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Symmetry analysis, one-dimensional optimal system, and group
invariant solutions for the shallow water waves of finite amplitude in
(1 + 1)-dimensions

Abstract

The Lie group theoretic approach is employed here to obtain inequivalent group invariant solutions of a system
of nonlinear partial differential equations (SNLPDEs) in (1 + 1)-dimensions appearing in the mathematical
analysis of shallow water waves of finite amplitude, tsunami waves in particular. It is found that the system of
equations admits a five-parameter Lie group of symmetry transformations with a Lie algebra & of infinitesimal
generators. An optimal set 0% of eighteen one-dimensional subalgebras of &€ has been obtained. Similarity
variables corresponding to each member of 0%, have been determined and used to reduce the SNLPDEs to
the system of ordinary differential equations. Some constants of the motion and inequivalent group invariant
solutions have been provided whenever the system of reduced equations is solvable. The solutions to some of
the reduced equations and the constants of motion provided here seem novel. Results obtained here may be
used to check the accuracy of approximate solutions (grid formation) in the approximation (numerical) scheme.
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List of abbreviations:

SNLPDEs System of nonlinear partial differential equations
NPDEs Nonlinear partial differential equations

KP Kadomtsev-Petviashvili

HBM Hirota bilinear method

gCBS-BK Generalized Calogero-Bogoyavlenskii-Schiff-Bogoyavlensky-Konopelchenko
EADM Elzaki Adomian decomposition method

LGSTs Lie group of symmetry transformations

1Gs Infinitesimal generators

PDEs Partial differential equations

ODEs Ordinary differential equations

LGPTs Lie group of point transformations

GISs Group invariant solutions

SWWFAVSB  Shallow water waves of finite amplitude on the variable sea bed

1 Introduction

The study of the behavior of actual physical problems falls under nonlinear sciences. These problems are modeled
in terms of nonlinear partial differential equations (NPDEs), and their solutions are the fundamental ingredients
for understanding the behavioral pattern of the problem. Recently, many attempts in the literature have been
made to obtain various soliton profiles and their interaction phenomenon for various model equations by employ-
ing powerful numerical and analytical techniques and with the aid of potential symbolic computer programming.
Tlhan et al. [1] investigated the lump interactions with the exponential- and hyperbolic types solutions for the
variable-coefficient Kadomtsev-Petviashvili (KP) equation by applying the Hirota bilinear method (HBM) and
also reported the kinky breather- and kinky periodic-soliton solutions. In [2], Zhang et al. have employed the
bilinear Hirota polynomial scheme to the generalized KP equation, and the dynamical behavior of new types of
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rogue waves and multi-soliton solutions are obtained using the corresponding bilinear equation. Also, Hirota’s
bilinearization and multi-dimensional Bell polynomials are used to obtain the interaction between lump and
kink solutions for the (3 + 1)-D Burger system [3]. Several authors utilized the multiple Exp-function scheme
in their investigations [4, 5] on the generalized Calogero-Bogoyavlenskii-Schiff-Bogoyavlensky-Konopelchenko
(gCBS-BK) type equation and other notable NPDEs. They exhibited the dynamics of novel multi-soliton so-
lutions. Nisar et al. [6] considered the fractional Bogoyavlenskii equation and showed various types of soliton
profiles using the exp(—K(p)) expansion and tan(K (p)) methods. Many other interesting physical models and

their solitary wave interactions using HBM, tan (@)—expansion technique, multiple Fxp-function method can

be found in the recent works [7, 8, 9, 10].

The investigations on various types of wave propagation generated by some unavoidable geophysical distur-
bance are parts of extensive mathematical modeling and analysis. It includes the propagation and run-up of
tsunami waves caused by the exertion of enormous impulsive forces, such as underwater earthquakes, landslides,
submarine slumps, meteor clashes, and volcanic eruptions, to name a few. These phenomena can be well com-
prehended scientifically by modeling the nonlinear shallow water wave equations neglecting frequency dispersion
and assuming the wavelength is much larger than the water depth in consideration [11, 12, 13, 14, 15, 16]. With-
out the nonlinear effects and linearizing the shallow water equation, Synolakis investigated various waveforms
[12]. However, the nonlinear terms must be addressed to analyze the wave behavior near the coast, and fully
nonlinear shallow water wave equations must be considered.

In their attempts, Carrier and Greenspan [11], and Synolakis [12] obtained solutions by using the method
of characteristics where the dependent and independent variables u,n, x,t play the role of unknown functions
of the parameters «, 8 (characteristics) of the SNLPDEs of hyperbolic type for various initial conditions. Due
to the intricate dependence of dependent and independent variables on the parameters, their use for analyzing
the phenomena for different realistic initial conditions is not straightforward. In their recent studies, Archana
et al. [17] have applied the Elzaki Adomian decomposition method (EADM) and found a series solution of
(141)-dimensional model for different coastal slopes and ocean depths.

In the late 19th century, Norwegian mathematician Marius Sophus Lie invented a distinctive approach for
solving ordinary and partial differential equations using their admitted group of symmetry transformations
[18, 19, 20]. When a system of differential equations admits a Lie group of symmetry transformations (LGSTSs),
there is an associated Lie algebra of infinitesimal generators (IGs). Similarity(canonical) variables corresponding
to some elements of Lie algebra are then used to transform the system of partial differential equations (PDEs) to
another system with fewer independent variables (of reduced order in the case of ordinary differential equations
(ODEs)). For a system of PDEs admitting a Lie algebra €, a one-dimensional subalgebra of € may be used
to reduce the number of independent variables by one. In this way, a system of PDEs with two independent
variables may be reduced to a system of ODEs in a much simpler form. Any solution to this reduced system of
ODE:s provides a solution to the original system of PDEs, which are invariant under the one-parameter Lie group
of point transformations (LGPTs) generated by the corresponding one-dimensional subalgebra. Construction
of these one-parameter group invariant solutions (GISs) of PDEs using subalgebras of the admitted Lie algebra
generalizes many ad-hoc techniques of transformations and provides a guaranteed similarity reduction in not only
traveling coordinate form but in several other forms like cnoidal waves, Galilean invariance, translational and
rotational invariant solutions, reduction into the class of Painlevé transcendent, etc. [21, 22, 23, 24, 25, 26, 27].

