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A Duality Principle and Concerning Convex Dual
Formulation for a Model in Micro-Magnetism

Abstract

This article develops a duality principle applicable to originally non-convex primal varia-
tional formulations. More specifically, we establish a convex (in fact concave) dual variational
formulation for a model in micro-magnetism. The results are obtained through basic tools of
functional analysis, calculus of variations, duality and optimization theory in infinite dimen-
sional spaces. We emphasize such a convex dual formulation obtained may be applied to a large
class of similar models in the calculus of variations, including models in elasticity and phase
transition.
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1 Introduction

This article develops a duality principle applicable to a large class of models in the calculus
of variations. Specifically in this text, in a first step, we present applications to a model in
micro-magnetism.

We emphasize the results on duality theory here addressed and developed are inspired mainly
in the approaches of J.J.Telega, W.R. Bielski and co-workers presented in the articles [1, 2, 3, 4].
Other main reference is the article by Toland, [5].

Details on theoretical results in micro-magnetism may be found in [6].

Moreover, details on the Sobolev spaces involved may be found in [7].

Similar results and models are addressed in [8, 9, 10, 11, 12].

Basic results on convex analysis are addressed in [13]. Other similar results and approaches
may be found in [14, 15, 16].

Now we start to describe the primal variational formulation for the model in micro-magnetism
in question.

Let  C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0f2.
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Consider a functional J : V; x Vo — R defined by

Jm, f) = /\Vde:c—i—(p /H m dx

+5 [ 1P do 1)

where a > 0, m = (m1, ma, m3) € Vi = WH2(Q;R?), represents a magnetization field concerning
a ferromagnetic sample 2 and
f e Vo= LA(R%RY)

is a vectorial field on R3.
Moreover H : 2 — R3 is a known external magnetic field.
Such a functional is considered subject to the following constraints

Im| =/m2+m3+m3 =1, inQ,
Curl f =0, in R?,
div (= f + mxq) =0, in R3.
Here we have denoted '
Xa(w) = { (1): i)ft}fefw?s’e. (2)

Moreover, for a functional ¢ : Vi — R, we assume the following multi-well format

@Un)==]£kegggbw}gk0n)dx,

where g;, : R — R is a convex and twice differentiable function Vk € {1,---, M} for a fixed
M e N.
Here we also denote

M
B = {t:{tk} measurable : 0<t, <1, Vke{l,---,M} and Ztkzl, in Q}
k=1

With such statements and definitions in mind, we define the functional

J1: Vi xVoax B—=R=RU{+x},

M
Ji(m, f,t) = ;/ |Vm|? dx—i—/Ztkgk(m dx

/H m dx + - /|f|2dx

+Ind0 ) + Ind1 m f) + I’rldg(f) (3)
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where
0, if Y0 mi =1, inQ,
400, otherwise,

Indy(m) = {

0, if div (—f +myq) =0, in R3,
400, otherwise,

Indl(mf):{

0, if Curl f =0, in R3,
400, otherwise,

Inda(f) = {

2 The main duality principle

Denoting Y = Y* = L?(Q) and Y] = Y] = L?(Q;R3), we start by defining the functionals
F:VixB—Rand Fy: Vo =+ R by

Fi /|Vm!2 dSE-i-/Ztkgk:
Q

k=1

—/QH-mdac, (1)

1 2
= — dzx.
2/R3|f| v

Thus, already including the Lagrange multipliers A, A2, A3 for the respective concerning
constraints, we obtain

Jl(m,f,t) = Fl(m7t)+F2(f)
+Indo(m) + Indi(m, f) + Inda(f)
Fl(m7t)+F2(f)

3
+ <Z mi —1, )\3>
k=1 2

+( div (=f +mxa), A2) r2®s) + ( Curl f, A1) p2(ms),

inf { Fy(m,1) “1A VA
nigvl{ 1(m, <ka 3> 2 = {m, 2>L2}

+fiél\£ { fi VA2 + Curl )‘1>L2(R3) + Fz(f)}
2
= —F7 (A2, A3,1) = F5 (A2, M), (8)

v

Y

VA = (A1, A2, A3) € A%, t € B, where
A =A€Y xY*xY* : —aV?+ A3 >0and \y =0, on 90}.

