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Generalized stability of a general quintic
functional equation

Abstract. The general quintic functional equation is a generalization of many functional equations
such as Jensen, general quadratic, general cubic, and general quartic functional equations. In this
paper, we investigate the generalized stability of the general quintic functional equation.
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1 Introduction

In this paper, let V', X, and Y be a real vector space, a real normed space, and a real
Banach space, respectively. The result of the stability of additive functional equation
obtained by Hyers [2] as an answer to an question of group isomorphism raised by Ulam
[9] in 1940 became the starting point for stability of functional equations, and many
mathematicians followed him to study the stability of various types of functional equations
(see [1, 8] for more generalized results).

Consider the general quintic functional equation

26: <6> (1) f(z +iy) = 0 (1.1)

i—o \'
forall z,y e V. If f:V — Y is a solution mapping of the functional equation (1.1), then
we call the mapping f a general quintic mapping. The result obtained by Y. H. Lee for

the Hyers-Ulam-Rassas stability of the function equation (1.1) is shown in the following
theorem.

Theorem 1.1 (Theorem 2 in [6]) Let p # 1,2,3,4,5 be a fized nonnegative real number.
Suppose that f: X —Y is a mapping such that

6

Z 6Ci(—1)°7" f(x + iy)

=0

< O([[z[” + [ly[1”) (1.2)
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for all x,y € X. Then there exists a general quintic mapping F with F(0) = 0 and a
constant K(p) such that

1f(z) = £(0) = F(z)|| < K(p)0|||”
forallz € X.

The hyperstability of the functional equation (1.1) obtained by S. S. Jin and Y. H. Lee is
as follows.

Theorem 1.2 (Theorem 2.4 in [4]) Let p < 0 be a real number. Suppose that f : X —Y
is a mapping satisfying the inequality (1.2) for all z,y € X \ {0}. Then f satisfies the
functional (1.1).

Y.H. Lee and S. M. Jung [7] obtained partial results of the generalized stability of the
functional equation (1.1) using the fixed point method. On the other hand, S. S. Jin and
Y. H. Lee [3] used the method of P. Gavruta in [1] to obtain partial stability results of
(1.1), too.

In this paper, we will show concise results that have improved the existing results on
the stability of the general quintic functional equation in the spirit of P. Gavruta through
a clearer proof. In particular, we will extend the range of partial results of the generalized
stability of the functional equation (1.1) obtained by Y.H. Lee and S. M. Jung [7] and S.
S. Jin and Y. H. Lee [3] to general results.

2 Stability of a general quintic functional equation

Throughout this paper, for a given mapping f : V' — Y, we use the following abbreviations:

f(x) ::f(w) - £(0),

fi(z) == (f(lGx) — 60f(8x) + 1120 (4z) — 7680 f(2x) + 16384 (z)),
fo(x) = — % (f(162) — 58 f(8x) + 1008 f(4x) — 5888 f(2x) + 8192f(x)),
%( f(162) — 54f(8x) + 808 f(4x) — 3456 f (2x) + 4096 f (x)),
fa(x) :=— 21;04 (f(162) — 46 (8x) + 504 f (4x) — 1856 f(2x) + 2048 (x)),
fs(x 3221560( 162) — 30f(8x) + 280 f (4x) — 960 f(2z) + 1024 f(x)),
6
§f<x> =3 (3) e v,

Tf(z) :=f(32z) — 62 (162) + 1240 (8x) — 9920 f (4z) + 31744 (2x) — 32768 f (z)

for all z,y € V. By laborious computation we can get some useful equalities in the
following lemma.
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Lemma 2.1 For a given mapping f : V — Y, the equalities
6 ~ 6
A f(z) = A f(z),
Yy Yy
TF(e) = A f(82) + 6 A f(42) +21 A f(242) +56 A f(2) +336 A f(6)
+ 904§f(4x) + 1504§f(2x) +1680 732 F(122) + 896 A f(4z)
15376 A f(32) + 13056 A f(20) + 15616 A f(2) + 8064 A f(62),  (2.1)
~ fo(22 I'f(x ~ ~( T ~(x
~ f2(2x If(z ~ ~(x 1 ~(x
Jalw) = f3(8 ) - _36fS(6i’ falw) = 8f3<2) - 4608Ff<2>’ (24)
- RGw) _ Ti@) . e\ 1 (e
14@®) = =6 = 354060 falw) - 16f4(2> = “omo1 (2) (2:5)
B Tf . R
(@) = 557 = “10321920° fs(@) = 32f5<2> = 339560 (2) (2:6)
f(@) = fi(z) + fa(z) + f3(2) + fa(z) + f5(2) (2.7)

hold for all xz,y € V.