The collection of all one-dimensional subalgebras may provide infinitely many GISs. However, they may not
be essentially different. One requires the optimal set of subalgebras to find inequivalent GISs. The advantage of
the construction of a one-dimensional optimal system 0% is that the list of GISs obtained from the invariance
under the IGs in 0% provides an optimal system of one-parameter GISs, i.e., GISs obtained in this way are all
inequivalent. The concept of an optimal system of subalgebras and systematic approaches for constructing a
one-dimensional optimal system is available in classical texts [28, 21, 29, 30] and in some recent works by Kotz
and Hu et al. [31, 32, 33].

The optimal system of subalgebras has been used recently to obtain exact solutions of PDEs appearing as
a mathematical model for various physical systems [34, 35, 36, 37, 38, 39, 40]. This work attempts to obtain
some inequivalent GIS for SNLPDESs appearing in the mathematical analysis of shallow water waves of finite
amplitude on the variable sea bed (SWWFAVSB), particularly tsunami waves around the coastal region. In
Sec.2, a brief description of the SNLPDEs appearing as the model of SWWFAVSB in the (1+1)-dimension
[11, 12, 13, 15] has been presented. In Sec.3, IGs for LGSTs admitted by the SNLPDESs, their Lie algebra,
adjoint representation, and invariants for the inner automorphism, etc., are derived. The optimal system of
one-dimensional subalgebra is obtained here. Invariants for the propagation of waves and some group invariant
solutions of the SNLPDEs considered here are provided in Sec.4. Some remarks on our investigation have been
presented in the concluding section, Sec.5.
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2 The model

Propagation of tsunami waves and runup of long waves incident upon a variable bottom topography is modeled
using the shallow water wave equation, assuming the ratio between the depth of the water and the wavelength of
the propagating wave under investigation is very small. Further assumptions are that the water is incompressible
and the flow is irrotational. The derivation of the SNLPDEs modeling the equations for SWWFAVSB has been
presented by Stoker in brief in his seminal work [41], and Dutykh in his thesis [15].

The (1 4 1)-dimensional system of equations for SWWFAVSB is given by [11, 12, 13, 14, 15, 16]

U + Uy + gwy =0
wt + (u(h +w)), =0, (1)

where, w =wave amplitude, u =depth average velocity, h =variable water depth, g = acceleration due to gravity.
For the mathematical analysis of the model (1) we adopt here the dimensionless parameters and variables
suggested by Dutykh [15] as

a d
Oé—g<<1,ﬂ*lf2<<1, (28,)
N S Co
= — = = — 2
Y BT (20)
1 - 1
W=-w,h==h,u= 0 . (2¢)
a d gal

Here, d, a, and [ are the typical water depth, wave amplitude, and wavelength. Also, cg = /gd is the wave
speed in the open ocean.
In terms of new variables and parameters introduced in (2a)-(2c), Eq. (1) can be reformulated as

ur+oauuz +wz = 0,

( (h+aw>) _— (3)

involving a parameter « (the height of the wave’s crest to the ocean’s depth below the free surface in equilibrium)
given in Eq. (2a).
Our objective here is to obtain reduced equation/GISs to Eq. (3) in the following sections.

3 Lie algebra of admitted Lie group of transformations and optimal
one-dimensional subalgebras

Lie algebra & of IGs of LGSTs effectively leads to integrating a system of ODE/PDEs. Since a Lie algebra of
dimensions, r > 2, may contain infinitely many subalgebras, partitioning & into equivalence classes is desirable.
To attain the goal, we first obtain the Lie algebra & of IGs of LGSTs admitted by SNLPDEs (3) in the following
subsections.

3.1 Admitted Lie algebra

We denote the SNLPDEs (3) by A = 0. In the rest of our discussion, we will omit the symbol ~ over
(dependent and independent) variables for the simplicity of presentation. We write the one-parameter LGSTs,
in their infinitesimal form, for the system A =0 [21, 23, 24] as

r* = x4eé(x,t,u,w,h)+0(E?),
t* = t+er(x,t,u,w,h)+ O0(E?),
u* = uten(z,t,u,w h)+ O, (4)
W' = wHeb(z,t,u,w,h)+ O0(?),
h* = h4ep(z,t,u,w,h)+O0(E?).

The symbols z, t and u, w, h appearing in the formula (4) are dimensionless independent and dependent vari-
ables, respectively which corroborate the same role of the corresponding symbols introduced in Egs. (2b) and
(2¢). We write the Infinitesimal generator (IG) for the LGSTs admitted by Eq. (3) as

0 0 0 0

9 94,9 1999
5 e 7ot T TV THan (5)
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The prolongation of T into the first jet space is given by [24]

R . 0 0 0 0 o}
T(l) -7 z Y t Y 9 0157 z Y
T o T o Y o, T e T ahy

where the expressions for %, nt, 0%, 6, u® can be obtained using the formula

¢a = Da[¢] - (Da[g])uz - (Da[T])ut> (6)

where a € {z, t}, ¢ € {n, 0, u}. Here, the symbols D, represent the total derivative, viz.,

0 0 0 0
Da = A a gy a7 ha a7
da " "gu Yo T
The infinitesimal invariance criterion ([24], pp-330) reads
T [ug + oty + wy) =0 (7)
A=0

and,

T [wy + ul(he + awy) + ug(h + aw)] = 0. (8)

