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Abstract

Discussions are presented by Morita and Sato on the problem of obtaining the
particular solution of an inhomogeneous differential equation with polynomial
coefficients in terms of the Green’s function. In succeeding papers, Morita
gave discussions of this problem on the basis of nonstandard analysis. It was
applied to the hypergeometric, the Hermite, a simple ordinary and a fractional
differential equation. In the present paper, this method is applied to the solutions
of inhomogeneous and homogeneous Heun’s differential equations.
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1 Introduction

In a series of papers, Morita and Sato [1, 2] and Morita [3, 4, 5] studied the problem of obtaining the
particular solutions of differential equations by using the Green’s function and nonstandard analysis.




In paper [1], this problem is studied in the framework of distribution theory, where the method is
applied to Kummer’'s and the hypergeometric differential equation. In paper [2], this problem is
studied in the framework of nonstandard analysis, where a recipe of solution of the present problem
is presented, and it is applied to a simple fractional and a first-order ordinary differential equation. In
paper [3], a compact recipe based on nonstandard analysis is obtained by revising the one given in
[2], and is applied to Kummer’s differential equation.

In [4], we adopt a recipe without the Green’s function, and is applied to the hypergeometric differential
equation, the differential equations treated in [2] and the Hermite differential equation. In [5], we
study the same differential equations as in [4], but the solutions are expressed in terms of the Green’s
function.

The purpose of the present paper is to give solutions of inhomogeneous and homogeneous Heun'’s
differential equation, by using the method presented in [5].

The presentation - follows those in [1, 2, 3], in Introduction and in many descriptions in the following
sections.

We use Riemann-Liouville fractional integrals and derivatives, whose definition is given in [6, 7], and
also in [3, 4, 5]. The property which we use is presened in Section 1.1. The properties which we use
in nonstandard analysis, are presented in Section 1.2, following papers [3, 4, 5], and then contents of
the following sections are given in Section ??,

1.1 Riemann-Liouville fractional integrals and derivatives

We give here some notations to be used. Z is the set of all integers, R and C are the sets of all real
numbers and all complex numbers, respectively, and Z~, = {n € Z | n > a}, Zcy = {n € Z | n < b}
and Zjgp) = {n € Z | a <n < b} fora,b € Z satisfying a < b. We also use R, = {x € R| z > a}
fora € R,and C4 = {z € C | Re z > 0}.

We use the step function H (t) for t € R, which is equal to 1 if ¢ > 0, and to 0 if ¢ < 0, and hy, which
denotes hy = 1ifk € Z~_1,and hy =0if k € Zo.

We use the Riemann-Liouville fractional integral and derivative g D? for p € C, which is defined in the
following remark, that is given in [3, 4, 5].

Remark 1.1. Let g, (t) = r(;;t" " H(t) for v € C. Then g, (t) = 0if v € Z<y, and if v ¢ Zs,

’D{ g, (1) = RDfﬁt”—le = ﬁt"—p*mw = g p(t). (1)

As a consequence, we have r DY g, (t) = g_n(t) =0forn € Z_1.

In distribution theory [1, 8, 9, 10], we use distribution H(t), which corresponds to function H(t),
differential operator D and distribution §(t) = D H (t), which is called Dirac’s delta function.

1.2 Preliminaries on nonstandard analysis

In nonstandard analysis [11], infinitesimal numbers appear. We denote the set of all infinitesimal
real numbers by R®. We use also its subset R%, given by R2, = {¢ € R® | ¢ > 0}, which is
such that if ¢ € R, there exists N € Z satisfying ¢ < +. Now R® = R2, U {0} UR%,, where

N
R%, = {¢ € R" | ¢ < 0}.



We use R™*, which has subsets R and R°. If z € R™ and z ¢ R, x is expressed as z1 + e by 1 € R
and € € RY, where z; may be 0 € R. Equation z ~ y for x € R™ and y € R"®, is used, when
z —y € R°. We denote the set of all infinitesimal complex numbers by C°, which is the set of complex
numbers z which satisfy [Re z| + |Im z|€ R". We use C™*, which has subsets C and C°. If z € C™*
and z ¢ C, z is expressed as z; + e by 21 € C and e € C°, where z; may be 0 € C.

