninz[(ne + n1)? + 4(my + my)] given in [26]. |E(Gy + Ga)| = mq + ma +
w ning, |V(G1+ Gz2)| =n1 +n2 and by (Theorem 3.1.5) and (Theorem 3.1.6). Then,

HM(Gy +Ga) = |B(G1+ Ga)|([V(G1+ Ga)| — 1) = 2(|V(G1 + Ga)| — 1)’ My (Gy + Ga)
+ ([V(G1+Ga)| = 1)°F(G1 + G2) + 4(|V(G1 + Ga)| — 1) My (Gy + Ga)

2(|V(Gy + G2)| — 1)M1(G1 + G2)HM (G + G2) + HM>(Gy + G2)

(my 4+ mg +nin2)(ny + ng — 1)4 —2(n1 +ng — 1)3[M1(G1) + M;(Gs)

nins + nani + 4myng + dmani] + (ny +ng — 1)?[F(Gy) + F(G3)

3no M1 (Gh) + 3n1 My (Go) + 6n3my + 6nimsg + nins + nan’

4(ny + ng — 1)2[M2(G1) + Ma(Ga) + na M1 (G1) + ny M (Ga)

ngml + n%mg + dmimso + 2mining + 2mongng + n%ng]

2(n1 + ng — 1)(M1(G1) + M1 (G2) + ninj + nani + 4myng

dmany) [HM (G1) + HM (G2) 4 5(n1 M1(G2) + na M (G1))

8[nimsa + nimi + myms] + nina[(ns +n1)? + 4(my + mo)]]

2no My (G1)F(G1) + 2ny M1 (G2)F(Ge) + HM(G1) + HM5(Gs)

naF(G1) + n2F(Go) + 4niMs(Gy) + 4n? My (Gy) + 2n3 My (Gy)

2n‘I’M1 (Ga) + ngml + n‘llmg + n‘;’ng + [Anyme + n%ng]M1(G1)

[Anomy 4 nin3] M1 (Ge) + 4n2n[my + mo]

16n1namime + M1 (G1) M1 (G2).

+ o+ 4+

+ o+ + o+t

Definition 3.1.8 [20, 2I] The strong product Gy * Gy of two graphs G1 and Go is a
graph with vertex set V(G1xG2) = V(G1) x V(G2) and any two vertices (u1,v1) and (ug, v2)
are adjacent if and only if { u1 = ug € V(G1) and viva € E(G2) } or { v1 = vy € V(G2)
and uiug € E(G1)}, such that |V(Gy * Ga)| = ning, |[E(G1 x G2)| = ming + nima + 2myme

s and gy «G, (U, v) = 0, (u) + 0, (v) + 0¢, (u)dg, (v).

Theorem 3.1.9 [15] The first and second Hyper-Zagreb index are given by:

Ml(Gl * GQ) = (77,2 + 6m2)M1(G1) + 8maomq + (6m1 + nl)Ml(GQ) =+ 2M1(G1)M1(G2)

MQ(Gl * GQ) = (ng + 5m2)M2(G1) + (n1 + 5m1)M2(G2) + 3m2M1(G1) + 3m1M1(G2)
+ 3M1(G1)M1(G2) + 2M1(G2) Ma(Gh) + 2M1(G1) M2 (G2) + Ma(G1) M2 (Ga).
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Theorem 3.1.10 The second Hyper-Zagreb index of complement G x G5 is given by:

HMQ(Gl * GQ)

e T T T T

[ming + nimo + 2myma|(ning — 1)4

2(ning — 1)3[(ng 4 6ma) M1 (G1) + 8mamy + (6my + n1) M (G2)
2M;(G1) M1 (G2)] + (ning — 1)*[na F(G1) + ni F(Ge)

F(G1)F(G2) 4+ 6maoM;(G1) + 6my M (G2) + 6moF(Gr)

6m1 F(G2) + 3F(G2) M1 (G1) + 3F(G1) M1 (G2) + 6 M (G1) M (Gs)]
4(nyng — 1)2[(ng + 5ma) Mo (G1) + (n1 + 5my ) Ma(Ge) + 3ma M, (G1)
3my M1 (G2) + 3M1(G1) M1 (Ga) + 2M; (G2)Ma(G1) + 2M1(G1) Mo (G)
My (G1)M2(Gs)] — 2(ning — 1)[(n2 4+ 6ma) M1 (G1) + 8mamy

(6my + n1)M1(G2) + 2M1(G1)M1(G2)|[HM(G1) +n1 HM(G3)
5neM1(G1) + 5ny M (G2) + 4namy [2ne + 1] + 8malng + my|

nina[ns + 2ny + 4ma)] + HMy(G2)[ny + 10my + 10M,(G1) + 8Mo(G1)
6F(G1) +4ReZG3(G1) + Y(G1)] + HM2(G1)[n2 + 10ms

10M1(Gs2) + 8M3(G2) + 6F(G2) + 4ReZG3(G2) + Y (G2)]

Y (Go)[m1 + 2M;1(G1) + 4M5(G1) + F(G1) + 2ReZG5(Gh))

Y (G1)[ma + 2M1(G2) + 4M3(Gs) + F(G2) + 2ReZG3(Gs)]
4ReZG3(Ga)[my + 2M1(G1) + 2My(G) + 2F(G1)]

4ReZG3(G1)[msa + 2M;1(G2) 4+ 2M3(Ga) + 2F (Ga)]

F(G2)[3M1(G1) + 8M2(Gh)] + F(G1)[3M1(G2) + 8M2(Gy)]
8Ms(G1)M2(Ga) + AM; (G1)Ma(Ge) + 4M1(G2) M2 (Gh)

QH My (G1)H M (Go) + 5F(G1)F(Ga) + 6ReZG5(G1)ReZGs(Go).