A=0

Algebraic manipulation of Eqs. (7) and (8) provides a pair of algebraic relation in powers of ug, us, Wy, wy
and h,; (regarded as independent symbols). Equating the coefficients of several powers of these symbols to zero
provides an overdetermined system of determining equations (coupled linear PDEs). Solving these determining
equations one can get the z,t, u,w, h dependence of &, 7,1,0, i as

& = caxr+e,

T = c3t+cy,

n = (a-—cau,

0 = 2(c; —c3)w+cs,
p = 2(c; —c3)h —acs,

where ¢y, ca, c3, ¢4, 5 are arbitrary constants.
Therefore, the system of PDEs (3) admits a five-parameter LGSTs generated by the elements {v1,va, v3, v4, v5}
of a five-dimensional Lie algebra & with

0 g 0 g 0 0 0] 0 0]
V1—$%+u%+2w%+2h%,V2—£,V3—ta—U%—2w%—2h%,
v _ 9 v —i—a2 (9)
o T dw on

The commutator table (whose (¢, j)-th entry is [v;,v;] = v;v; — v;v;) for the Lie algebra € of IGs in Eq. (9)
can be found as

Table 1: Commutator table for IGs in € of LGSTs admitted by the SNLPDEs (3).

(L va | vo | vs | va | vs |
Vi 0 —Vg9 0 0 —2V5
Vo Vo 0 0 0 0
V3 0 0 0 —V4 2V5
\Z! 0 0 \Z 0 0
V5 2V5 0 —2V5 0 0

It may be observed from Table 1 that, {0} = £ c 1) c (0 =g, where g0+ = [, 2] i =0,1.
So, & is solvable and isomorphic to the element A§:§32 in Table II of all five-dimensional Lie algebra classified
by Patera et al. in [42] and A5 33 in Appendix I of Basarab-Horwath et al. in [43]. The information in this
table is the ingredient for obtaining an adjoint representation of elements in & as follows.
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3.2 Adjoint transformation equation
The invertible linear inner automorphisms Ad (e*V) : & — & for v € € and ¢ € R, defined by
&2
Ad(e¥)(u) = eV (u) = u+ e [u,v] + oy W vl v+ (10)

while for fixed v € &, the inner derivation ad(v) : & — & is a linear mapping defined by

ad(v)(u) := [u, v]. (11)
Two elements u and v of & are said to be conjugate, if there exists a(#£ 0),e1,¢€9,...,e5 € R, such that
v =aAd(e¥1V1) o Ad (e*2V2) 0 --- 0 Ad (e Vi5) (u), (12)

where, i1,19,...,i5 € {1,2,...,5}. Two subalgebras #(v), #(u) C € are said to be conjugate to each other if
their generators v and u are conjugate. It can be checked that the binary relation p C & x & defined by u p
v & “u is conjugate to v’ is an equivalence relation. So p may be used to partition €.

For the technical simplicity of algebraic operations, we use the tuples (o, aq,...,a5) and (a1, da, ..., &s)
to represent the elements u =3, | a;v; and v = Zle @;v; in . Then the equation Eq. (12) may be written
(fora=1) as

(5[1,5&2,...75[5):(0[1,042,...7Oz5)A. (13)

Eq. (13) is the adjoint transformation equation equivalent to an algebraic equation system.

Table 2: Adjoint representation table for Lie algebra of LGSTs admitted by the model of SWWFAVSB (3).

(AOO ] va [ vo | vs [ va [ vs |
ef1vi Vi eflvy V3 V4 e*iyy
ef2Vv2 V1 — E2Va Vo V3 V4 V5
es3vs Vi Vo V3 €3vy | e 2%y
efavs Vi Vo V3 — &4Vy V4 V5
essVs V1 — 2e5V;5 Vo V3 + 2e5Vv;5 \Z1 Vs

It may be easily verified that the use of the entries provided in Table 1 in the formula (10) provides the

adjoint representations given in Table 2 of € in the basis {vi,va,...,v5}. Results of Table 2 provides the
adjoint representation of individual IGs v; (1 =1,2,...,5) as
1 0 00 0\ 1 —e 0 0 0\ 100 0 o0\
0 e 0 0 0 0 1 0 0 O 01 0 O 0
Ad(e™)=|0 0 1 0 0 | ,Ad(=?)=|0 0 1 0 0| ,AdE*™)=[0 0 1 0 0
0 0 0 1 0 0 0 0 1 0 0 0 0 e 0
0 0 0 0 e*! 0 0 0 0 1 00 0 0 e2s
100 0 0\ 100 0 —25)\"
010 0 O 01 00 O
Ad(e™#¥)=[0 0 1 —e4 0| ,Ad(e™)=[0 0 1 0 25
0 0 O 1 0 00 0 1 0
000 0 1 0 00O 1

Then the general adjoint transformation matrix A in Eq. (13), which may be taken in any order, we choose it
as A = (Ad (e55¥3) o Ad (e54V4) o --- 0 Ad (¢5¥1))”, becomes

1 —E&9 0 0 —285
0 e+ 0 0 0
A=(0 0 1 —gy 2¢e5 . (14)
0 0 0 e°3 0
0 0 0 0 eames)
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Use of the matrix A in the transpose of the adjoint transformation (13) gives

6[1 1 0 0 0 0 (6731
dg —&2 et 0 0 0 [65)
as | = 0 0 1 0 0 Qs (15)
6[4 0 0 —&4 es3 0 QY
Qs —2¢5 0 2¢5 0 e2(e1—es) a5
and
(5] 1 0 0 0 0 5[1
Q9 g€qe” F! e ©t 0 0 0 (g
ag | = 0 0 1 0 0 as | . (16)
oy 0 0 4753 e s 0 Quy
as 2ese2(es—e) () _2gge2(esme) g g2(es—en) A