In place of (1), we now use

1 1
DPguye(t) = RDf ———t" "' H () = gy pie(t) = ——— " P H (), 2
R tg+() R tF(V+E) () g P+() F(V—p+€) () ()
forall p € Cand v € C, where e € RY,,.
Lemma 1.1. Letpi € C,p> € C,v € C, e € RY; and gu+e(t) = ripeyt” ' H(t). Then the index
law:
RDflRszgU-Fe(t) = RDfl+p29v+s(t) = gU—pl—P2+€(t)7 (3)

always holds.
In nonstandard analysis, in place of H(t) and 4(t) in distribution theory, H.(t) and é.(t) are used,
which are given by

1 d

He(t)=rD; “H(t) = g11(t) = mteH(t), 8e(t) = - He(t) (4)

for e € R%,. We note that they tend to H(¢) and 0, respectively, as e — 0.
Lemma 1.2. In the notation in Remark 1.1, Hc(t) = gi+(t), 6c(t) = ge(t), and

RDEHe(t) = RDtegl+6(t) = gl(t) = H(t)7 RDE(SE(t) = RD;Qe(t) = gO(t) = 0. (5)

2 Heun’s Differential Equation

Before writing Heun’s differential equation, we present a related differential equation given by
d2
P(rDr, t)u(t) :={(t —ta)(t — ta)(t — t2) 5

et — £1)(E — t2) + 7 (£ — t2)(t — ta) + vt — ta)(t — t1)] &

dt
+(a1Bit — a1 Biqo) yu(t) + Do - rDy Mu(t) = f(t), (6)
where t1, to, t3, 71, V2, ¥3, a1, B1, o and Dy are constants. We express this equation as follows:
d? d
p(RDt, t)u(t) = [(Ao + At + A2t2 =+ A3t3)@ + (Bo + Bit + BQtQ)E
+(Co + Crb)Ju(t) + Do - nD; M u(t) = £(1), @)
where
Ap = —titats, A1 = tita + tats +tst1, As = —t1 —ta —t3, As=1,
Bo = vitats + vyatst1 + ystita,
Bi = —mi(ta +t3) —y2(ts +t1) —y3(ta +t2), B2 =71+ 72 + s,
Co = —a1f1qo, Ci=oafp1, Do=0. (8)



Heun’s equation is given by

2
pie(t, RDeJu(t) = {1(t ~ 1)t ~ t2) 5
+lyste — e+ B1+1—v1+ (1 +y3)telt + (a1 + 51 + 1)752]%
—a1Biqo + a1 But}ult) = f(1). ©

This equation is a special one of Equations (6), in whicht; = 1,t3 =0, v2=a1+ 61+ 1—v1 — 3
and Do = 0. As a consequence, we have the following lemma.

Lemma 2.1. Heun'’s equation (9) is expressed by the equation which is obtained from Equation (7),
by replacing p(t, rD:) by pue(t, rD:), and adopting

Ao =0, Ai=to, As=—(1+4+1t2), Asz=1, (10)
Bo=st2, Ba=mi+r+y3=01+01+1,

By = —[ar + 81 + 1=y + (y1 +y3)tz] = —[yite +v2 +3(t2 + 1),

Co =—ai1fiq, Ci=ai1fi, Do=0, (11)

in place of Equation (8).

2.1 Transformed equations of Equations (7) and (9)

We now consider the equation which is satisfied by @ (t) = rD; a(t) = rD; ” R Dy “u(t) = rD;  u(t),
for 5 € C, e € RSy and p = 8 + ¢, when u(t) satifies Equation (7).

