Analytic Determination of the Roller Length of a Hydraulic Jump in an
Open Channel Flow using a Bouncing Ball

Abstract

A hydraulic jump is a natural occurrence that occurs in spillways, rivers, and other open channel flows when
water or other liquid flowing with a high velocity discharges into a region of lower velocity with an attendant
abrupt rise in the liquid surface. Such a phenomenon is normally accompanied by substantial dissipation of energy
wherever it occurs. Hydraulic jump is a current method of choice for the safe discharge of floodwater due to its
inherent ability to safely dissipate substantial energy. Investigators, in the past, focused their attention on the
study of the hydraulic jump, under varied working situations, that resulted to rise in energy loss in open channel
structures. In this paper, the author developed numerical two models to calculate the lengths of hydraulic jumps
in a horizontal open channel flow using a bouncing ball. The models were based on the laws of motion and the
principles of impulse and momentum, to predict the length of a hydraulic jump in a horizontal open channel flow
with the pre-jump Froude number between 2.25 and 15.96. The models were then verified with the experimental
data obtained in a large-size facilities. Results showed that the values of the hydrauhic jump length were
reasonably predicted from the models with the Pearson correlation coefficients of between 0.992 and 0.997.

Keywords: Open channel flow, Bouncing ball, hydraulic jump length, law of motion, Froude Number

1 Introduction

A hydraulic jump is-a-natural-eceurrence-that occurs when there is a flow impediment, such as a weir, bridge
abutment; sluice gates, spillways, drops etc.in-+ivers—and-other-open channel downstream-to-water-orother-liguid
flowing with a high-velocity supercritical flow discharges into a region of lower velocity subcritical flow with an
attendant abrupt rise in the liquid surface.

The phenomenon is normally accompanied by substantial dissipation of energy wherever it occurs and is hence,
the design engineers preferred-option for energy dissipation below spillways and outlets-An-appropriately-planned
hydrauticjump-can-deliverup-te resulting in 60-70% energy dissipation in the stilling basin alone, thereby
restraining the destruction damage of structures and the streambed.

Several studies, including Rouse et al (1959), Resch and Leutheusser (1972a,1972b), Chanson and Brattberg
(2000), Liu al (2004), Lennon and Hill (2006), Chanson (2007), and Kucukalli and Chanson (2008), measured the
turbulence in hydraulic jumps.

An enormous amount of air is trapped during a hydraulic jump (Rajaratnam, 1962, 1967; Wisner, 1965). The air
is trapped at the jump toe, which signifies a separation between the impinging flow and the roller.

In a hydraulic jump roller, the air-water shear area and the upper free-surface layer can be distinguished as two
discrete air entrainments at high Froude numbers.

Rajaratnam (1962) carried out the first effective air-water flow measurements in hydraulic jumps.



The strength of the jump, which is usually determined by pre-jump Froude Number, is classified as:

upstream-and-downstream-of-the-jump-[6-8}-- Rewrite as per Chow/Hager classification
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where the Froude number is Fr and d is the water depth, g is the gravity constant, V is the flow velocity, and the
subscripts 1 and 2 are the upstream and downstream flow parameters, respectively, in the formula: Fr = \V/(gd)1/2.
With a few notable examples, the major part of earlier hydraulic jump investigations was carried out with rather

large inflow Froude numbers (Fry > 3), due to their design implications.



The Reynolds number is defined as Re = 4V R/v with V1 as the velocity and R as the hydraulic radius at the toe

of the jump and the dynamic viscosity of water.