3.3 Invariants

The essential ingredients for partitioning a Lie algebra into disjoint classes are invariants of Int(¥%), the set of
all inner automorphisms defined in Eq. (10). A real-valued function ¢ : & — R satisfying

p(u) = ¢ (Ad(e®V)(u)) for every Ad(e*V) e Int(¥),ued@ (17)

is called an invariant of Int(%) [28, 31]. Their specific forms may be suggested with the help of Casimir
polynomial Cg(u) and the non-zero coefficients of the Killing polynomial kg (A; u) defined as

Ceg(u) = tr (ad(u) o ad(u)), (18)
kg (Au) = det (A Iy — ad(u)) . (19)
The results presented in Table 1 may be used to get the representation of inner derivation ad(u)(-) in the
basis {v1,Vva,...,Vv5} as
0 0 0 0 0
—Q2 (6751 0 0 0
adw)=| 0 0 0 0 0 (20)
0 0 —Qy4 Q3 0
720&5 0 20&5 0 2(0&1 - Oé3)
Use of this matrix in the formula (18) for Casimir polynomial gives
Cg(u) = 507 + 503 — 8aja3 (21)

so that ¢§'* (a1, a3) = 5a? + 502 — 8ayaz may be regarded as an invariant of Int(%). On the other hand use of
the matrix (20) in the formula (19) for Killing polynomial kg (\;u) gives

kg(Asu) = A% + (a3 — 3o1)A! + {a1as — 2(aj — o) } A° + 2aqa3(as — a1) N> (22)
This polynomial provides three more independent invariants
¢§P(a1,a3) = a3 — 3aq, d)é(P(al,ag) = ajaz —2(ai — a?), (bfp(al, as) = 20qa3(as — aq). (23)

Interestingly, invariants obtained with the help of Casimir- and Killing- polynomials are homogeneous alge-
braic functions of a; and «g. It is a natural curiosity to investigate whether more invariants for the adjoint
transformations may exist. We follow the alternative scheme described below to attain the goal.

Here, one may use the formula (10), with v = (81, 82, - , 85), into the argument of ¢ in the right-hand side
of the condition (17) and its rearrangement into the form

¢ (a1, 00, ,05) = ¢ (a1 + 01+ O(%),as + €02 + O(£%), -+ a5 + €05 + O(?)) (24)
containing ©; (a1, e, ..., 01,02,...,05), 1 =1,2,...,5 provides

0:=0, Oy=—a1f+azf, O3=0, O4=—a3fs+asBs, Os5=2a581 — 20583+ 20305 — 21 5.

(25)
Then differentiation of both sides of Eq. (24) with respect to € at € = 0 leading to the relation
0] 0 0
i@1+7¢@2+"'+7¢@5=0 VB eR,i=1,2,...,5. (26)
ooy Oas a045
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The «y, Bi, @ = 1,2,...,5 dependence of ©; given in Eq. (25) exhibits that Eq. (26) is a set of algebraic-
differential relations involving ten-parameters aq,...,as, 51,..., 85 and derivatives of invariant ¢ with respect
to oz;s. In finding unknown invariant ¢, it is customary to split the relation (26) as an algebraic polynomial in
081, B2, - .., Bs and set coefficients of each power of 3; to zero. Following this scheme, one gets an overdetermined
system of linear PDEs for the invariant ¢ as

a28¢2+2a5% = 0,
_al% -
4%72a5% = 0, (27)
- 3% = 0,
s 2~

The second, fourth, and fifth equations suggest that ¢ is free from s, ay, and as. So, ¢ = ¢(aq, az). Thus, any
arbitrary function of a; and g is an invariant of Int(¥). It is remarkable to observe that the general solution
of the system of PDEs in Eq. (27) contains the invariants ¢$'7, ¢&F ¢XP and ¢X¥ as particular cases. We
will use two invariants

qbl = Q3 and (]52 = 1 (28)

to classify one-dimensional subalgebras.

3.4 Optimal one-dimensional subalgebras

The classification of one-dimensional subalgebras of the Lie algebra € into an optimal system is defined as
follows: A list of one-dimensional subalgebras {# (u,) : v € A}, A being an index set, is called an optimal
system if i) for any two subalgebras % (u;), #(u;) with ¢,j € A and ¢ # j- their basis element u; and u; are
not conjugate (by the relation p defined in Sec.3.2) to each other, and ii) for any one dimensional subalgebra
Z (u) of &, with basis element u -we have u is conjugate to precisely one member u; of that list, for some i € A.
The partitioning of & into an optimal set of one-dimensional subalgebras is thus reduced to finding the
conjugacy classes of the relation p. Here, we adopt the algorithm adopted by Olver in the classic treatise [21],
and Hu et al. [33] for the construction of a one-dimensional optimal system based on the degree of homogeneity
of the homogeneous invariant functions of Int(¥%).
Theorem 1. One-dimensional optimal subalgebra of the Lie algebra € = {v1,va,v3,v4,vs} of IGs given in
Eq. (9) of LGSTs admitted by the system of equations in Eq. (3) are

%(Vl +V3+V5)7 %(Vl 1LV37V5)7 %(@V1+V3), a eR
%)(Vg + VQ) %(Vg — VQ), %(Vl +V4),
H(vi —vy), H(vo+vyi+avs), @« €R, H(vy—vsi+avs), @« €R (29)
H(vay + vs), H(vy — Vs), H(vy+Vs),
H(va—vs), T (v1), H (v2),
%(Vg), %(V4), %(V5).

Proof. Since the degree of ¢; and ¢, in Eq. (28) are odd, admissible qualitative values of ¢; and ¢9 are {0,1}
each. So, we have the following cases:
Case I. ¢p; = 1. We are considering here the partitioning of ?11 = {a1v1 + agve + vz + agvy + avs
a1, 02, 0y, Q5 € R} - gfﬁ (E {ll €Y (151(11) # O}) .
This case may be subdivided (depending upon the mutually disjoint values of the free coefficient a;) into the
following three sub-cases: viz., I.i) a3 = 1, Lii) @3 € R — {0,1}, Liii) oy = 0.