Lemma 2.2. Let u(t) be a solution of Equation (7), and w(t) be given by w(t) = rD, "u(t). Then
w(t) satisfies

Pp(rDe, t)0(t) :== rDy *p(r D¢, t) RD{W(1)
d? d? ~ d d?
={Ao— + [Ait— + Bo(p)—-] + [Aat*——

_ d -
di? di? di az T Bip)t g+ Colp)]

dt
2

HA D 4 Bao)i* 1 Cuo)) + Do) - mD7 (1)
= fs(t) = rD; "f(1), (12)
where
p) = Bo— Aip, Ba(p)=B2—As-3p, Bi(p)=B1— Az-2p,
p) =Co—Bip+ Az -p(p+ 1)+ As-3p(p+1),
)

Do—Cip+Ba-plp+1) = As-plp+1)(p+2). (13)

On
o
=
)
>

I

We call Equation (12) a transformed equation of Equation (7). When Equation (8) with Equation
(13) is adopted, Equation (12) is a transformed equation of Equation (6).

n

tu+s
T'(v+e+1)

and i, (t) = 2

Proof. Remark 9 in [3] shows thatwhenv € C, n € Z~_1, 4(t) = g

u(t), we



have

rD; P [tin(t)] =t - RD; "@n(t) — p- RD; " iin(t),
rD; [t ()] =t - RD; [t (t)] — p - RDt_p_l[thn( t)]
=% gD lin(t) = 2pt - RD; " Vin(t) + p(p + 1) - RD; " 2iin (1),
rD; P[P in (t)] =t - RD; "[tiin(t)] = 2pt - RD; "~ 1[ Un, )] +p(p+1) - RD; P2 [tiin (1)]
=t gD; lin(t) — 3pt° - RD; " i (t) + 3p(p + 1)t - RD; P 1 ()
—p(p+1)(p+2)- RDZP*Sﬂn(t) (14)

By using these relations in Equation (7), we obtain

. - d?
Po(rDy, )W (t) := rD; "p(r Dy, tu(t) = {(AO + Ait + Azt + A3t )dt2
d

+(Bo + Bit + Bat® — Aip — As - 2pt — Ag - 3pt” )%

+Co+ Cit —Bip— B2 - 2pt+ Az - p(p+ 1) + As - 3p(p+ 1)t
+[Do = Cip+ Bz - plp+1) — As - p(p+ 1) (p+ 2)]r Dy ' }io(¢)
= fo(t) := D" f(1). (15)

This equation is expressed by Equation (12). O

As a corollary of this lemma, we have the following lemma.
Lemma 2.3. Letu(t) be a solution of Equation (7), and @(t) be given by u(t) = rD; “u(t). Then we
obtain the following equation from Equation (12), by replacing p by e and w(t) by u(t):

pe(rDe,t)i(t) := rD; “p(rDi, t)rDii(t) = f(t) :== rD; “f(t), (16)
which is a transformed equation of Equation (7), when Equations (8) and (13) are adopted.

We denote the transformed equations of Heun’s equation (9), which correspond to Equations (12)
and (16), by Equations (12-He) and (16-He), respectively.
Lemma 2.4. Lemmas 2.2 and 2.1 show that Equation (12-He) is obtained from Equation (12) by
replacing p,(rD¢,t) by pp,re(rDy,t), and p(rDy,t) by puc(rDs,t), and using Equations (10) and
(11) in place of Equations (8). In this replacement, Equation (13) is replaced by

Bo(p)= (73 — p)tz,, Ba(p) =71 +12+7v3—3p=0a1+pB1+1-3p,

Bl(ﬂ) a1+ 81+ 1=y + (m+7y3)t2] + (L +t2) - 2p = B1 + (1 + t2) - 2p,
Co(p)=—a1B1go — Bip+ (2 —t2) - p(p+ 1),
Ci(p)
Do(p) =

L(p)=01B1 — (a1 + B1+ 1) - 2p+3p(p + 1) = (a1 — 2p)(B1 — 2p) — p° + p,
o(p)=—c1fip+(ca+Pr+1)-plp+1)—plp+1)(p+2)
=(a1—p—1)(B1—p—1p. (17)

Lemmas 2.2 and 2.3 show that Equation (16-He) is obtained from Equation (12-He) by replacing p by
€, and w(t) by u(t).