Here we have defined F : Y* xY* x B — R and F5 : Y* XY = R by

FY(A2,A3,t) = sup { —Fi(m,t) <ka > + <mav}\2>L2}7
L2

meVy

3
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and

F;(Az,)\l) = ;u‘l/) {—<f, Vg + Curl /\1>L2(R3) — Fg(f)}
€Va

1
— 2/Rg VA2 + Curl A |2 da. (9)

Define now J* : A* x B — R by
TN t) = T (A1, A2, A3, t) = —F) (Ao, Az, t) — F* (A2, A1).
Observe that, from the previous lines, we have obtained

inf  {J(m, f) + Indo(m) + Indi(m, f) + Inda(f)}

(m7f)€V1 XV2
inf Ji(m, f,t
(m, f,t)EVIx Vo x B 1m. f4)

> inf { sup J*(/\,t)}

teB (\eA*

> sup {inf J*()\,t)} . (10)

AcAx \l€B
We recall the constraints
0<t, <1, inQ Vke{l,--- , M}
are equivalent to
2 —t, <0, in QVke{l,---,M}.

Thus, already including the related Lagrange multipliers, we define the Lagrangian L by

_ M N2 M ~
LOVEA) =T\t + ) <ti — 1y, ()\2) > + <Ztk - 1,/\1> .
K=1 L2 k=1 I

2

Let (A, to, A) € A* x B x L2(Q; RM+1) be such that
SL(\ tg,\) = 0.

Observe that, defining

3
Hl(m7 5\23 5‘37t0) = —Fl(m,to) - <Zmi - ]'7 X3> + <m7 VS‘2>L27
k=1 L2
we have that

Fl*(j\z,;\g,to) = sug {Hl(m,j\g, 5\2,250)} = Hl(m, 5\2,5\3,250),
meVy

where m € Vj is such that o
OH (1, A2, A3, o)
(9mk
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VEk € {1,2,3}.
Observe also that symbolically, we may write
OFf (A2, Mg to) _ " OF} (a2, A3, to)
O d(VAg) ’
On the other hand, also symbolically, we have
8IWF(XQ,X3,t0) _ 8]11(ﬁ1,&3,X2,t0)
d(Vg) d(VAg)
+(’)urlrl(m, A3, Ao, t) O
_ OH (1, A3, s, t)
B I(VAs)
= m.
In summary, we have got o
£y t

02

OF; (A2, A3, to) L
VA8 000 m2—1].
O3 ; k

Similarly, we may obtain

(11)

From such a results and the variation of L in A3 we obtain the following extremal equation

< s 3

F*

_OFT (M, A3,t0) _ W2—1) =0, in 0.
O3 —

From the extremal equation

L\, to,\)
OAa N
we obtain o o
_8F1*(>\2,)\3,t0) _ OF5 (A2, A1)
A 0As ’
so that

div (fxq) + div (VAa + Curl A;) =0, in R®.

Thus, denoting . R .
f=-=VAy— Curl Ay,

we have got X
div (1hxq) — div f =0, in R,

From the variation of L in A1, we may obtain

OF3 (A2, A1)

=0
)8

5
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so that R R
Curl (VA2 — Curl \) =0,

that is, R
Curl f =0, in R3.

From such results, we have obtained

Indy(m) = 0, Indy(n, f) = 0 and Inds(f) = 0.

Moreover, from the standard Legendre transform properties, we may also obtain

3
F (X, A3, to) = —Fy (1, ) — <Z m2 — 1,)\3> + (11, VA2) 12,
k=1 L2
and o R o R
Fy (A2, A1) = —Fa(f) = (f, VA2 + Curl A1) p2gs).

Combining these last two equations, we have obtained

J*(A7t0) = _Fl*(j\275\37t0)_F2*(5\275‘1)

= Fi(i,to) + Fa(f)
= Fi(im,to) + Fo(f)
+Indy(i) + Indy (i, f) + Inds(f)

— Jl(mvfat())'

Suppose ty € B is such that

J*(\t) = inf J*(\ 1).

From an evident concavity of J* in A, we have

J* (A, tg) = sup J*(A, o).
A€A*

From such results and a Standard Saddle Point Theorem, we may infer that

T (A to) = sup {tigg J*(A, t)}

— inf { sup 70}

tGB )\GA*
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Joining the pieces, we have got

Jn, f) = J(m, f) + Indo(h) + Indy (1, f) + Inds(f)
— (m,f)igxf/'lxvg{J(m7 )+ Indy(m) + Indi(m, f) + Inda(f)}
= Ji(m, f,to)

N (m7f7t)€i%f><vz><B N1 (m’ £ t)

= J*(\to)
= sup {ian*()\,t)}

AeAx (t€B

= inf { sup J*(\, t)} . (14)

tEB AEA*

The objective of this section is complete.

3 Conclusion

In this article, we have developed a duality principle and a related convex dual variational
formulation for a model in micro-magnetism.

We highlight the results here obtained are applicable to a large class of models in the calculus
of variations, including some plate and shell non-linear theories, models in superconductivity
and phase transition, among many others.

In a near future research we intend to apply such results to some of these mentioned related
models.
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