Case L.i) (a; = 1) Here ag, a4, and aj are free coefficients in €. For a5 > 0 and a5 < 0 we select the
respective representatives as vy + vs + v5 and vi + v3 — vs so that target coefficients (&1, s, ..., &s) in the
adjoint map Ad(ezg;l €ivi)(%}) becomes

(1,0,1,0,1) and (1,0,1,0,—1) (30)

respectively. Then the system of Egs. (15) with the inhomogeneous term prescribed in Eq. (30) provides the
domain

E9 = Olgegl, €3 =¢1+1ny/ \a5|, E4 = 04/ |OZ5|€€1, €1, €5 € R,
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in the parameter space (1, €9, ...,e5) for the admissible adjoint transformation

€ 2(ez—e1)

Qg = g9e” 1,y = 4" %3, a5 = te

among the elements in the class [vi +v3 +vs5] and [v] +v3 — vs5] of the elements in &}. Hence, vy + v3 £ v; are
admissible representative for the conjugacy class {vi + aova + v3 + ayvy + asvs @ |as| # 0, az, ay € R} C &
accordingly.

For a5 = 0, v1 +v3 may be selected as a representative for the class {vy + aavy + vg + agvy : g, ay € R} C
@t. Then, using (1,0,1,0,0)7 in the RHS of Eq. (15) gives the admissible domain in the parameter space for
the admissible adjoint map

Eg = 042661, Eq4 = 054653, €1, €3, €5 € R.

The corresponding rule among elements in the conjugacy class [vq + vs] are of the form

€ €3

Qg = e9€e ', ay = ege”

Thus the elements in {vi + aava + V3 + auvy + a5vs @ g, au, a5 € R} C @ can be partitioned into three
inequivalent conjugacy classes [vi 4+ v3 + Vs, [vi + V3 — V5], and [v + v3].

Case Lii) (o € R—{0,1})
Here, for fixed a; ¢ {0, 1} any element in {a1 vy + oV + V3 + auvy + asVs : ag, ay, as € R} C @ is conjugate
to a1 vy + vg through the corresponding rule (from Eq. (16))

g = apege” oy = ege” %%, a5 = 2(ag — 1)5562(53_51).
for the group parameter (e1,¢€9,...,¢5) in the admissible domain
(0%) 0% _
£y = —€, gy = e, g5 = ——e2617%8) o es e R.
(5] 2(&1 — 1)

Therefore, all elements in {a1vy + aava + V3 + agvy + asvs : a1 ¢ {0,1} and ag, g, as € R} C &} can be
partitioned into the conjugacy classes [@vy + v3], where ¢ € R — {0,1}.

Case L.iii) (o =0)
Here we select the representatives as vg + v3 and —vg + vg respectively for g > 0 and as < 0. Following
similar steps, one can obtain the admissible domain of the parameters for the solvability of adjoint transformation
equation Eq. (15) as

1 las _
g1 =In—, g4 = aue®, €5 = —s—5e 253, €9, €3 € R,
|aa] 203

and the corresponding rule among the coefficients (0, as, 1, a3, a5) and the target coefficients (0,+1,1,0,0) are
given by

Qo = ke ', ay = gqe” %3, ay = —26562(63761).
For ay = 0 target element in the conjugacy class is vs so that Egs. (15) and (16) provide the admissible domain
of group parameters and the rule of correspondence among coefficients as

2(e1—e3)

1
1>
54:a4e3,£5:—§a5e , €1, €2, €3 € R.

Qy = e4e" %3, ay = —2e5e2(E3 7).,
Hence, in this case, the subset {aavy + V3 + auvy + asvs @ g, ag, as € R} C ?11 can be partitioned into the
conjugacy classes [va + V3], [-V2 + v3], and [v3].
Hence the partitioning of ?176 (it follows from the fact that scaling by non-zero real number expands the
conjugacy classes of &} to conjugacy classes of ?fé ) into the conjugacy classes

[Vi+vs+vs], [vi+vs—vs], [vi+vs],
[evi+v3], e ¢ {0,1} [vs + Vo], [vs — va],
[vs]

is proved.

Case II. ¢; = 0. The partitioning of the rest €0 (= {a1v) + asvy + ayvy + asvs : a1, ag, ag, as € R}) of
& can be accomplished by coupling the other invariant ¢ (= a1) given in Eq. (28). Since ¢9 is an odd degree
homogeneous function of «;,7 =1,2,...,5 we have the following subcases:
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Case IL.i) ¢o = 1.
For a4 > 0 and a4 < 0, we choose the representatives respectively as vi + v4 and v — v4. Solving the adjoint
transformation equation Eq. (15) with the target coefficients (&1, &a, ..., &s) as

(1,0,0,1,0) and (1,0,0,-1,0)
one gets the admissible adjoint map Ad(e>=i=15Vi)(-) induced by the parameters

1 1
g9 = e, g3 = In ——, 2aoai e®' where €1, g4 € R.

|y
Hence, for a4 # 0, vi &+ v4 are admissible for generating two inequivalent one-dimensional subalgebras.
The corresponding conjugacy classes [vi & v4] are accordingly may be found as

o =e9e %Y, ay = te %, ay = 25 2371,
For ay = 0, we select the target element as vi. Hence, the admissible domain of group parameters and the
elements in the conjugacy class [v1] are given by

2(e1—¢3)

1
g9 = (e’ €5 = 2a 5€ , €1,€3,64 € R.

Qg = g9~ iy = 2e5e2(F3 1),
So, elements in {vy +asvo+ayvy+asvs : s, ay, as € R} are partitioned into three conjugacy classes [vi +v.],
[vi — v4] and [vq].