Proof. By using (Theorem 3.1.1) we have,

HMQ(Gl * Gz)

+

‘E(Gl * G2)|(|V(G1 * Gg)l — 1)4 — 2(|V(G1 * G2)| — 1)3M1(G1 * GQ)
([V(G1 % Ga)| — 1)2F(G1 x G2) + 4(|V(G1 * G2)| — 1)*Ma(Gy * Ga)
2(‘V(G1 * GQ)‘ — 1)M1(G1 * GQ)HMl(Gl * Gz) + HMQ(Gl * Gg),

And by [23], [3, 27] and [12], respectively, we have

F(G1 * GQ)

80

HM(Gl * Gg)

= ngF(Gl) + an(GQ) + F(Gl)F(GQ) + szMl(Gl)
+ 6m1M1(G2) + 6m2F(G1) + 6m1F(G2) + 3F(G2)M1 (Gl)
+ 3F(G1)M1(G2) +6M1(G1)M1(G2).

= HM(Gl) =+ anM(Gg) + 57?,2M1(G1) =+ 5’/11M1(G2)
+ dngmy[2ng + 1] 4 8ma[ng + mi] + nina[ni + 2ny + 4ms).
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HM5(Gy xGay) = HMa(Go)[ny + 10my + 10M;(G1) + 8Ma(Gy)

6F(G1) + 4ReZG3(G1) + Y (G1)] + HM3(G1)[ne + 10ms
10M1(Gs) + 8M5(G2) + 6F(G2) + 4ReZG3(G2) + Y (Gs)]

Y (Ga)[m1 4 2M1(G1) + 4M2(G1) + F(G1) + 2ReZG3(Gh)]

Y (G1)[ms + 2M1(Gs) + 4Mo(Gs) + F(Gs) + 2ReZG3(G2)]
4ReZG3(Go)[my + 2M;(G1) 4+ 2Mo(G1) + 2F(Gy)]
4ReZG5(G)[ma + 2M1(Gs) + 2Ms(Gy) + 2F(Gy)]
F(G2)[3M1(G1) + 8M2(G1)] + F(G1)[3M:1(G2) + 8M2(G2)]
8M5(G1)Mo(Ga) + 4M1(G1) Mo (Gs) + 4M71(G2) M2 (G1)

2H My (G1)HMs(Go) + 5F(G1)F(Gs) + 6ReZG3(G1)ReZG3(Gy).

+ o+ + o+

+

And since |E(G1 * Ga)| = mina +nima +2mima, |V(Gy *Gz)| = ning and by (Theorem
3.1.9). Which are complete the proof.

Definition 3.1.11 [20, 21] The Cartesian product G1 X Ga of two graphs G1 and Gs

ss  has the verter setV(Gy x Go) = V(G1) x V(G2) and (a,x)(b,y) is an edge of G1 x Go

if a = b and vy € E(G2), or ab € E(G1) and © = y, such that |V(G1 x G2)| = nina,
|E(G1 x G3)| = ming + nime, and dg, xa, (U, v) = dg, (u) + o, (v).

Theorem 3.1.12 The second Hyper-Zagreb index of complement G; x G5 is given by:

HMQ(Gl X G2>

(ming +nyma)(ning — 1)* = 2(nyng — 1)3[na M (G1) 4 ny M1 (Gs)
8mimg] + (n1ng — 1)2[ne F(G1) + n1 F(Ga) + 6ma M, (G1) + 6my M, (Gs)]
4(ning — 1)2[3maMi(G1) + 3mi My (G2) + nyMa(Gy) + naMa(Gh))

— 2(ning — 1)[naM71(G1) + ni M1 (G2) + 8mims][ne HM (G1) + n1 HM (G2)
+ 12my M1 (G2) 4+ 12moM;(G1)] + no HM3(G1) + ny H M (G2)

+ 3F(G1)Mi(G2) + 3F(G2)M1(G1) + m1[Y (G2) + 4ReZG5(G2)]

+ mo[Y(G1) + 4ReZG5(Gh)] + 4M1(G1) Ma2(G2) + 4M;(G2) M2 (Gh).

% Proof. By (Theorem 3.1.1) we have

HMQ(@) = |E(G1 X G2)|(|V(G1 X G2)| — 1)4 — 2(|V(G1 X G2)| — 1)3M1(G1 X Gz)
+ ([V(G1 x G2)| =1)°F(G1 x G2) +4(|V(G1 x G2)| = 1)’ Ma2(G1 x G2)
- 2(|V(G1 X G2)| - 1)M1(G1 X Gg)HMl(Gl X Gg) + HMQ(Gl X Gg)

And Ml(Gl X Gg) = nng(Gl) + TllMl(Gg) + 8mims, Mg(Gl X Gg) = 3m2M1(G1) +
3m1M1(G2) + nle(Gg) + ngMg(Gl) given in [20] F(Gl X GQ) = ngF(Gl) + an(Gg) +
6m2M1(G1) + 6m1M1(G2) given in [23] HM(G1 X Gg) = nQHM(Gl) + anM(GQ) +
12m1M1(G2) + 12m2M1(G1), given in [3} HMQ(Gl X Gz) = ’I’LQHMQ(Gl) + n1HM2(G2) +

95 3F(G1)M1(G2)+3F(G2)M1 (Gl)+m1[Y(G2>+4R€ZG3(G2)]+m2[Y(G1)+4R€ZG3(G1)] +
4M1(G1)M2(G2) + 4M1(G2)M2(G1) given in [12] and since |E(G1 X G2)| = ming + nNiMma,
[V(G1 x G3)| = niny. Which are complete the proof.