6
Lemma 2.2 If f : V — Y satisfies the functional equation A f(x) =0 for all x,y € V,
y

then the mappings fi,...,fs:V — Y satisfies

fe(2z) = 2% fi.(x) (2.8)

for allx € V and each k € {1,2,3,4,5}.

6
Proof. If f : V — Y satisfies the functional equation A f(z) = 0 for all z,y € V, then
y

f:V =Y satisfies the functional equation I'f(z) = 0 from (2.1). Therefore, the equality
(2.8) follows from the equalities (2.2), (2.3), (2.4), (2.5), and (2.6). O

According to Corollary 6 in [5], we obtain following Lemma.

Lemma 2.3 For a given mapping f : V =Y, if there exist a mapping F : V =Y and a



UNDER PEER REVI EW

function ¢ : V' \ {0} — [0,00) that satisfy

17@)~ F@)l <3 5:6(2i) < oo or (29)
1=0

[e.9]

|f(z) — F(x)] < Z ﬁ¢(2%) + 22&(;3(;:16) < oo or (2.10)
i=0

1=0

1 (@) — Fo)] < 225%(21,.96) <o 2.11)
=0

5
for all x € V\ {0} and for some £ € {1,2,3,4}, where F(x) = > Fi(z) and every Fy, has
k=1
the property (2.8), then the mapping F is uniquely determined.

6

Lemma 2.4 If a mapping f : V — Y satisfies the functional equation A f(z) = 0 for all
y

x,y € V\{0}, then it is a general quintic mapping.

6
Proof. It is clear that A f(x) =0 for all z € V and
0

6 6
Af(0)=A f(6y) =0
v —y

6
for all y € V\{0}. So A f(z) =0 for all z,y € V as desired. O
y

Now we show the generalized stability theorem of (1.1).

Theorem 2.5 Let o : (V\{0})? — [0,00) be a function satisfying one of the following

conditions

D 27 (2%, 2'y) < oo, (2.12)
=0

24_’@(2%, 2'y) < oo and 22%0 (?’ ?) < 00, (2.13)
=0 i=0

28*’90(2%, 2'y) < oo and 24%0 (5, §> < 00, (2.14)
i=0 i=0

2516_290(2’1:, 2'y) < oo and z; 8 <§, ?) < 00, (2.15)
1= 1=

2232_14,0(2%, 2'y) < oo and z% 16%p (5, 5) < 00, (2.16)
1= 1=

2321‘@ (23 23) < 00 (2.17)
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5
for all x,y € V\{0}. Suppose that f : V — 'Y is a mapping such that
6
A f@)| < wlz,y) (2.18)
for all x,y € V\{0}. Then there exists a unique general quintic mapping F such that
~ 1 X 0(2)
, 2.1
@) - F@l <3 by ) (220)
g =2 271 ) T £ 10752 - 41 '
- 0(2'z)
| < 2.21
Hf _z:: ( ) 36864 36864 - 8’ ( )
= d(2'2)
176 ; ( >+2344064 22)
. °° d(2'x)
I7(@) - F@)l < 21504 2%+1) < 10321920 - 32°° (223)
~ = 32 x
—F < Ol — 2.24

forallx € V\{0} if p satisfies (2.12), (2.13), (2.14), (2.15), (2.16), or (2.17), respectively,
where ® : V\{0} — [0,00) is the function defined by

O(x) :=p(8z,4x) + 6p

+ 904 (4z, 2z

+ 5376 (3z,

—

dx,4x) + 21¢(24x, —4x) 4+ 56¢(8x, 2x) + 336¢(6x, 27)
+ 1504 (22, 2x) + 1680p (122, —2x) + 896¢p(4z, x)
+ 13056 (22, ) + 15616p(z, ) + 8064p(6z, —x).

— D

Proof. Notice that, from(2.1) and (2.18), we have

IDF ()] :H A F(82) + 6& F(4z) + 21 K F(242) + 56 K F(32) + 336 E f(62)
+904 A F(4z) + 1504 A £(22) + 1680 7A2 F(122) + 896 A F(4a)

15376 A f(3x) + 13056 A f(22) + 15616 A f(x) + 8064 A f(62)

<d(z) (2.25)

for all x € V. We prove the theorem in two steps.