Lemma 2.5. Lemma 2.4 shows that when we put p = 0 and replace w(t) by u(t), Equation (12-He)
is Heun’s equation (9).

Remark 2.1. Lemma 2.4 shows that Equations (12-He) and (16-He) are transformed equations of
Heun’s equation (9).  In Sections 2.2 and 3, we obtain the solution w(t) of Equation (12-He) for



the inhomogeneous term f(t) = d.(t) = g.(t), and then we obtain @(t) and u(t), given by a(t) =
rDPw(t) and u(t) = rDPw(t), which are the solutions of Equation (16-He) for the inhomogeneous
term given by f(t) = rD/6.(t) = g._s(t) and, Heun’s differential equation (9) for f(t) = rD/d.(t) =
g—a(t) for B ¢ Z~_1, respectively.

When 8 = 0, f(t) = 0 and hence the solution of Heun’s equation is a complementary solution, which
is studied in Section 4, and we do not consider the case of 8 = n € Z, for which f(t) = g_n(t) = 0.

2.2 Solutions of Heun’s differential equation

We now use @(t) and fz(t) expressed by

o o] oo}

w(t) = ;pkmeH(t) = ;pk9a+k+l(t)y (18)
r3 _ - 1 e+k—1 19
fs(t) kzzockil"(eJrk)t H{(t), (19)

where po # 0, « = v+eora = v, v € C\Z< and ¢ € R%,. We then prepare the following equations:

oo

@(t) =Y pr(a+k = 1Dgarr(t),

k=0

L) =3 prgeset), 2

T

} oo . " } oo

w(t) = Zpk—l “Gatr(t), t dan(t) = Zpkﬂ(a +k—=n)n- gotr(t), 1€ Ly,
k=1 k=1

. dn,1 _ oo L )
e w(t) = Zpk_z(a + k=)0 gatk(t), n€Zyg; rD; Mi(t) = ZPk—Q “Jark(t)-
k=2 k=2

(20)

By using Equation (20), f5(t) given by Equation (19), and Equations (10) and (17), Equation (12-He)
is expressed as follows:
pp,He(RDt, t)ﬁ)(t) = RDt_ppHE(RDt, t)RDfﬁ)(t)

= > ApulAi(@+k = 1)+ Bo(p)] — hi—1pr-1Qu (e, p)

k=0
+hk—2pk—2Rk(0¢7P)}mtaMilH(ﬂ = fs(t), (21)
where hy_ =1ifk—1€Zs_1,hx_1 =0ifk—1 € Z-o, and
Ai(a+k—1)+ Bo(p) = ta(a+k— 1473 —p), (22)
Qrla, p)=—[As(a+k —2)+ Bi(p)l(a+k — 1) = Co(p), k€ Zo, (23)

Ri(a,p) = [[As(a+k —3) + Ba(p)](a + k — 2) + Ca(p))(a+ k — 1)+ Do(p), k€ Zo. (24)

Lemma 2.6. Let f5(t) be given by Equation (19), A1 (a4 k — 1) 4+ Bo(p), Qx (e, p) and Ry (a, p) be



given by Equations (22), (23) and (24), and pi, and o be so determined that

pota(a — 1+ 75 — p>ﬁta*ﬂ<t> - coﬁf*H(t)? (25)

pita(a 35 = p) = po@a () gy H ) = e

_
I'(e+1)

prt2(a+k —1+93 — p) — pr-1Qx(, p) + pr—2Ri(a, p)]

t°H(t),

at+k—1
Farm! | HO

tTFYH®), k€ Zsy. (26)