Several researchers like Rouse et al (1959), Resch and Leutheusser (1972a, 1972b), Chanson and Brattberg

(2000), Liu et al. (2004), Lennon and Hill (2006), Chanson (2007) and Kucukali and Chanson (2008) eenducted
turbulence measured turbulence ments in hydraulic jumps.
Their studies concentrated either on the turbulent water flow properties with relatively low Froude number
situations or on the air-water flow properties in the jump roller.
Other researchers like Safranez (1929), and Baje (1965) developed models that predicted roller lengths of
hydraulic jumps.
Numerical modeling of hydraulic jumps was the subject of a few researches, while the air-water flow parameters
were examined under a few specific circumstances. The size and temporal scales of turbulent structures are
essential details to explain turbulent processes, which is crucial for the advancement of numerical models and
physical measurement methods.
Hence, this work aims to develop a numerical model of hydraulic jump for a wide range of flow with Froude
numbers between 2.00 and 16.00.
Uses of Hydraulic Jump
Hydraulic jumps have numerous practical uses and applications in engineering and water management. Here are
some common applications of hydraulic jumps:
e Energy Dissipation: Hydraulic jumps are primarily employed to dissipate excess energy in high-velocity
flows. They reduce flow velocities, preventing soil erosion and damage to hydraulic structures such as
spillways, weirs, and energy dissipaters. By converting kinetic energy into potential energy and

turbulence, hydraulic jumps ensure the safe dissipation of energy before water continues flows

downstream. The hydraulic jump for energy dissipation is used in Spillways, Weirs, Dams, etc.




Water Treatment: Hydraulic jumps are utilized in water treatment processes. They facilitate the
effective mixing of chemicals, such as coagulants or disinfectants, with water. The turbulent mixing in
hydraulic jumps enhances the contact between the chemicals and the water, promoting efficient treatment
and water disinfection.

Fish Passage Design: Hydraulic jumps are considered in the design of fish passages and fishways,
enabling fish to navigate barriers in rivers and dams. The energy dissipation provided by hydraulic jumps
ensures suitable flow conditions for fish to pass through without excessive stress or injury.
Recreational Activities: Hydraulic jumps create whitewater features that are popular among enthusiasts
of water-based recreational activities such as kayaking, rafting, and surfing. The turbulent and dynamic
nature of hydraulic jumps provides opportunities for challenging and thrilling experiences

in outdoor settings.
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Herein, the experimental facilities, a vertical gate provided supercritical inflow. The height of the channel side
walls was 2.5 m, such that the maximum inflow velocity was confined to 3.5 m/s. A constant head tank with a
base 2 m x 2 m x 3 m high fed the channel. Discharges up to 250 I/s were run. The tank was divided by a vertical
porous wall with Fig. 1. Inlet to (a) channel 3, (b) channels 1 and 4; longitudinal section.

The transition from the tank to the channel was well rounded both along the sidewalls, along the tank bottom to
the channel bottom (40 cm above it), and along the vertical, moveable gate. The inlet shape resembled a high-
head intake.

Special care was given to the inlet geometry since intake vortices were otherwise generated. The vertical gate
could be set in any position between 1 cm and 10 cm above the horizontal channel bottom. The transition between
the tank and the channel was improved by a slightly converging cover mounted on the gate.

The length of the cover was 0.4 m; only by such means, a perfect jet (of which the maximum velocity may be as
high as 7 m/s) was generated.

The gate slots were closed by small PVC pieces to render the channel inflow geometry continuous. The final result
was satisfactory: the inflowing jet to the channel was practically free of turbulence, horizontal, smooth, and free
of air bubbles. The first channel portion (1.2 m from the gate) was 500 mm wide. Further, downstream the channel
width changed abruptly to 1500 mm.

At the end of this 8 m long reach, a sloping sharp-crested weir allowed adjustment of any desired tail water. The
bottom and the right side wall of the 0.70 m high channel were of PVC, the left side of glass. To increase the
length of the prismatic channel of width 500 mm to 5 m, two additional sidewalls were inserted.

Further, downstream, it widened to 1500 mm, as previously described. The pump was recalibrated both
volumetrically and by a thin crested weir. The discharge thus could be read during the experiments to 0.5 I/s or
1%, whichever was larger. Discharges between 30 I/s and 180 I/s were run. The inflow depth d; was read by the
gate opening (+ 0.1 mm).

In addition, this depth was also computed from the measured values of discharge Q, and the head in the tank.
Deviations between the two values of Q were always smaller than 1 mm. The distance Axj between the cover end
and the average position of the jump toe was observed, and the jump inflow depth hx was computed by accounting
for wall friction.