Definition 3.1.13 [20,21] The composition G10G2, of two simple and connected graphs

G1 and G2 with disjoint vertex sets V(G1) and V(G2) and edge sets E(G1) and E(Gs) is
w0 the graph with vertexr set V(G1) X V(G2) and u = (uy,v1) is adjacent with v = (uz,vs)

10
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105

110

whenever (uy is adjacent with uz) or {u; = ugy and vy is adjacent with ve}, such that
|V(G10Gs)| = ning, |[E(Gy 0 Ga)| = mina? + many and 6g,o0c, (U, v) = nada, (v) + da, (v).

Theorem 3.1.14 The second Hyper-Zagreb index of complement Gy o G5 is given by:

HMQ(G]_ OGQ) -

+ o+ +

+ o+ + +

(min3 4+ maoni)(ning — 1)* — 2(nyng — 133 M, (G1)

n1 My (Ga2) + 8ngmami] + (ning — 1)2[n3F(G1) + n1 F(Gs)
6n3ma M, (G1) + 6nomy My (G2)] + 4(ning — 1)?[ny My (Gy)

1Mo (Go) + 3n2ma M (G1) + 2namy My (Gs) + 4m1m§}

2(ning — 1)[nS My (G1) + ni My (G2) + 8ngmami | [ny HM (G1)
nyHM(G3) + 12n3mo M, (G1) 4 10n9mq M1 (Go) + 8mam,]
nSHMy(Gy) + ni HM5(Gy) + nama[Y (G1) + 4ReZG3(G1))

dngmi ReZG3(Gy) + 3n3F(G1) M1 (Ga) + n3M,(G1)[F(Gy)
4M5(G2)] + mi ME(Ga) + 4noma[dngme My (Gr) + My (G1) M (Gs)).

Proof. By using (Theorem 3.1.1) we have,

HMQ(Gl OG2) =
+

|E(G1oGo)|([V(GroG2)| 1) =2(|V(G10Ga)| = 1)’ Mi(G1 0 Ga)
(lV(Gl e} G2)| — 1)2F(G1 (¢] Gg) + 4<‘V(G1 o Gg)‘ — 1)2M2(G1 o GQ)
2(‘V(G1 o Gg)‘ — 1)M1(G1 o GQ)HMl(Gl o Gg) + HMQ(Gl o Gz),

And by [20], [23], [3] and [12], respectively, we have

M

1(G1 0 Go) = ni My (G1) + ni M (G2) + 8ngmamy,

MQ(Gl o GQ) = TL%MQ(G1) + nlMg(Gg) + 3n§m2Ml(G1)

+ 2n2m1M1(G2) + 4m1m§,

F(Gl 9] Gg) = n%F(Gl) + an(G2> + GTL%szl(Gl) + 6n2m1M1(G2),

HM(Gy0Gs) = nsHM(Gy)+niHM(Gs) + 12n3maM;(Gy)

HMQ(Gl o GQ) =
+
+

+ 10n2m1M1(G2) + 87TL2’IT7J17

ngHMg(Gl) + anMQ(GQ) + n%mg [Y(Gl) + 4R6ZG3(G1)]
4n2m1ReZG'3(G2) + 3H§F(G1)M1(G2) + n%Ml(Gl)[F(Gz)
4M2(G2)] + mlMlz(Gg) + 4nomeo [4n2m2M2(G1) + Ml(Gl)Ml (Gg)},

And since |E(G1 0 G2)| = min3 + mani, |V(G1 o Ga)| = nina.
Which are complete the proof.

Definition 3.1.15 [20, 21] The disjunction Gy V Go of two graphs Gy and Gsg is
the graph with vertex set V(G1) x V(G2) and (u1,v1) is adjacent with (ug,vs), whenev-

er (ui,us) € E(Gh)

or (v1,v2) € E(G2), such that |V(G1 V G2)| = ning, |[E(G1V Ga)| =

ming? + mani? — 2mims and g, va, (U, v) = n2da, (u) + n1da, (v) — g, (u)da, (v).

11
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115 Theorem 3.1.16 The second Hyper-Zagreb index of complement G1 V G5 is given by:

HM;(Gy V Gg) (min3 + man? — 2mimy)(ning — 1)* — 2(nyng — 1)3[ My (G2) M1 (G1)
(n1n3 — 4mang) M1 (G1) 4 (nani — 4myng ) M;(Ga) + 8mymanins]

(ning — 1) [n3F(G1) + niF(Gs) — F(G1)F(G2) + 6ninamaM,; (G1)
6nonimy M (Ge) + 3noF(G1) M (Ge) + 3n, F(G2) M, (G1) — 6nimaF(G1)
— 6nimy F(G2) — 6nino M (G1)M;(G2)] + 4(ning — 1)2[2na Mo (G1) M, (G2)
((n¥ = 2m1)? = 2nim1) Ma(Ga2) + ((n3 — 2mg)? — 2n3mg) Ma(G1)
(2n3nomy — 4ming) My (Gso) + (2n2nimy — 4ming )My (G,)

— nnaMi(G2)M1(Gr) + 2n1 M2(G2)M1(G1) — 2M2(G2) M2 (Gh)

4mamy (nimy 4+ nims)] — 2(ning — 1)[(n1n3 — 4mang) My (Gy)

+ M (G2)My(Gy) + (nen? — 4myny )My (Gs) + 8mymanins]

[511 M1 (G1)F(Go) + [n5 — 2n2mo]| HM (G1) + HM(G2)[n] — 2n3ms]

5ny M1 (G2)F(G1) + 10n2myn, M (G1) 4 10non3my My (Gy)

8namamy + 8nimimso — Sngm?2 My (Gs) — 8nymi M, (G1)

4nim i F(Gy) — 4n3moF(Gy) — 8ntmy My (Ga) — 8nimaMy(G1)
8my1 Mo (Ga) + 8maMo(G1) — 8nany M1 (G1) M (G2) + 4ng Ma(G1) M (G2)
dny Ms(Go)M1(G1) — 2F(G1)F(Ge) — 4M2(G1) M2 (Ga)]

HMy(Go)[n1(nf + 16nymi — 10n3my — 8ny Mo (G1)

211 F(G1) +4ReZG3(G1)) + My (G1)(M1(G1) + 6n3 — 8nymy)]
n3F(Go) My (G1)[n? — 4nymy + My (G1)] + HMo(G1)[n2(n)

16n9m2 — 10n3mg — 8np Mo (Gy) — 2ny F(Ga) + 4ReZG3(Gy))
Mi(Go)(Mi(Ga) + 603 — 8nams)] + niF(G1) My (G2)[n;

dngmy + M1 (Go)] + 2naReZG3(Go)[n? (2n3my + F(G1) — 8m?