1
T *T(e+k)
Then w(t) given by Equation (18) is a solution of Equation (21).
Lemma 2.7. When ¢y = 1, Equation (25) is satisfied by a« = ¢ and po = W
Lemma 2.8. When co = 0 or e = 0, the righthand side of Equation (25) is 0. In this case, Equation
(25) is satisfied by o = 0 or « = 1 — ~3 + p, and by any value of po.
Lemma 2.9. Whenc, =0 fork € Z~o, we use py, in place of 1;—2 for k € Z~_1, Then the equations in
Equation (26) are expressed as po = 1 and
_ 1
Pk —1rats—p)

[Pr—1Qk (e, p) — hg—2pr—2Ri(a, p)], k € Z>o. (27)

We also use the coefficients Py, in place of p,. They are defined by po = P, = 1 and
o 1
PET B a s — o)
Now in place of Equation (27), we have P, = 1 and
Py = Py1Qr(a,p) —ta(k — 2+ a+ 3 — p)hk—2Pr—2Ri(a, p), k € Zso. (29)

P,, ie. P,= té(a + 73— p)kDr, k€ ZL>_1. (28)

3 Particular Solutions

In the present section, we consider the solution w(t) of Equation (21) in the form of Equation (18),
assuming that fz(t) = de(t), co =1, ek, = 0for k € Z>o and a = ¢, in Equations (25) and (26).
Theorem 3.1. (i) In the above condition, Lemmas 2.7 and 2.9 show that the coefficints po and pr. = z—’;
fork € Z~_1 are given by

1
to(—=1+v3 — )’

1

ta(k—1+v3—B)
and the solution of Equation (21) is expressed by

Po = Po =1, (30)

Pk =

[Pr—1Qk(€, p) — hx—2Pr—2Rk(€,p)], k € Zxo, (31)

U = N ; e+k _ - ~ ; e+k
w(t)_kzzop"r(eJrkJrl)t H(t)_pokz:;)p’“r(e+k+1)t H(t). (32)

Remark 2.1 shows that by using Equation (32), we obtain the solution @(t) = r D/ w(t) of Equation
(16-He) for f(t) = rDP6.(t) and B # Z=, as follows:

1

t)=po Zﬁk—l“(e oy -y $HE=B B (1)

_ et+k—p3
=Pof E+1_ Zpk — )kt H{(t), (33)



and u(t) = rDfu(t) is obtained from Equation (33).
(i) We note that if we replace Qx(e,p) and Ry (e, p) in Equation (31) by Q«(0,3) and R (0, 3),
respectively, so that po = 1, and
1
ta(k =143 — B)

w(t) and u(t) given by Equations (32) and (33), respectively, are deviated by a contribution of O(e),
which can be neglected, and hence we can adopt it.

Dk Pr—1Qk(0, 8) — hk—2Pk—2Ri(0,8)], k € Z>o, (34)

By Equations (23), (24) and (17), Qx(0, 8) and Ry(0, 3) are given by

Q1(0,8)=a1figo + Bif + (2 —t2) - B(B+ 1),
Qr(0,8)=[(1+t2)(k —2—28) — Bi](k — 1) + c1Bigo + B1f + (2 — t2) - B(B + 1),

Ru(0,8)=1(k — 2+ a1 = SB)(k =2+ 81— 5B) — (on + 1) 3B+ S6° + Al(k — 1)
e == -B-1)-F-1]3, k€. (35)
Remark 3.1. Following Lemma 2.4 in [5], we denote the solution given by Equation (32), by G eun, s, (t, 0).

When we put e = 0 in this solution, the obtained Grcun,3,0(¢,0) = rD;G Heun,8,(t, 0) is a complementary
solution of Equation (21) for e = 0.

The solutions i(t) and u(t) are expressed by gD} G rreun,p,e(t, 0) and gDy TG ireun, s, (t, 0), respectively.
When g8 = 0, these solutions are expressed by Greun,c(t,0) and Greun,0(t,0) = rRD{GHeun,e(t,0),
respectively.

Corollary 3.1. (i) When g = 0, u(t) given by Equation (33), in which 8 = 0, is a particular solution

of Equation (16-He) for f(t) = é.(t). In this case, in place of Equation (31), we have the equations
which are obtained from those in it by replacing 8 by 0 and p by e.