Case II.ii) ¢2 = 0.

We have a; = a3 = 0. The representatives of conjugacy classes for partitioning of {aavs + ayvy + asvs :
a9, oy, as € R} are summarised below.

Table 3: Representatives and adjoint map of other elements in the class.

Case [Representative] Adjoint map
ag >0 [V2+V4+ 4v5] ep=InL, ¢ lnl |
042’ Qay
ar >0 ag <0 - [V2 —[V4j: a]% V5]
a5 > Vo Vs 1 m
ay =0 a5 <0 [v2— vs] f1=Ing;, es =In o0
as =0 [va] e1=1In
ag >0 [ Vo + Vg4 + Q4V5] 51—1n< 1 ) e5 =1In
s <0 [_V2 vt 24V5] [z ] |a4\
as <0 @2
as >0 [7v2 + V5] 1 —In Vas|
Qg = 0 oy < 0 [—VQ - V5] =1 |0‘ " [z
as =0 [—va] g1 =1In |a |
as >0 [vq + V5] e3=Int e =1In 1
ayg >0 1] a5<0 [v4 — V5] 4 ag/|as|
as =0 [Va] €3 =1In a%
=0 as >0 [=Va + V5] eg=In, e =ln—L—
a2 s <0 [ as<0 =7 87 W adl 1 T o el
as =0 [—Vv4] =1In |a4|
as >0 [V5} g1 =e3+1
= — c3 N —F—
=070 =7 e

Since scaling of a representative by a non-zero real number gives an element in the conjugacy class, the
conjugacy classes partitioning {aova + ayvy + a5vs : g, a4, as € R} are

[vo+vi+avs], c €R [va—vys+avs], @ €R [vy+vy],

[Vo — V5], [Vi+ vs], [va —vs],
[VQ] ) [V4] ’ [V5} )
where im("‘ can be treated as a real number « in the real line R.

A combmatlon of all the cases established that the optimal system of one-dimensional subalgebras for & are
elements in the collection (29). W
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4 Group invariant solutions

We use here the elements (IGs) in the optimal system obtained in the previous Sec.3.4 to find group invariant
solutions for the system of PDEs in Eq. (3) appearing as the mathematical model for SWWFAVSB. The following
investigations are performed in dimensionless variables. To get the solutions in terms of the physical variables,
one must properly use the relations in Egs. (2b) and (2c).
(1) Invariant solution for LGSTs generated by % (v2 + 1v4 + avs), c # 0.

The IG is

1
V=Evo+-Vvitavs=——+-——+ae— —ace——. (31)

c oxr cOt ow oh

For u = 01(z,t), w = O3(z,t) and h = f5(z) to be invariant solution of Eq. (3) for the IG v, the invariance
surface condition ([24], pp-331)

(V[u_el(xvt)}’v[w_QQ(x»t)Lv[h_QB(xvt)]) = (07010) (32)

u=01, w=0, h=03

gives the following Lagrange auxiliary equations

do_dt_du_do dv_ dn
1 170 e 1 -—ae’
Similarity variables for v are
C=z—ct, u=P(), w=ar+ (), h=—aax+ A((). (33)

Since h = h(z) is a function of x only, we can use hy = 0. So from Eq. (33) we have
N =0.

It implies

for some constant «. In terms of the similarity variables given in Eq. (33), the Eq.(3) can be reduced to the
system of ODEs for ® and ¥

(a® —c)® + V' +a = 0, (34a)
(¥ + &) + (a® — )P = 0. (34Db)
Eq. (34) can be put into the form
— (I))
o — alc—a
(a® —¢)? — (aV + &) (35)
v - a(a¥ + ) (36)

(a® — )2 — (a¥ + &)

Egs. (34a) and (34b) may be solved to get autonomous and non-autonomous invariants

M, P,V a,¢,4) = (a®—c)(aV+ &), (37)
Ay(C,®, 9, a,c,d) = é(a@ —¢)? 42V + 2a(. (38)
Eliminating ¥ from Egs. (37) and (38), it appears that (a® — ¢) may be regarded as a real root of the cubic
equation
P +3Hz+G = 0, (39)
with
H= %(2@04( —2d — aky) and G = 2k;. (40)

Here k1 = A1((, P, U, o, ¢, ) and ko = A ((, P, ¥, «, ¢, &) are independent parameters. Using Cardan’s method
Eq. (39) can be solved for z as

Wl

z:}(psz)7 where p = [2 {-G +VG?* +4H3}]° . (41)

p

10
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Then from Egs. (41) and (37), the parameter ki, ko, @, «, ¢, ¢ and (independent variable) ¢ dependence of
the arbitrary functions ® and ¥ may found as

{—kl + \/k% + = {2ea( — 24 — akQ}S] — Y(2eal —2d — aks) .
(b(C) = 1 + AR

3 3 «Q
a {—kl + \/k;f—k 7 {2eal — 2d — aks} }
k| 2, 1 " od — i’
3 [ kit K+ & (200 - 24 ozkg}}
o
v() = 5 -—

[—k‘l + \/kf + 3 {2ea( — 24 — akg}?’] - 2(2eal — 2d — ak)

One may now use Eq. (33) to obtain the explicit space-time and parameter dependence of the physical dimen-
sionless variables u, w and h as

3
[—k‘l + \/k% + 7 {2ea(z —ct) — 24 — ak2}3:| - :{2ea(z —ct) — 2d — aks}

c
U’(x’t) = 1 + o
a {kl + \/k% + 2 {2aa(x —ct) — 2d — akg}ﬂ
3
5 [—kl + \/k:% + % {2ea(z —ct) — 24 — akg}s]
w(z,t) = P
{kl + \/k% + % {2ea(x —ct) — 2d — Oékg}3:| — {2ca(z —ct) — 2d — aks}
+ar — —
a
h(z) = & - aax, (42)

with wave velocity c.