All the flows were considered hydraulically smooth. Ax was kept to the minimum, yet without submerging the
cover. Typically, Ax was 20 to 30 cm. The sequent flow depth, h,, was measured both by a point gauge (+ 0.1

mm) and wells which were connected to pressure taps.



Deviations between the two readings were at 1 mm for Fr < 6 and could amount to 5 mm at larger Froude numbers.
The end of the surface roller was measured as described by Hager and Bremen (1989): - from the side through the
glass wall, using a plumb bob; - from the top, using a point gauge; - with photographs.

The average of at least four measurements was taken and arranged in Appendix 1. The water temperature was
always between 16°C and 18°C.

Appendix 1 contains the roller lengths both along the channel axis Lra and along the channel sidewall Lrw. The
latter are systematically slightly shorter.

Experimental Flow Conditions

Detailed measurements were conducted for 3.8 < Fr; < 8.5, using an upstream flow depth di = 0.02 m. Further
experiments were performed with Fr; = 5.1 for 0.012 m < d; < 0.047 m corresponding to 2 x 10 4 <Re < 1.6 x

10%, where Re = p x V1 x di/p; where p is the water density, and p is the water dynamic viscosity.
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Fig. 1. Experimental facility: flow conditions: Q = Fig. 2: Definition sketch of a hydraulic jump
0.0368 m®/s, d1 = 0.0277 m, x; = 1.083 m, Fr; = 5.1, Re

=7.4 x 10*, and flow direction from left to right;

The length of roller L, of a hydraulic jump was observed by various researchers. Non-dimensional roller lengths
were presented in which the length scale was either the inflow depth d. the sequent depth d», or some combination
such as {h, — hi). Since d2 depends in general on the inflow parameters h;, Fri, Re, and w = di/b (Hager and

Bremen, 1989), the simplest approach for a length measure involves A, = L, /d;.

Table 1 summarizes the characteristics of selected experiments of hydraulic jump based on smooth bed

condition The Reynolds number is defined as Re = 4V1R/v with V; as the velocity and R as hydraulic radius at



the toe of jump, respectively. Characteristics of roller length observation for classical hydraulic jump (v = 1.1 x

10 m%s?).

Table 1. Characteristics of roller length observation for classical hydraulic jump (v= 1.1 x 10¢ m?)

(2009)

Hagger et al. (2009)

Author b(cm) | d; Fry Re x10® Formula
(cm)
Safranez (1929) 49.9 0.71-5.7 1.72-19.1 0.58-2.54 A = 6Fr;
Einwachter (1932) 25.0 1.0-1.09 2.5-6.95 0.29-0.73 -
Pietrkowski (1932) 10.0 0.5-1.46 5.5-19.8 0.83-1.72 A, = 5.9F,,
Bakhmeteff and Matzke | 15.24 | 1.0-7.75 1.94-8.7 0.49-3.87 Diagram
(1936)
Schroder (1963) 59.8 34-10.2 1.83-9.93 4.44-10.6 A, = 40erf
Rajaratnam (1965) 30.8 1.55-6.13 2.68-9.78 1.95-4.19 1 1
Ig(1+8Fr12)z—3]

Malik ((1972) 16.7 1.36-13.18 3-6 0.86—9.88

333 1.98-10.70 3-6 1.71-7.31

50.0 0.66—18.04 3-6 0.35-17.3
Sarma and Newham | 30.5 2.1-6.7 1.21-3.79 1.11-1.97
(1973)

A =6.73(F, —1)
Hager et al.(1990) 50 5.4-54.7 2.88-15.96 0.19-10.2
3

Murzyn et al (2007) 50 5.4-547 2.88-5.96 | 0.19-10.2 A4 =38 (Fn - 5)
Kucukali and Chanson | 50 5.4 -54.7 2.88-5.96 0.19-10.2

A, = —12 + 160tanh(Fr,
/20)
A, = —12 + 100tanh(Fry

/12.5)