4My(Gh)) — My (Gr)(M1(Gy) + 2n3 — 6n1my)] + 4n3 Ma(Go)[4n3m?
M3E(Gy) — 4nymy My (G1)] + 2n1 ReZG3(G1)[n2(2n2my + F(G2)

—  8m3 +4M5(Gy)) — Mi(Go)(My(Ga) + 2n3 — 6noms)]

4ntMo(Gy)[An3m3 + ME(G2) — 4nama My (G2)]
2M,(G1) M (G2)[n3(2ngmy — My (Go)) 4+ n3(2nymy — M1 (Gh)))
nimy M2 (Gy) + namaM?(G1) — 6niny ReZG3(G1)ReZG3(Gy)

—  nin3[F(G1)F(Ga) + 8My(G1) Ma(Ga)] — 2H My (G1) H Mo(Gy).

+ - + o+ 4+

+

L+ 4+ L+

+ +

+ + +

Proof. By using (Theorem 3.1.1) we have,

HM, (G, V Gy) |E(GLV G)|([V(GLV Ga)| — D =2(|[V(G1 V Ga)| — 1)3M(G1 V Gy)
+ (|V(G1 V G2)| — 1)2F(G1 V Gz) + 4(|V(G1 V G2)| — 1)2M2(G1 vV Gz)

2(|V(G1 V Gg)l — 1)M1(G1 V Gg)HMl(Gl \ GQ) + HMQ(Gl V Gg),

And by [25], [23], [24] and [12], respectively, we have

Ml(Gl V G2) = (nlng — 4m2n2)M1(G1) + Ml(GQ)Ml(Gl)
+ (ngn% — 4m1n1)M1(G2) + 8mimaonins.

12
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M2(G1 V Gz)

F(Gl V Gg)

120

HM (G V Go)

HM(Gy V Ga)

L+ + 0+

+ + +

And since |E(G;

= ((n] —2m1)* = 2nim1) Ma(G2) + ((n3 — 2mo)?

—  2n3mg)My(Gh) + (2n3namy — 4m3ng) My (G2)

+  (2n3nimy — 4ming )M, (Gy) — nine My (Go) M, (GY)

+  2noMso(G1)Mi(Ga) + 2ny Moy(Go) M (Gr) — 2Ms(G2) Mo (GH)
+

4momy (n3my 4+ nimsy).

= néF(Gl) + n%F(Gg) — F(Gl)F(Gz) + 6n1n§m2M1 (Gl)
+ GnQn%mlMl (GQ) + 3TL2F(G1)M1(G2) + 3TL1F(G2)M1 (Gl)
- 6n%m2F(G1) — 6n%m1F(G2) - 677,17L2M1 (Gl)Ml(GQ)

[n] — 2n3mo HM (Gy) + HM (G1)[n5 — 2n3ma)

+ 5y Mi(G1)F(G2) + 5naMi(Ga) F(G1) + 10n3mani My (G1)
+  10nonim; My (Gs) + 8nimamy + 8nimimsa — 8nom?3 M, (Gy)
—  8mmAM;(G1) — 4n3my F(Ga) — 4nimyF(G1) + 8my My (Gs)
—  8n3my Mo (Gy) — 8nimy My (Gh) + 8moMs(Gh)

—  8noni M1 (G1)M1(Gs) + dno Mo (G1) M1 (G3)

+  Any My(Go) M1 (Gy) — 2F(G1)F(Gs) — 4M3(G1) Ma(Gs),

HMy(Go)[n1(nf + 16nymi — 10n3m, — 8ny Mo (G1)

201 F(G1) +4ReZG3(G1)) + My (G1)(M1(G1) + 6n3 — 8nymy)]
n3F(Go) My (G1)[n? — 4nimy + M1(G1)] + HMy(G1)[na(nd
16n9m2 — 10n3mg — 8nog Mo (Gy) — 2naF(Ga) + 4ReZG5(Gs))
M (Go) (M (Gy) + 615 — 8ngms)] + n2F(G1) M (Go)[n3

dngmy + M1 (Go)] + 2na ReZG3(G2)[n3 (2n3my + F(G1) — 8m3
4M5(G1)) — M1 (G1) (M1 (Gy) + 2n3 — 6n1mq)] + 4n2 My(Go)[4nim?
ME(G1) — 4nymi M (G1)] + 2n1 ReZG5(G1)[n3(2n3ms + F(Gy)
8m3 + 4My(Ga)) — M1 (G2) (M (Gs) + 2n3 — 6nams)]
4ntMo(G1)[Anam3 + ME(G2) — 4nama My (G2)]
2M,(G1) M (Go)[n3(2namy — My (G2)) + n3(2n1my — My (G1))]
nimi M?(Gy) + namaMZ(G1) — 6n1nyReZG5(G1)ReZG3(Gy)
nin3[F(G1)F(G2) + 8 My (G1)My(Ga)] — 2H Mo (G ) H M3 (Gs),

V Gz)‘ = mlng + mgn% — 2m1m2, |V(G1 V G2)| = Nnina.

Which are complete the proof.