Remark 1. It is interesting to observe that the substitution of ¢ = 0 and €5 = ln|¢|, ¢ # 0 in the adjoint
transformation equation Eq. (15) exhibits the subalgebra % (va+1vi+avs) is conjugate to # (vo+vi+a'(a)vs)
for ¢ > 0 while for ¢ < 0, #(v2 + 2v4 + @vs) is conjugate to # (v — v4 + '(a)vs), where <'(a) €R, Va € R.
Then the similarity variables, reduced ODEs, and corresponding GIS of the SNLPDEs in Eq. (3) corresponding
to the IGs v + v4 + @'v5 and vy — v4 + @'v5 in the optimal list (29) can be found respectively by replacing
c¢=1and ¢ = —1 in Egs. (33), (34a), (34b) and Eq. (42).

The solution provided in Eq. (42) is a traveling wave solution for SWWFAVSB Eq. (3), and this solution
has yet to be reported before in the literature. One advantage of using Lie symmetry-based reduction using
the subalgebra % (vo + %V4 + @vs) is that the bottom profile h(z) has come out as a part of the solution as
h(z) = & — aex, which provides the form of a uniform slopping bottom topography.

(2) Symmetry reduction for % (va + vj).

Here the similarity variables corresponding to the IGs vy &+ v in optimal class can be found as

(=t u=2), w=xz+ (), h=Fax+ (), (43)
where the functions ®, ¥ and X satisfies the system of ODEs
®+1=0, ¥=0, N=0. (44)
The solution to these equations is given by
Q) =FC+ ki1, V() =k, MNC) =<

Use of these solutions in Eq. (43) gives similarity solution of Eq. (3) for the dimensionless physical variables
u, w, h with the dependence of parameters k1, ko, < as

u(z,t) = Ft+k,
w(x,t) = Lx+ ko, (45)
hz) = Foar+d.

(3) Symmetry reduction for % (v,).

11



UNDER PEER REVI EW

One can obtain the similarity variables for v, as

(==, u=®((), w="V((), h=A) (46)
Use of Eq. (46) in Eq. (3) gives equations for the unknown functions ® and ¥ as
add + U = 0, (47)
(@ + NP +&(a¥' +)N) = 0. (48)
Egs. (47) and (48) may be solved to get two autonomous invariants
A, @, T, N a) = ad? 420, (49)
A(C, @, U, N ) = P(al + N). (50)

One can now eliminate ¥ from Egs. (49) and (50) with taking k1 = A1({, @, ¥, A\, @) and ks = Ax(¢, @, U, A\, «)
as independent parameters and obtain a cubic equation for ®. Solution of this cubic equation followed by the
inverse transformation in Eq. (46) provides similarity solution of Eq. (3) involving the parameters ki, ks, a and

arbitrary function F for the conjugacy class of v, as

g
3 {fakQ +\/a?kE — L(2F(z) + ak1)3} L 2F(2) + aky

u(a:,t) = 1 )
3 {—ozk:g + \/Oszg — 5= (2F(z) 4+ aky)? ’
3ko < —aks + a2k2 — 35 2F Oékil 3 : T
wia,t) = { Voot~ 2 ; ) (51)
{ akg—l—\/an:Q——QF( )+ak1)} +2F(x) + aky

The solution in Eq. (51) is interesting in the sense that the velocity u(z,t) and the wave amplitude w(z,t)

are expressed in terms of the arbitrary bottom h(x)

= F(x).

Invariant solutions corresponding to #'(v2) are only trivial constant solutions. There is no invariant solutions
of Eq. (3) for the subalgebras # (v4 + vs5), ' (v4 — vs), and ' (vs).
The similarity variables, the reduced system of ODEs, and invariant solutions for admissible one-dimensional
subalgebras have been summarised in Table 4.

Table 4: Similarity variables, reduced equations and GIS for some IGs in 0% of LGSTs admitted by Eq. (3).

Subalgebra Similarity Reduced Invariant solution
variables equations
T ad—
Y (=5 u=20), ¥ = vl (T = /=2,
) | ew, | W o) =l £
h=—-alnz+ . h(z) = —alnz + &, where, & € R.
2 o ¢= = ®((), ' = —C<d+a\§)77a<q(>aq>7c)27 x,t) = \/% Inz,
+ —_ o aV+d —
(vi+vs—vs) wf—lnx—',-\ll(g“)7 U= W‘ w(z,t)=—Inz - <,
h=alhz+ . h(z) = alnz + &, where, & € R.
3 =7, u=®(¢), (P — TV —a®d’ =0, u(z,t) = 2“%“”
2
(Vi +vs) w:\II(C), h=d. — (V' + WP + adW’ = 0. wiz, t) = Lot G-90E
h(z) = «, where, ¢1, < € R.
4 u(x t) = 2(:
o — _ _ D(a®—C)—2(LCP+T o —
(jfrr; t,ufetq)(g)z, @’7W, W(:p7t)2 %7
H (Vi +v4) w=e**V((), h = dz*. h(z) = 2z*, where, ¢; € R.
U — 2(a®—)(L(P+ V) —P(L( +aT) (CE t)
(d+a¥)—(a®—()2 . (‘«72
w(z,t) = 55
5 ¢ =ae, u=e"0(C) o = TR u(a,t) = 2
) ) a®P+0)2—(aV+ ’ ) a’?
H(Vi=va) |y =e2U(C), h= da®. w(z,t) = ee =2
_ _ 2
vt o) | 4= o vhewe R
6 u(x t) _ \/—2F(w)+acl
I (va) (=, u=9((), a®®’ + ¥ =0, w(z,t) = F(z),
w=UC), h=A(C). | (a0 +N® +B(al +N)=0. | h(z) = 62_0522( ?F(m)_"cﬂ where, ¢1,¢3 € R,
x)—acy
and F'(z) being arbitrary function of x.