Step 1. Let k € {1,2,3,4,5} and 6 € {—1,1}, and let ¢ satisfy

o0 on on
(2°"x, 2°"y)
Sokn < 00 (2.26)

n=0
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for all z,y € V\{0}. Together with

9%kn —  9dk(n+tm) 90ki  90k(i+1)

R2a) 20 TS (fk@%) fk<25<i+1>x>>

i=n

and (2.2), (2.3), (2.4), (2.5), (2.6), (2.25), we have the inequalities

A heera| o 1 | 1 TR e
2n n+m — 10080 — 2t — 10080 Pt 2t

1 n+m—1 ‘ T
1 7
2Ff<22+1>H < 5040 Z 2(1)(2“1)7
=N

2nf i 2n+mf x < 1 n—iin:_l
N on W on+m || = 5040 i

n+m—1

~ €T ~ X 1
A" fo [ — ) —4mt™ <
f2(2n) f2<2n+m)” = 2688 ;

f‘2(2nl.) B f‘2(2n+m Ff 22

4qn 4n+m

- 10752 Z:

| — 10752 g

. 1 n+m—1 . T
()| < s 2 1o(gw)

n+m—1

B B 1 riEa)|_ 1 I ek
_ < - -
‘ 8" gn+m — 36864 Z 8¢ — 36864 Z 8 7
i=n i=n
n+m—1

n+m—1
n i n+m i T < 1 l(b x
s f3<2n> e (2n+m>H = 4608 ZL 5 f<2l+1)H = 4608 z; s a1 )

fi2rz)  fa(2vtma) 1 "M rf(2i) 1 "I p(2in)
- < > — [ = > e
167 167-+m 344064 167 344064 &~ 16°
x x 1 et x
16" f3( — ) — 16"+ . < — 16° Tf( ——
o () -0 575 )| < a2 o 07|
1 n+m—1 z
< 16'®( —
fs(2r2)  f5(20ma) 1 "*il T f(2iz) 1 "*zmzl D(2ix)
320 32ntm || = 10321920 £~ 320 || = 10321920 320




UNDER PEER REVI EW

and

n+m—1
~ ([ x 1 .~
2" fe | — | — 3gntm < XTfl —
H3 f5<zn> ’ f(zn+m>H—szz5ﬁo 2| f(zm)”

1 n+m—1 z
7
<o L 20(5%)

=n

for all x € V\{0} and n,m € NU {0}. It leads us to prove that {%} is a Cauchy

sequence for all z € V\{0} if ¢ satisfies (2.26). Moreover, since Y is complete and
fx(0) = 0, the sequence converges for all z € V. It follows that we can define a mapping
Fsi.: V=Y by

Fs(z) := lim 7‘&(26”%)

Jim TS (2.27)

for all x € V' if ¢ satisfies (2.26). Now we observe that the equality

6
A Fsi(x) =Fsi(x 4 6y) — 6F5,(x + by) + 15Fs,(x + 4y) — 20Fs;(x + 3y)
y

+ 15F5k(.%' + 2y) — 6F5k($ + y) + ng(.%')

= <fk(26né§n+ ) _ 6fk(26néfn+ W) 115 fk(26n§?n+ 1y))
0! ’“(25néfn+ 39) | 457 ’f@&";«";r 2y)) 6fk(267;(; +y) fk(;;lx)>

holds for all z,y € V\{0}. Together with the definition of fi, if ¢ satisfies (2.26) for k = 1,
then we have

6 L 1 f~(25n+4(x + 6y)) f(26n+4(w + 5y>) f(2§n+4x)
%Fal(x) —nll_)rgoH5040< o —6 i o T
60 [ f(207F3(x + 6y)) 6 F(2073 (x4 5y)) f(20n+3g)
5040 20m N 20 Tt T
1120 ( (22 (2 + 6y)) 6f (2°2(x + 5y)) f(2on+2g)
5040 20n a 20n L T
7680 [ (207 (z 4 6y)) 6 20+ (z 4 5y)) f(25"+1 )
— 5010 5o — Som 47
16384 ( f(2" (2 + 6y)) (2" (z+5y)) |
5040 26n 96mn
y 16384A%;, f(2"x)  T680A%,,, f(2"F'a)  1120A%,,, f(25n+2
N nl_{{lo 5040 - 20n B 5040 - 20n 5040 - 200
60ASs, s, f(27F52) AL, f(27" )
B 5040 - 20n T 5040 2
o i (10240027, 2My) | 480p (27w, 20 y) | 2p(2 R, 27 2y)
= nioo 315 - 20 315 . 20n 9.90n
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S0(26714-3% 2§n+3y) N S0(26714-4% 2§n+4y)
84 - 20n 5040 - 201