(i) Followig Theorem 3.1(ii), when 8 = 0, we may use Q(0) and R (0) in place of Qx(0,3) and
Ry (0, B8) in Equation (34), so that po = 1 and
- 1
T ta(k—1+73)
where Qi (0) and R (0) are given by
Q1(0) := Q1(0,0) = a1 B1qo,
Qk(0) := Qk(0,0)=[(1 +t2)(k = 2) = Bi](k — 1) + a1f1qo, k € Z>o,
Rk(O) = Rk(O, 0) = (k — 24 Oé1)(k — 24 /31)(16 — 1), k€ Zs. (37)

Dk [Pr—1Qx(0) — hx—2pr—2Rk(0)], k€ Z>o, (36)

Remark 3.2. In Remark 3.1, the solution w(¢) which appears in Theorems 3.1 is called Greun, g, (t, 0).

3.1 Use of coefficients P,

Theorem 3.2. (i) In Theorem 3.1(i), we have the particular solution of Equation (16-He), given by
Equation (33). We now define P, by Equation (28) for o = ¢, that is

1

~ . k ~
Pk = mpk7 1.e. Pk :tz(’yg—ﬂ)kpk, k‘EZ>_1. (38)
By using Equation (29) for o = €, we obtain P, = 1 and
Py = Po_1Qui(€, p) —t2(k — 2+ 73 — B)hp—2Pr—_2Ri(€,p), k € Zso. (39)



and then the particular solution of Equation (16-He), given by Equation (33), is expressed by

e}

~ o 1 k—pB+e
u(t)—pokZ:OPk PR e gy (0L (40)

and u(t) = rDgu(t) is obtained from Equation (40).

(ii) In Theorem 3.1(ii), it is proposed to use Equation (34) in place of Equation (31). We now propose
to use the following eqution in place of Equation (39):

P, ~ Po_1Qi(0,8) —ta(k — 2+ v3 — B)hp—2Pr—2Ri(0,8), k € Z>o. (41)

Corollary 3.2. (i) When 8 = 0, i(t) given by Equation (40) is a particular solution of Equation (16-He)
for f(t) = d(t), where Equation (39) for 3 = 0 is used.

(i) Corresponding to Theorem 3.2(ii), when 3 = 0, we propose to use Equation (41), by replacing
Qx(0,8) and Rk (0, 8) by Qr(0) and R (0), respectively, where Q«(0) and R, (0) are given in Equation
(37).

3.2 Use of coefficients a;

Theorem 3.3. (i) In Theorem 3.1, we have a particular solution u(t) of Equation (16-He) for the
inhomogeneous term f(t) = rD?6.(t) = g._5(t). We now define a;, by

v
(e=B+ 1

and then we see that the solution @(t) of Equation (16-He), given by Equation (33), is expressed by

Pr = (6 — B+ 1)k -ag, ie. ap= Pk, k€Zs_1, (42)

(oo} (oo}

- - 1 e—B+k 1 e—B+k
= . S— Ht)=pp————— t H(t), 43
a(t) pogpkf(e—ﬂ—i—k—i—l) (t) poF(e—ﬁ+1)§)ak (t) (43)
where a;, satisfy ap = 1 and
U= TR BT - 1Qk(E P)
— st k202 Ri (e, )], k € Zso. (44)

Remark 2.1 shows that u(t) = rDft(t) is obtained from Equation (43).

(i) Following Theorems 3.1(ii) and 3.2(ii), we now propose to use the following equtions in place of
Equation (44):

1 1
ag =~ (6 — ﬁ + k) tQ(k —1 +'Y3 _ /8) [ak—le(Oy IB)
,e_ﬁﬁhk—Qak—sz(O,ﬁ)], k € Zso. (45)

Proof. By using the first equation of Equation (42) in Equation (31), we obtain

1
ta(k — 1473 — B) [(e = B+ Dr-10x1Qk(e, p)

—(e = B+ 1) p—2hi—2ak—2Rk (€, p)], (46)

This gives Equation (44). O

(e— B+ 1rar=



Corollary 3.3. (i) When g = 0, i(t) given by Equation (43) for 3 = 0, is a particular solution of
Equation (16-He) for f(t) = d¢(t), where Equation (44) for 8 = 0 is used.