12
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The results presented in Table 4 may be interpreted as the following. The invariance of the solution of
Eq. (3) under the subalgebras % (vi + vs & v5) provide the solutions of Eq. (3) having logarithmic bottom
h(z) = Falnz + « where the velocity u(z,t) and amplitude w(z,t) do not depend on time ¢t. The wave profile
for uniform depth h(z) = « is found by the invariance under # (v + v3). In this case, it may be observed that
for fixed z, the velocity u(z,t) — 0 and the wave height w(x,t) — 0 as t — oo. The wave profiles incident upon
parabolic bottom h(z) = &2? for d € {2,1} are obtained by using the invariance under (v % v4). It may
be observed here that two different kinds of propagations may be exhibited for « = 2. The amplitude w(z,t)
provided in the fourth row blows up to infinity as t — oo whereas w(z,t) — 0 as t — oo in the fifth row. For
ad = %, u and w have no explicit dependence on t.

Table 5 presents the similarity variables and the reduced equations corresponding to IGs in the set of optimal
one-dimensional subalgebras for which reduced equations can not be solved exactly.

Table 5: Similarity variables and reduced system of ODEs for some elements in 0.

Subalgebra Similarity variables Reduced equation
FH (v1) ¢=t, u=a®((), " = —(ad? + 2V),
! w=z2V(¢), h = da>. U = —3(4D + adV).
_ et _ - ;_ (al®—=CP)(a®®+20) -3¢ (ad T+ D)
F (Vs +V2) ¢=" u=eme(), = et

U — 3¢(adV44P) (aP—¢)—C(aV+d) (ad?4+20)

_ 2z _ —2x
w=e U((), h=de > (00— (22— (aU i d) :

— = s 1 _ C(a®+0) (a®®+20)—3¢P(aT+ )
(2 - va) e o e D)
— 2 _ 2z !/ _ [e] o —(( /) (e
w=e€ \I/(C), h = de*. v = CH{(@®+0)2—(a¥+d)} .
2d(1—0) 2=2
) B e )
I (avi+vs), e #1 (=@ (©) (aqp@g)h(a\lurdq = >)

w = t2(a71)\1}(<)7 h= de(aa—l)
24(1—a) »2=2 ( 2(a—1)
2 T B(ad—al)+2(1—2) U (a®P—al)—(1—a) P aT+d( «

\I]l

2(a—1)
(aéfac)Qf(a‘I”rdC B )

5 Conclusion

This work deals with the application of the Lie group theoretic approach for obtaining solutions of SNLPDEs
Eq. (3) in (1 + 1) dimensions appearing in the mathematical modeling of SWWFAVSB. The step-by-step
procedure of the Lie group theoretic approach for the SNLPDEs Eq. (3) has been exercised and found that the
model admits five parameter LGSTs generated by the infinitesimal generators given in Eq. (9). It is observed
that the Lie algebra (of infinitesimal generators), &, is isomorphic to the classical Lie algebra Ag:?}?. For
obtaining inequivalent solutions to the SNLPDEs Eq. (3), the invariant functions of inner automorphisms,
Int(%) on & have been obtained by using three methods. It is observed that invariants of Int(€) obtained by
using an alternative scheme viz., by solving a system of overdetermined equations Eq. (27) for the invariant
function ¢ seems more useful in the partitioning of & into the optimal set of one-dimensional subalgebras than
the form of invariants provided in Eq. (21) and Eq. (23) obtained by using Casimir- or Killing polynomials.

A one-dimensional optimal system 0% of subalgebras consisting of 18 inequivalent one-dimensional subal-

gebras of the Lie algebra & (E A?:g;) has been derived in Theorem 1. The similarity variables and the reduced

system of ODEs in terms of similarity variables for each infinitesimal generator in 0% have been provided here.
The exact solutions and the invariants of the system for some infinitesimal generators in 0% are obtained with
various bottom topographies such as the bottom of uniform slope, parabolic bottom, logarithmic bottom, and
bottom of uniform depth.

It is observed that the invariance under the one-dimensional subalgebra % (vo + %V4 + @vs) provides the
traveling wave solution (42) to the SWWFAVSB Egq. (3) for a uniform slopping bottom h(z) = & — aex, and
this solution is not reported earlier in the literature. The subalgebra #(v4) provides a solution (51) to the
system of Eq. (3) where the velocity u and amplitude w are time-independent functions of the arbitrary bottom
h(z). Possible exact analytical space-time dependent expression of u(x,t) and w(zx,t) for parabolic bottom
h(z) = d2?, & € {2,1} and arbitrary uniform depth h(z) = & are provided in Table 4.

From Table 4 it may be observed, for uniform depth h(z) = &, that velocity u(z,t) — 0 and wave amplitude
w(z,t) = 0 as t — oo. For h(z) = %xQ, u and w have no time dependencies under the invariance of % (vi +vy).

Any previously exercised methods do not report the results of our investigations [11, 12, 17].

However, all those symmetries have been lost if the problem has some preassigned initial /boundary conditions
which are not invariant under the admitted LGSTs generated by the IGs in the optimal set, 0%, of one-
dimensional subalgebras.

13
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In continuation of the present investigation, its extension to the problems

(i) searching exact/approximate solutions of the system of nonlinear ODEs whose solutions can not be ob-

tained by any available symbolic computer software,

(ii) studies on the evolution of a group invariant solutions obtained here under the application of other IGs

in @?1,

(iii) investigations on the prediction of physical properties of the wave from the qualitative behavior of the

solution obtained from the reduced system of nonlinear ODEs,

(iv) extension of symmetry analysis of SNLPDEs appearing in the mathematical studies of tsunami waves in

are

(2 + 1) dimensions

in progress and will be reported elsewhere in due course.
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