Definition 3.1.17 [20L 2I] The symmetric difference G1 @ G, of two simple and con-

s nected graphs Gy and Gy is the graph with vertex set V(G1) x V(G3) and E(Gy ® Ga) =
(u1,uz)(v1,v2)|uivy € E(G1) or ugvy € E(G2) but not both, such that |V (G1 ® G2)| = nina,
|E(G) @ Ga)| = ming? + mani? — dmima and Sg,ec,(u,v) = nadg, (u) + n1dg, (v) —

25@1 (u)5G2 (U) .

13
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130

Theorem 3.1.18
by:

HM>(G1 & G2>

+ o+ 4l

_|_

I+ + 4+ 0+

+ o+ 4+ o+

- -

+ +

+

Proof. By using

HM>(G1 & G2>
+

And by [25], 23], [24]

The second Hyper-Zagreb index of complement G7 & G4 is given

(mins + mani — dmyima)(ning — 1)* — 2(nyng — 1)*[4M,(G1) M1 (G2)
(n1n2 — 8maong) M (G1) 4 (non? — 8myng ) M1 (Ga) + 8mymanins]
(n1ng — 1)2[n3F(G1) + n1F(Gs) — 8F(G1)F(Gsa) + 6ninimy M, (G1)
6nonimi M1 (G2) + 12ny F(G1) My (G2) 4 120, F(Go) M, (GY)
12n2me F(G1) — 12n3my F(Go) — 12nyno M, (G1) M, (Gy)]

4(ninz —1)*[((n§ — 2m1)? — 4nfmi) Ma(G2) + ((nj — 2m)?
4nZmo) Mo (G1) + (2n3ngmy — 8ming) M (Ge) — 16 Mo (G2) Ma(GH)
(2n3n1my — 8miang ) M1 (G1) — 2nina M, (G2) M, (G1)

81y Mo (G1) M1 (Gsa) + 811 My(Go) M1 (G1) + dmamy (nimy + n3ms)]
2(ning — 1)[(n1n3 — 8mang) M1 (G1) + 4M,(G1) M, (G)

(nen? — 8myny )My (Ga) + 8mimanins|[[n] — 4nimo| HM (G2)

[n3 — 4n3mo) HM (G1) + 20ny M1 (G1)F(Ga) + 20ns M, (G2)F(Gy)
10n2maony M (G1) 4 10nan3my My (Gy) + 8nimam;
16n9m3 M, (Go) — 16n1m3 M, (G1) — 8nim, F(Gs)

8n2moF(G1) — 16n2my My (Ga) — 16n3mo Mo (G1) + 32mi My (Gy)
32ma Mo (Gy) — 16n9n1 M1 (G1) M1 (G2) + 16n2 Mo (G1) M (Ga)
1601 My(G2) My (G1) — 16F(G1)F(Ga) — 32Ma(G1)Ma(Go)]
HMy(G2)[ny(nf + 64nym? — 20n3m, — 64n, My (G1)

161, F(G1) 4 64ReZG5(G1)) + M1 (G1)(16M(G)

24n3 — 64nymy)] + n3F(G) My (Gh)[nd — 8nymy + 4M;(G1)]

H M, (G1)[n2(n + 64nom3 — 20n3me — 64nyMy(Go) — 1612 F (Go)
64ReZG3(Gy)) + My (Go) (16 M1 (Go) + 24n3 — 64nymy))
n2F(G1) My (G2)[ns — 8namy + 4M; (G3)] + 4na ReZG3(Gy)
[nf(2nimy + 2F(G1) — 8m3 + 8My(G1)) — M1 (G1)(4My(G)

2n3 — 12nymy)] + 16n3 My (Go)[nim3 + ME(G1) — 2n1mq M1 (G1)]
4n1 ReZG3(G1)[n3(nimy + 2F(Gy) — 8m3 + 8M»(Gs))

My (G2)(4M1(Ga) + 2n3 — 12n9ms)] + 1602 My (G1)[n3m3

M3E(Ga) — 2noma M, (Go)] 4+ 4My (G1) M1 (Ga)[n[nama — My (G2)]
n3(nimy — Mi(Gh))] + nimiM; (Ga) + ngma M7 (Gh)
48n1nyReZG3(G1)ReZG3(Ga) — 2nin3[F(G1)F(Gy)
8Mo(G1) Mo (G)] — 64H My (G ) H My (G).

(Theorem 2.1) we have,

|E(G1 & Go)|(|V(G1 & Ga)| — 1) = 2([V(G1 & Go)| — 1)° My (G1 @ G2)
([V(G1 ® Go)| — 1)2F(G1 ® Go) + 4(|[V(G1 @ Go)| — 1) My (G @ Gs)
2(|V(G1 & Gs)| — )M (G & Go)HM,(G1 & Go) + HM3(G1 & Gs),

and [12], respectively, we have

Ml(Gl @Gg) = (Tlln% 787712712)M1(G1) +4M1(G1)M1(G2)

+ (77,2?’1% — 8m1n1)M1(G2) + 8mimaoninsg.

14
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My(G1 @ G2)

((n§ = 2m1)? — 4nimi) M2 (Gs) + ((n3 — 2m2)®

—  4n2mo) My (G1) + (2n3namy — 8ming) My (Gs)

(2n§n1m2 — 8mgn1)Ml(G1) — 2nyno My (G2) M;(Gh)

8o Mo(G1) My (G) + 81y Mo (Go) M (G1) — 16Ma(Ga) Ma(G1)

dmaomy (namy + nims).