(ii) Corresponding to Theorem 3.3(ii), when 3 = 0, we propose to use Equation (45) for 5 = 0, by
replacing Q« (0, 8) and Rk (0, 8) by Q«(0) and Rx(0), respectively,

Remark 3.3. In Remark 3.1, the solutions 4(t) and u(t) which appear in Theorems 3.1, 3.2 and 3.3
are called R DG reun..c(t,0) and gD’ Grreun. s« (£, 0), respectively.

Remark 3.4. In Remark 3.1, @(¢) which appear in Corollaries 3.1, 3.2 and 3.3, are called G geun, (¢, 0).

4 Complementary Solutions

In the present section, we apply the results in Section 2.2, to the cases of 3 = 0 and f(t) = f(t) =
Lemma 2.8 shows two choices. We first consider the case of « = ¢ = 0.

Remark 4.1. In Corollaries 3.1(i), 3.2(i) and 3.3(i), the solutions @(t) for the cases of 5 = 0, f(t) =
fs(t) = 6.(t) and o = € are given. The solutions w(t) in the present section, are obtained from them
by u(t) = rDia(t) or by replacing @(t) by u(t), € by 0, and a value of po by an arbitrary number.
Theorem 4.1. In the case stated above, Lemmas 2.8 and 2.9 show that by using Equations (19) and
(27) fora = e = 0 and p = 0, a complementary solution u(t) of Equation (9) is given by

Zpk—t H(t) = po Zpk—t H(t (47)

where po is any number, py, = popx, fork € Z~_1, and py. fork € Z~_, satisfy po = 1 and

- 1 -
Pr = W[pk 1Qk(0) = hi—2pr—2Ri (0)], K € Z>o, (48)

where Qi (0) and Ry (0) are given in Equation (37).

Note here that Equation (48) is obtained from Equation (36), by replacing ~ by =.
Theorem 4.2. Lemmas 2.8 and 2.9 show that by using Equations (28) and (29) for « = ¢ = 0 and
p =0, Py is defined by pi, = - Py, and the solution u(t) of Equation (9), given by Equation (47),

1
] t5(v3)
is expressed as follows:

_poz SEAnE Ly @), (49)

kk' t2
Here po is any number, and Py, for k € Z~_. are given by P, = 1 and
P, = Pk_le(O) - tz(k -2+ Wg)hk_QPk_QRk(O), k € Z>o. (50)

Theorem 4.3. The complementary solution of Heun’s differential equation (9), which is given by
Equation (47), is also expressed as follows:

=po Yy axt", (51)
P
where po is any number, and a;. are related with py, by
Pk = ark!, ie. ax = Pk k', k € Z>1. (52)
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Then we cofirm that ay, satisfy ap = 1 and

1
o+ k= Dk OO
= m{[ak—l[(l +t2)(k — 24 73) + v2 + Yita](k — 1) + @1 81qo]

—hk—2ap—2(k—2+a1)(k—2+4+ 1)}, k€ Zso. (53)

hi—2ak—2Ri(0)]

ap —

1
k—1

Proof. By using the first equation of Equation (52) in Equation (48), we obtain
1

tg (’YS + k— 1)

This gives the first equality in Equation (53). O

k- ap = [(k = 1)1 ar—1Qu(0) — (k — 2)! - hy—sak_2 Ry (0)].

This result is given in Section 3.3 in [12] and in Section 8.2 in [13].

Remark 4.2. Remark 4.1 states that when py is given by Equation (30) for 8 = 0, the solutions w(t)
in Equations (47), (48) and (51) are obtained from the solutions @(t) given in Corollaries 3.1(i), 3.2(i)
and 3.3(i). In Remark 3.1, the solutions u(t) are called Greun,o(t,0).