Leng and Chanson A.=8(Fri-1)

(2015)

Wang and chanson Ay = 6(Fpy — 1\

(2015b)

Ozueigbo (2023) <29 A, = 1.3F}?
3.0-10.7 Ar = 4'1Fr1i2

=10.7 A, = 3.5F%?
2. Methodology

The author uses the existing rules such as Newton's Law of Motion, the continuity and momentum equations, and
the classical hydraulic jump equation to build this model. He uses the equation of motion to calculate the trajectory
of an elastic pinball as it bounces off a drop structure with a horizontal step, I, and a height, h, and likes it to the
profile of a flow with a hydraulic jump (Fig 3).

3 Formulation of the model

Applying the Law of motion to a bouncing ball between Section 1 and Section 2 gives

0= U?-2g(d, - dy)

Uy =+ 29(d, —dy) €))



pverl'all

5 “White waters”
b Hydrautic jump

2
Y
—
y
T )
4 ................................ ’ ‘...‘........l. ................. .’
Ld 4 r
@ @

Figure 3: Flow at a drop structure

Where Uy is the ball rebound velocity at a Section 1,
d; is the ball height at Section 1,
d, is the ball height at Section 2, and

g is the acceleration due to gravity.
0= +29(d, —dy) — gt,
t, = y2(d, —dy)/g

Simplifying

t, =+2d; (dy/d; — 1) /g (5)

d 1 ,
d_z = 5{ 1+ 8Frf - 1} (classical hydraulic jump)
1
d2 2
d——l =405 (1 + 8Fr" — 15 (6)
1

Substituting this well-known classical hydraulic jump formula Eq (6) into Eq (5) and simplifying, yields

t, =\/d1< ’1 + 8Fr? — 3.0>/g )

Where t; is the time of ball travel from Section 1 to Section 2.

According to Giles et al (1994), for a wide channel with smooth surfaces, the average velocity of flow in a
turbulent flow is given as

Vipg = 2.5v, In(41.2R/§) (8)
Where Vay is the average velocity between Section 1 and Section 2,

v* the shear velocity is v, = /gSR 9

10



R is the hydraulic radius, which for a wide channel is d;. and

& the thickness of the boundary layeris § = 11.6 v/v, (10)
where v is the kinetic viscosity of water and g is the acceleration due to gravity,

S the water surface relative to the channel slope is S = (d, — d,)/L, ord,(d,/d, —1)/L, (11)
Where d; is the flow depth at Section 2 and d; is the flow at Section 1 and

Lr is the roller length of the hydraulic jump,

Substituting Equations (9), (10), and (11) into Eq (8) and simplifying, yields

Vivg = 2.5\/gSd; In(41.2d,/gSd,/11.6v)

d,(d,/d;—1 d,d,(d,/d, —1)/L
Va,,g=2.5\/gd1 1( 211 )ln<4—1.2d1\/g 1d,(dy/dy )/ r)

. 11.6v

g(dy/d; — 1)

Vavg = 25d; |[————In (41 2d? (12)

g @dy/di = D/L,
11.6v

.
Ly = Vapg ta (13)

Substituting Equations (7) and (12) into Eq (13) and dividing by d1, and simplifying yields Eq (14).

In (41.2d% V9 (dzﬁl&j 1)/”) V2d; (dy/d, — 1) /g

9(dy/d; — 1)
L

L, = 2.5d,

Ir_ o5 [9/a-D < 4124209 @/4 = D/L,

d, . L 11.60 )\/2d1 (d2/dy —1)/g

Lr __|gdy/d;=1) N9 (dy/dy —D/L,
4 2.5 LN\ In (41.2d1 e >J2d1 (dy/d, —1)/g

Lr Ly |, Le |, 1
d1 d1 dy d3
Jo(osyTF8R7 - 15)
=25 g<0.5 /1 + 8Frf — 1.5) In| 41.2 e ( /1 + 8Fr? — 3.0)/g