=0

for all z,y € V\{0}. In a similar way, by the definition of fy, if ¢ satisfies (2.26) for
k =2,3,4,5, respectively, then we get

6 on+4 6 on+3 6 on+2
& ()| = 1m Asnya, f(22)  58AL, 1 f(27" ) - 1088A%5,.1,, f (2" F2x)
m n—co —2688 - 49 2688 - 49n 2688 - 40

B8S8ALs, 1, (27 ) 8192 A5, F(27"2)
2688 - 40n 2688 - 491
< b 90(2571—|—4x’25n—‘,—4y) 58@(25n+3x’25n+3y) 1088@(25n+2$726n+2y)
= n—oo 2688 - 490 2688 - 490 2688 - 490
5888 (20 H 1, 20nH1y)) N 8192¢p(207x;, 20my)
2688 - 490 2688 - 45n
= 0,
gFgg(x) ~ bim Agsn+4yf(26n+4$) _ 54Agan+3yf(26"+3$) 808Agan+2yf(25n+2$)
M n—sco 4608 - 490 4608 - 491 4608 - 491
_3456A§M+1y f(207 ) 4096 Asn, f(20m2)
4608 - 491 4608 - 491
< tim S0(2(§n+4w’2(5n+4y) 5480(25n+3x725n+3y) 808@(26n+2$,26n+2y)
n—yo00 4608 - 490 4608 - 491 4608 - 491
3456 (207 x, 20mHy) 4096 (207, 207y)
4608 - 490 4608 - 45n
. 07
& Py = tim Alsa, f(27" ) 464, 5 f(20" )  B04AG s, f(2+2)
m n—o0 —21504 - 8%n 21504 - 80n 21504 - 89n
185643, 1, f(2 e ) 2048 A5, f(27"2)
21504 - 8n 21504 - 8n
< tim @(26n+4x’25n+4y) 46@(25””37,25”*32;) 504¢(26n+2w726n+2y)
n—so0 21504 - 8n 21504 - 891 21504 - 891
1856(,0(25n+1£17, 26n+1y)
21504 - 8n

2048 (20", 20my)
21504 - 8on
=0

)
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3F55(JJ) ~ lim H Agan+4yf(26n+4$) B 30Agan+3yf(25"+337) n 280Agsn+zyf(26"+2$)
v n—oo || 322560 - 89" 322560 - 89n 322560 - 8%n
960A35n+1yf(25”+1:z:) 1024A26n f(20m2)
322560 - 8" 322560 - 807 ‘
. <g0(25"+4x,25”+4y) 30 (203, 20mH3y) 2800 (2072, 202y
= n=r00 322560 - 80" 322560 - 89 322560 - 8%n
9604 (20 F 1y, 20 +1y)  1024¢(207 1, 207y)
322560 - 8%n 322560 - 85" >
=0

for all z,y € V\{0}. And then, since Ag Fsi(x) =0 for all z,y € V\{0}, the mapping Fs,
is a general quintic mapping for all k € {1,2,3,4,5} and 6 € {+1,—1} by Lemma 2.4.

Step 2. Now we define the desired general quintic mapping F' for all cases.

(1) Let ¢ satisfy the condition (2.12), then Fi, Fy, F3, Fy, and F5 are defined by (2.27).
We put a general quintic mapping F': V — Y by

F(z) = Fi(z) + Fa(z) + F3(x) + Fa(x) + F5(x)

for all z € V. Observe that. by (2.2), (2.3), (2.4) , and (2.6), we have
f NS 2| SRS @) fi2 )
Hf(x) _kz o || S Zo kZ( oki  ok(i+1) H
=1 i=0 || k=1

nd 1 1 1 1
_ : - ) |ITf (2
ZZ (10080 9 1075241 | 36864 - 8 344064 161 T 10321920 32@) T )l
z n—1 7
~ 10080 & 21

10080 - 2¢
for all x € V\{0}, which follows (2.19) as n — oo.