4.1 Complementary solution, I

In Theorems 4.1~4.3, we studied the case of f(t) =0, 8 = 0 and a = ¢ = 0 in Lemma 2.8. We now
study the case of « = 1 —y3 and e = 0 in place of « = ¢ = 0.

Theorem 4.4. Lemmas 2.8 and 2.9 show that by using Equations (19) and (27) fora = 1 — ~3 and
p = 0, we obtain the complementary solution of Equation (9), given by

— ~ 1 1-v3+k
= . Hit
u(t) poZka(zinrk)t (t)

k=0
R R S Ly (54)
['(2—1s) = (2 )k
where po is any number, po = 1 and
- 1 . -
Pr = tTk[p’“*le(l —3) — hg—2Pr—2Ri(1 —3)], k€ Z>o, (55)

Qr(1 —7v3) := Qr(1 —73,0) = [(1 + t2)(k — 1 —~3) — Bi](k — 73) + a1f1q0, k € Z>o,
Ri(1—73) = Ri(1 —v3,0)=[[(k = 2 —y3) + a1 + Br + 1](k — 1 —v3) + a1 p1](k — 73)
=tk—-1—-yp+a)k—1—73+p5)k—"3), k€EZs. (56)
Theorem 4.5. In Theorem 4.4, p, is any number, and py, satisfiy Equation (55). By using Equation
(28) fora =1 — 3 and p = 0, we define Py, by
e = ﬁpk’ ie. Po=thk! Pr, k€Zs_1. (57)

Then P satisfy Py = 1, and
P = Pklek-(l — ’73) — tz(k — 1)hk,2Pk,2Rk(1 — 73), k € Zso. (58)
By using Equation (57) in Equation (54), the complementary solution of Equation (9) is expressed by

1

_ - 1—vy3+k
u(t)—pokzﬂpkték!_r(l_wﬁkﬂ)t H(t). (59)
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Proof. Using the first equation of Equation (57) in Equation (55), we obtain

1 1 1 1
— Py=— [ P 1—73) — ————hpoPs_oRi(1 — 3], 60
il " tQk[t';*l(kfl)! h-1Qr(1 = 73) 2 (k- 2)! k—2Pk—2 Rk (1 = 73)] (60)
which gives Equation (58). O

Theorem 4.6. The complementary solution of Heun’s equation, which is given by Equation (54), is
also expressed as follows:

u(t) =po st > atH() (61)

where py is any number, and a;, are defined by

- . 1 -
Pk = (2 —y3)kak, ie. ar= kpk, keZs_1. (62)

(2—13)
By using the first equation of Equation (62) in Equation (55), we obtain ap = po = 1, and

1 1 . -
2= ’YB)kpk = @ik [Pr—1Qk(1 — v3) — hk—2Pr—2Ri (1 — 73)]

1 1
= _ 1— _
PRy v LS Sl sy s

1
k(1 — 3+ k)

—hi—2ar 2k —1—y+a))(k—1—+p1)}, k€Zso. (63)

ar =

hi—2ak—2 Rk (1 — 73)]

{ak-1[[(1 + t2)(k — 1) + v2 + 11t2](k — 73) + @15190]

5 Conclusion

In a preceding paper [5] of the present author, the particular solutions of Kummer’s and the hypergeometric
differential equation are obtained for the inhomogeneous term given by f(t) = g_s(t) = ﬁt‘l‘ﬂ

for 8 € C\Z~_1. When the desired solution of Kummer’s equation is u(t), we construct a transformed
differntial equation of Kummer’s equation, which is satisfied @(t) = rD; “u(t), and obtain its solution

u(t) and the desired solution by u(t) = rDfu(t).

In Section 3, we present the solution of the same problem for the case of Heun’s equation. The
solutions obtained are given in three formats.

In Section 4, we obtain two complementary solutions of Heun’s equation. They are expressed in three
formats. The complementary solution in one format is in agreement with a solution presented in the
past, given in Section 3.3 in [12] and in Section 8.2 in [13].
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