+ o+ +

F(G1 &) GQ) = n%F(Gl) + TL%F(GQ) — 8F(G1)F(G2) + 6n1n§m2M1(G1)
=+ 6n2nfm1M1(G2) + 12?’L2F(G1)M1(G2) + 12”1F(G2)M1(G1)
- 12n§m2F(G1) - 12n%m1F(G2) - 12n1n2M1(G1)M1 (Gg)

HM(G1 @ Go)
= [n] — 4ndmo] HM(G2) + [n3 — 4ndmo] HM (G) + 20n, My (G1)F(Gy)
20mo My (G2)F(Gy) + 10n%m2n1M1 (Gh) + 1On2n§m1M1 (Ga)
8n2maomy — 16nom3 M (Gy) — 16n1maM;(G1) — 8n2my F(Gy)
—  8nimaF(Gy) — 16n3my Ma(Go) — 16n3ma Mo (G1) + 32mi My (G)
32moMs(G1) — 16ngny M1 (G1) M (G2) + 16no Mo (G1) M, (Gs)
+  16n; Mo(Go)M;1(G1) — 16F(G1)F(Ga) — 32Ms(G1) Ma(G-2).

+ +

+

HMy(G1 @ Go) HMy(Go)[n1(nS + 64nym? — 20n3m; — 64n, My (G1)

1601 F(G) + 64ReZG3(G1)) + M1 (G1)(16M,(G1)

24n? — 64nymy)] + n3F(Go) M1 (G1)[n? — 8nymy + 4M,(Gy)]
HMo5(G1)[na(n + 64nam3s — 20n3my — 64ny Mo (Ga) — 16n9F(Gy)
64ReZG3(G2)) + My (Go)(16 M1 (Ga) + 24n3 — 64namy)]
niF(G1)M1(G2)[n3 — 8nama + 4M;(G2)] + 4na ReZG3(Ga)
[n1(2nimy + 2F(G1) — 8m3 + 8Ma(G1)) — M1(G1)(4My(G)

203 — 12nymy)] + 16n3Ma(Go)[nim? + ME(G1) — 2nymy M, (G1)]
4n1ReZG3(G1)[n3(namso 4 2F(Gy) — 8m3 + 8Ms(Gy))

— M (G2)(4M1(G2) + 2n3 — 12n9ms)] 4 1603 My(G1)[n3m3
M3E(G) — 2nama My (Go)] 4+ 4M1(G1) M1 (Go)[n3[name — M (G3)]
ni(nimy — My(Gh))] + nimi M7 (Ga) + nagma M7 (Gh)

—  48n1n9ReZG5(G1)ReZG3(Gy) — 2n2ni[F(G1)F(Gs)

4+ 8My(G1)My(Gy)] — 64H My (G1)H My (Gy),

+ 4+ + +

+
+

And since |E(G1 ® G2)| = min3 +man? — dmima, |V(G1 ® Ga2)| = nins.
Which are complete the proof.

3.2. Second Hyper-Zagreb index of complement V-Phenylenic Nanotubes VPH X [m, n](Vm,n €

w  N-{1})
Corollary 3.2.1 The second Hyper-Zagreb index of complement V PH X |m,n] nan-
otube (Fig 1.) is given by
HMo(VPHX[m,n]) = (9mn—m)(6mn —1)* —2(6mn — 1)*[54mn — 10m]
(6mn — 1)2[162mn — 38m] + 4(6mn — 1)2[81mn + 3m)]
—  8m(6mn — 1)[54mn — 10m](81n — 20) + 9m(81n — 29).

+
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Figure 1: The molecular graph of V PH X [m,n| nanotube.

Table 1: The edge and vertex partitions of V PH X [m,n] nanotubes.
H Edge partition H Es = E¢ \ Ee = E5 H H Vertex partition H Vy \ Vs H
H Cardinality H 4m \ 9mn — bm H H Cardinality H m+m \ 6mn — 2m H

The edge set of VPHX[m,n] is divided into two edge partitions based on the sum of
degrees of the end vertices as:

Es(VPHX[m,n]) = Ef ={e=wv € E(VPHX[m,n]) : §(u) = 2,§(v) = 3},
Es(VPHX[m,n]) = E§ ={e=wv € E(VPHX[m,n]) : §(u) = 3,6(v) = 3},
Proof. By using (Theorem 3.1.1) we have

HMy(VPHX[m,n]) = |BE(VPHX[m,n)|(|V(VPHX[m,n])|—1)*
2(|V(VPHX[m,n])| — 1)>M,(VPHX[m,n])

+ (|[V(VPHX[m,n])| — 1)*F(VPHX[m,n])

+ 4(|V(VPHX[m,n])| — 1)>M(V PHX[m,n])

— 2(|V(VPHX[m,n])| — 1)My(VPHX [m,n])HM,(VPHX m,n])

+ HMy(VPHX[m,n)).
And M;(VPHX[m,n]) = 54mn—10m, M2(VPH X [m,n]) = 8lmn+3m, HM(VPHX[m,n]) =
4m(81n —20) and HM>(VPH X [m,n]) = 9m(81n —29), given in (Theorem 2.7)above. And
since F(VPHX|[m,n]) = 162mn — 38m and the partitions of the vertex set and edge set of
(VPHX[m,n]) nanotubes are given in (Table 1,2) respectively [IT], [19].

Y [V(VPHX[m,n])| =6mn, > |[E(VPHX[m,n])|=9mn—m

Which are complete the proof.

16
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Table 2: The edge and vertex partitions of V PHY [m,n] nanotorus.
H Edge partition H E¢ = E5 HH Vertex partition H Vs H
H Cardinality H 9mn HH Cardinality H 6mn H

3.3. Second Hyper-Zagreb index of complement V-Phenylenic Nanotorus VPHY [m, n|(¥Ym,n €

w  N-{1})

Corollary 3.3.1 The second Hyper-Zagreb index of complement VPHY [m,n] nan-
otorus (Fig 2.) is given by

HMy(VPHY [m,n]) = 9mn(6mn —1)* — 108mn(6mn — 1) + 162mn(6mn — 1)?
+  324mn(6mn — 1) — 34992m?n?(6mn — 1) + 729mn.