L, Lro\°
— ln—\/_ r )
dy
Jg (05/1 + 8F7 — 15) (VT +8F7 - 3.0)
=25 g<0.5 ’1 + 8Frf — 1.5) In| 41.2 160 7

11



(Z—:) In (cLi_Z) In <di1)
= 2.5\/9 (0.5 /1 + 8Frf — 1_5> In <41.2\/9 (0.5,/1 + 8FrF — 1.5)) J(m _ 3_0)

11.6v g

2 (Ji+8r7 - 30) / \/g (05/1 +8FF - 1.5)\
=25 g(O.SW - 1.5> 5 In \41-2 11.6v }

= 2.5J<0.5 1+ 8F2 - 1.5)( /1 + 8Fr?

_ 3_0) In / & \/g (05/1 + 8Fr7 - 1_5)\
\ 11.6v /

3

(Lr) l (Lr) l Lroy?
d) |"\a) "\ q
Jg (05/1 + 8F7 — 15)
=25 (0.5 Il + 8F2 - 1.5)( 1+ 82 — 3.0) In| 41.2
11.6v
3

(Lr) : (Lr) ; Lro\®
a,) |™\a) "\ q,

Jg (05/1 + 8F7 — 15)
=25 (0.5(1 + 8Fr) + 1.5 /1 + 8Fr7 + 3.0 /1 + 8Frf — 4.5) In| 41.2 e

12



Jg (05/1 + 8F7 — 15)
=25 (0.5(1 + 8Fr?) + 4.5 /1 + 8Fr? — 4.5) In| 41.2 (14)

11.6v

Eq (14) is valid for 3.96 < Fr1<15.96

/ Jg (05/1 + 8Fr7 - 1.5)\
=10 (0.5(1 + 8Fr?) + 4.5 /1 + 8Fr? — 4.5) In \41.2 oo / (15)

Eq (15) is valid for 2.38 < Fri< 3.96

4, Verification of the Developed Model

The author verifies the developed model with the experimental data and the results are presented below

5. RELATIONSHIP BETWEEN MEASURED AND ESTIMATED (Eq.15) DIMENSIONLESS
HYDRAULIC JUMP AND FROUDE NUMBER AT THE JUMP TOE

Figure 4a through Figure 4g show the comparison of the measured and estimated dimensionless hydraulic jump
with the Froude numbers at the toe of the hydraulic jump. The figures show that the measured and the estimated
dimensionless hydraulic jump increase rapidly with increasing Froude Numbers, which is in line with reports
recorded in the literature.

The figures also shows that all the measured dimensionless hydraulic jump data compare well with Eq (14) and Eq
(15) - the developed model dimensionless hydraulic jump model data with the Pearson correlation coefficients of

between 0.992 and 0.997.

13
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Figure 4a: Measured dimensionless hydraulic roller

length as a function of the Froude number between 3.96  Figure 4b: Measured dimensionless hydraulic roller

and 11.12 & d; between 27.5 and 34.1. Comparison length as a function of the Froude number between 2.26

with Eq (14) (the Developed Model). and 8.56 & d; between 48.8 and 54.7. Comparison with
Eq (14) (the Developed Model).
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14



70.00
43.00
60.00
38.00
50.00
- 33.00
s 40.00 »
28.00
S 30.00 2
5
20.00 23.00
10.00 18.00
0.00 13.00
2.50 4.50 6.50 8.50 3.00
Frl 280 3.80 480 580 6.8
Frl
==@==FEstimated Lr/d1 ==l=Measured Lr/d1 .
==@==FEstimated Lr/d1 ==ll=Measured Lr/d1

Figure 4e: Measured dimensionless hydraulic roller
length, Lr/d; as a function of the Froude number, Fr;
between 2.94 and 9.91 & d; between 12.4 and 11.0.
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Figure 4g: Measured dimensionless hydraulic roller
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between 2.38 and 5.38 & d1 between 37.9 and 35.8.
Comparison Eq (15) (the Developed Model).