33 - %

Figure 2: The molecular graph of V PHY [m, n] nanotorus.

The edge set of VPHY [m, n] have only one type of edges:
Es(VPHY[m,n]) = E§ = {e=uv € E(VPHY[m,n]) : §(u) = 3,0(v) = 3},
155 Proof. By using (Theorem 3.1.1) we have
HM>(VPHY[m,n]) = |E(VPHY[m,n])|(|V(VPHY [m,n])| — 1)?
2(|V(VPHY [m,n])| — 1)3M(VPHY [m,n))
+ (|V(VPHY[m,n])| — 1)2F(VPHY [m,n])
+ 4(|V(VPHY[m,n])| — 1) Mo(VPHY [m,n))
— 2|V(VPHY[m,n))| — 1)M,(VPHY [m,n])HM,(VPHY [m,n])
+ HMy(VPHY [m,n]).
And My (VPHY [m,n]) = 54dmn, My(VPHY [m,n]) = 81mn, HM(VPHY [m,n|) = 324mn
and HM,(VPHY [m,n]) = 729mn, given in (Theorem 2.7)above. And since F(VPHY [m,n]) =

162mn and the partitions of the vertex set and edge set of (VPHY[m,n]) nanotubes are
given in (Table 3.) [111 [19].

Y IV(VPHY[m,n))| = 6mn, Y |E(VPHY[m,n])| = 9mn
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165

170

Which are complete the proof.

3.4. Second Hyper-Zagreb index of complement Titania nanotubes and nan-
otorus

Titania nanotubes are considered one of the most studied compounds in materials sci-
ence. Owing to some outstanding properties, it is used, for instance, in photocatalysis,
dye-sensitized solar cells, and biomedical devices [28, 29] [30]. In the following subsection,
we study the second Hyper-Zagreb of molecular complement graph Titania nanotubes and
molecular complement graph of nanotorus.

Corollary 3.4.1 The second Hyper-Zagreb index of complement TiO3[n, m] nanotube
(Fig 3.) is given by
HM;5(TiOs[n,m]) = [60m>n® + 108mn® + 48n® — 162mn — 104n][6mn + 6n — 1}3
[83120m*n? + 91360mn® + 24816n° + 840mn + 408n] [6mn + 6n — 1]
+  1930mn + 362n.

Proof. By using (Theorem 3.1.1) we have

Top image

Across image

Figure 3: The molecular graph of T%O2[n, m| nanotube.

HM,(TiOs[n,m]) = |E(TiO2)|(|V(TiO2)| — 1)* = 2(|V(Ti02)| — 1)* My (TiO2)
+  (|V(Ti03)| — 1)*F(Ti02) + 4(|V (TiO03)| — 1) Ma(TiO5)
— 2(JV(TiO2)| — 1) M1 (TiO2) H M1 (Ti02) + HM3(Ti03).
And since M, (TiO2[n, m]) = 76mn+48n, Ma(TiOz[n, m|) = 130mn+62n. F(TiOz2[n,m]) =
320mn + 160n, HM (TiOz[n,m]) = 580mn + 284n given in [28, 29]. HM>(TiOs[n,m]) =

n
1930mn+362n given in [30]. and the partitions of the vertex set and edge set V(Ti0s), E(Ti02),
of T'iOz[n, m| nanotubes are given in (Table 4,5), respectively. We have

18
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Table 3: The vertex partition of T30z [n, m] nanotubes.

H Vertex partition H Vg \ V3 \ Vg \ Vs H
H Cardinality H 2mn + 4n \ 2mn \ 2n \ 2mn H

Table 4: The edge partition of TOz2[n, m] nanotubes.
H Edge partition H E¢ = E3 ‘ L7 = Efy U ET, ‘ Eg = LYy ‘ ET, ‘ £, H
H Cardinality H 6n \ dmn + 4n \ 6mn — 2n \ dmn + 2n \ 2n H

ST |IV(TiOz[n, m])| = 6mn + 6n, ST |E(TiO2[n, m])| = 10mn + 8n
HMy(TiOz[n,m]) = > |E(TiOz[n,m])[[ Y |V(TiOa[n, m))| - 1]
— 2My(Ti02)[ Y. [V(TiOs[n, m))| - 1]°
F(TiO)[ Y |V(TiOs[n, m))| - 1]*
AMy(Ti02)[ S |V (TiOs[n, m])| - 1]*

+ o+

— 2] _|V(TiOs[n, m])| — 1] My (TiO4) HM; (TiO2) + HMy(TiO2)

* * * * 4
[1ES| + |Efo U Efs| + | Ef5[] [6mn + 6n — 1]
—  2(76mn + 48n)[6mn + 6n — 1]° + (320mn + 160n) [6mn + 6n — 1]°

+ 4(130mn 4 62n) [6mn + 6n — 1]7 + 1930mn + 362n
—  2[6mn + 6n — 1](76mn + 48n)(580mn + 284n)
—  [60m>n® + 108mn® + 48n” — 162mn — 104n][6mn + 6n — 1]°

—  [83120m*n* + 91360mn® + 24816n° + 840mn + 408n][6mn + 6n — 1]
+ 1930mn + 362n.

Corollary 3.4.2 Let T = T[p,q] be the molecular graph of a nanotorus such that
\V(T)| = pq, |E(T)| = 3pq (Fig. 4). Then,

ws a. ReZG3(T[p,q]) = 81pq.
b. HM,(T[p,q]) = %2pq.
c. HMy(P, x T) = pq[#8Tn — 1831].

Proof. To prove identity (a), by definition of redefined third Zagreb index we have

ReZG3(T[p,q]) = Z 5T[p,q] (u) 6T[p,q} (v)[éT[p.,q] (u) + 5T[p,q] (v)] = 81pg.
weE(T[p,q])

To prove identity (b), by definition of second Hyper-Zagreb index we have

180

HM2(T[Pv Q]) = Z [5%[10,11] (u) 5%[27»11] (v)] = iqu

wveE(T[p,q])

19
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190

To prove identity (c), by [12] we have

HMy(Gy % Go) = naHMs(Gy) + ny HMs(G) + 3F(G1) My (Go)
3F(Ga)M1(G1) + m1[Y (G2) + 4ReZG5(G2)]
ma|Y (G1) + 4ReZG3(G1)] + 4M;1(G1) M2 (Go)
AM:(G2)M2(Gh),

+ o+ o+

Where M;(T') = 9pq, M1(P,) = 4n — 6, Ma(T) = 9pq and M3(P,,) = 4n — 6 given in [20].
F(P,) =8n— 14, F(T) = 27pq given in [31]. ReZG3(P,) = 16n — 30, ReZG5(T) = 81pq
given in identity (b). Y (P,) = 16n — 30, given in [8], Y(T') = 81pq, and since HM(P,,) =
16n — 40 given in [12] and HM(T[p, q]) = 232pq given in identity (b). Then,

HMy (P, xT) \VA(T)|H My(Pp) + |V (Po) [ HM(T) + 3F (Pn) My (T)
BE(T)My(Pn) + [E(P)|[Y(T) + 4ReZG3(T)]
|E(T)|[Y (Pn) + 4ReZG5(Py)] + 4M1(Pn) Ma(T)
AMy(T) M2 (Py)

+ o+ A+

243
pq(16n — 40) + —5 pan + 27pq(8n — 14)

+ 8lpg(4n — 6) + (n — 1)[81pq + 324pq]

3
+ 5pq[16n — 30 + 16n — 30] + 36pg(4n — 6)
+ 36pg(4n —6)

2837
= pq[Tn — 1831].

Corollary 3.4.3 Let T = T[p,q| be the molecular graph of a nanotorus such that
\V(T)| = pa, |E(T)| = $pq (Fig 4.) Then,

a. HM,(T[p,q]) = 3PQ[%(29Q —1)3(pq — 13) — (pq — 1)(297pq + 27) + %]_

S ) 105
b. HMy(P, xT) = pq[(npg— 1)3[§n2pq —npg = —-n + 37] + (npq — 1)2[375n — 370]
2837
—  2pq(25n — 18)(npg — 1)(250n — 186) + — " 1831].

Proof. To prove (a), by using (Theorem 3.1.1) we have

HM(Tlp,ql) = |E(Tlp,d)I(|V(Tlp,a)l = 1)* = 2(V(Tlp, q))| = 1)*M1(T[p, q])
+ (V(Tlp.a)l = D*F(T[p,q)) + 41V (Tlp, q))| — 1)*Ma2(T[p, )
= 2(V(Tlp, aD)| = )My(Tlp, ) H M (T [p, q)) + HM>(T'p, q))-
And since My(T) = 9pq, M2(T) = ZIpq given in [I5]. F(T) = 27pq given in [31].

HM (Tp,q]) = 54pq given in [24]. and HM>(T[p,q]) = 22pq given in (Corollary 3.4.2
(b)) above. Then,

HM;(T[p, q)) [E(Tp, aDI(IV(T[p, Dl—l) = 2(V(T(p,a)| = 1)*Mi(T1p, q))
(IV(Tlp, a))| = D*F(T(p. q)) + AV (T[p. a)| — 1)*Ma(T[p. q))

= 2(V(Tlp.q)| = DM(T[p, q]) HM: (T'p, q)) + HM>(T'[p, q))

= 3pq[%(pq —1)%(pg — 13) — (pqg — 1)(297pq + 27) + 3}-

+
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200

205

To prove (b), since My (P, x T') = pq(25n — 18), Ma(P, x T) = $pq(125n — 124), given

in [23]. and since
F(P, xT)

[V(T)|F(Pn) + |V (Po)|[F(T) + 6| E(T)|My(Pn) + 6| E(P, )| My (T)
2pq(4dn — 7) + 27npq + 18pq(2n — 3) + 54pg(n — 1)
pq[125n — 122].

By [B] HM(P, x T) = 250npq — 186pq, and HM(P, x T) = pq[2Tn — 1831] given in
s (Corollary 3.4.2 (¢)). and since |E(P, xT)| = (n—1)pg+ %npq = pq(%n— 1), |[V(P,xT)| =
npq, and by using (Theorem 3.1.1) we get

HMy(P, xT) =

4. Conclusion

|E(P, x T)|(|[V(P, x T)| — 1)* =2(|[V(P, x T)| — 1)*M;(P, x T)
(|V(P, xT)| = 1)*F(P, x T) +4(|V(P,, x T)| — 1)>My(P,, x T)
2(V(P, x T)| = 1)My(P,, x TYHM;(P,, x T) + HMy(P,, x T)

5
pa(5n = 1)(npg — 1)" = 2pq(npg — 1)*(25n — 18)
pq[125n — 122](npq — 1) + 2pg(npq — 1)*(125n — 124)

2837
2p%¢%(25n — 18)(npg — 1)(250n — 186) + pq[Tn —1831]

5 105
pq[(npq — 1)*[5n’pq — npg — —=n + 37] + (npq — 1)*[375n — 370]

2 2
2837
2pq(25n — 18)(npq — 1)(250n — 186) + —5 - 1831].

Figure 4: molecular graph of a nanotorus

This article has presented explicit formulas of some basic mathematical operation for
the second Hyper Zagreb index of complement graph operations. Moreover, we computed
the second hyper-Zagreb index for some certain important physicochemical structures such
as molecular complement graphs of V-Phenylenic Nanotube VPH X[m,n], V-Phenylenic
Nanotorus VPHY [m, n] and Titania Nanotubes TiO5.
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