6. RELATIONSHIP BETWEEN THE MEASURED DIMENSIONLESS HYDRAULIC JUMP
LENGTH AND THE ESTIMATED (Eg.15) DIMENSIONLESS HYDRAULIC JUMP LENGTH.

Figure 5a through Figure 5g show the comparison of the measured and estimated dimensionless hydraulic jump

with the Froude numbers of the hydraulic jump. The figures show that all the measured dimensionless hydraulic

15



jump data compare well with Eq (14) and Eq (15) - the developed model dimensionless hydraulic jump model data

with the Pearson correlation coefficients of between 0.992 and 0.997. Write a para on Pearson Correlation
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Figure 5f: Lri/d; (measured) as a function of Lry /d;
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7. RELATIONSHIP BETWEEN THE MEASURED DIMENSIONLESS HYDRAULIC JUMP

LENGTH AND THE ESTIMATED HYDRAULIC JUMP.

Figure 6a through Figure 6g show the comparison of the measured and estimated hydraulic jump. The figures

show that all the measured hydraulic jump data compare well with Eq (14) and Eq (15) - the developed model

dimensionless hydraulic jump model data with the Pearson correlation coefficients of between 0.993 and 0.995.
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Figure 6c¢: Lr; (estimated) as a function of Lr;
(measured) for Fri between 4.33 and 15.36 & di
between 5.4 and 4.5.
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Figure 6b: Lr; (estimated) as a function of Lr;
(measured) for Fry between 2.26 and 8.56 &
d: between 48.8 and 54.7
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Figure 6d: Lry (estimated) as a function of Lr;
(measured) for Fri between 2.88 and 11.37 & d:
between 10.6 and 9.8
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Figure 6e: Lr; (estimated) as a function of Lr;
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Figure 6f: Lr; (estimated) as a function of Lr;
(measured) for Fry between 3.06 and 6.71 & d; between
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Figure 6g: Lr; (estimated) as a function of Lr;
(measured) Fri between 2.38 and 5.38 & d; between
37.9 and 35.8

Results showed that two new models were developed to analytically calculate the length of a hydraulic jump in a

horizontal open channel flow using a bouncing ball. The models were based on the laws of motion and the

principles of impulse and momentum, to predict the length of a hydraulic jump in a horizontal open channel flow

with the Froude number between 2.25 and 15.96. The models were then verified with the experimental data

obtained in a large-size facilities. The measured and the estimated dimensionless hydraulic jump were virtually

identical with each other and increase rapidly with the increasing Froude Numbers, which is in line with reports

recorded in the literature. The values of the hydraulic jumps were also reasonable estimated from Eq (14) and Eq
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(15) - the developed model dimensionless hydraulic jump model data with the Pearson correlation coefficients of

between 0.992 and 0.997.

LISTS OF SYMBOLS

e — coefficient of restitution (COR) assumed constant and less than 1 because of the elastic bounce of ball;
dc — critical height of ball (m);

do - uniform ball depth at the weir (m);

Fr - Froude Number;

h - step height (m), which is also equals to the head loss at any intermediary step ;
Vy - incident ball velocity (m/s?);

V. - critical ball velocity (m/s?)

X, ¥ — X, and y axes coordinates of ball for all bounces with origin fixed at the weir(m);
Hi — residual head at the bottom of the spillway (m);

AH — difference between the maximum head and the residual head (m);

H - total head (m);

Hmax - maximum head available (m):

Hmax = Hdam + 3/2 * d;

Hres - residual head at the bottom of the spillway (m);

h - height of steps (m);

| - horizontal length of steps (m);

Q - discharge (md/s);

q - discharge per unit width (m?/s);

Reynolds number defined as : Re = pw * Uw * Dn/ pw

Uw - flow velocity (m/s): Uy = quw/d ;

W - channel width (m);

AH - head loss (m);

U - dynamic viscosity (N.s/m?);

p - density (kg/m3);

Subscript

a — conditions at ball bounce;

b — conditions at step brink;

¢ — conditions at critical height;

d — conditions at maximum ball height;
N- number of step;
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