IN

(2) Let ¢ satisfy the condition (2.13), then F_1, Fy, F3, Fy, and F5 are defined by (2.27).
Putting a general quintic mapping F': V — Y by

F(x) = F_l(x) + FQ(.’L’) + Fg(.%') + F4(.’L‘) + F5(£B)

for all x € V. Then we have

oki ok(i+1)

° (fk(Qiff) fk(?“iﬁ))H
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n—1 1 1 1 1
Lf(2
+Z <10752 41 36864 - & + 344064 - 16¢ 10321920 - 321) I (Z'2)]

=0

1 n—1 n—l
<—— ) 2
5040 ; (2’“ > 1075 ;

for all x € V\{0} by (2.2), (2.3), (2.4), (2.5), and (2.6), which follows (2.20) as n — co.

(3) Let ¢ satisfy the condition (2.14), then F_1, F__o, F3, Fy, and Fj are defined by (2.27).
Putting a general quintic mapping

F(x) = F_l(ﬂi) + F_Q(CC) + Fg(l‘) + F4(33) + F5(x)

x)‘
Z

kiz (L _ ok(i+l) f
Z<2 A(5) - 207 (55 )
=0
~(2 4 e
-\ 5040 2688 571
n—1
1 1 1 o
* ; <36864 "8 344064 - 16' | 10321920 - 32z> I (2')]
n—1 n—1 .
1 o T 1 O (2iz)
<N 4ip ,
_2688§ <2%+1)+36864; &

for all z € V\{0} by (2.2), (2.3), (2.4), (2.5), and (2.6), which follows (2.21) as n — oc.

for all z € V. We have the inequality

2 5 7 om
o Ea(z) B4
k=3

n—

n—1

+

1=

5 fk 2z f~k<2i+1$)
ka 9k(i+1)
k=3

IN

7

(4) Let ¢ satisfy the condition(2.15), then F_1, F_o, F_3, Fy, and Fj are defined by (2.27).
Putting a general quintic mapping

F(z) = F_1(z) + Foo(z) + F_g(z) + +Fu(z) + F5(x)

kig [ L k(i+1) F
Z <2 Tk (21> -2 (+1)fk<21+1>
2! 4t 8! T
Z (5040 ~26ss 4608> Hrf(zzﬂ) H

n—1
1 1 o
- N\ 0o
' i=0 <344064 -16* 10321920 - 32%) ITf(2')]l

for all x € V. We have the inequality

o7 (2 N~ F(2M)

=1

’—‘?T‘

n—1
=0

5 ~ .
fil2ie)  fu(2ta)
;4 ( kzkz ’;k(i—l—l) ) H

IN

OME%
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[y

n—

1 = T d(2
<— S 8 —
~ 1608 £ <2%+1 ) 344064 Z 16@

A

for all z € V\{0} by (2.2), (2.3), (2.4), (2.5), and (2.6), which follows (2.22) as n — oc.

(5) Let ¢ satisfy the condition (2.16), then F_1, F_ o, F_3, F_4, and F5 are defined by
(2.27). Putting a general quintic mapping

F(z) :=F_1(z) + F_o(z) + F_3(x) + F_s(x) + F5(x)

for all x € V. We have the inequality

- Somi(3) -5

k=1
n—1 4 —1 i 5 i+1
ki [ % k(i+1) f5(2'z)  f5(27 1)
SZ Z (2 fk(2i> — 2k <21+1>>H Z 252 I ICESY)
i=0 || k=1 —0
n—1

2 I rf( = —IIFf(T )
5040 2688 ' 4608 21504 2i+1 10321920 321 v
2

1 i 1 = 9(2)
=31504 Z 16 (2”1) " 10321920 z; 32

7=

for all x € V\{0} by (2.2), (2.3), (2.4), (2.5), and (2.6), which follows (2.23) as n — occ.

(6) Let ¢ satisfy the condition (2.17), then F_q, F_o, F_3, F_4, and F_j5 are defined by
(2.27). Putting a general quintic mapping

F(I) = F_1($) + F_Q(JJ) + F_3(LU) + F_4(l‘) + F_5($)

for all x € V.. We have the inequality

5 n—1 5
7 kng [ L kig [T k(i+1) £
oy ) Bl ()|
k=1 =0 || k=1
s, 8i 16 390 .
< - + Tf( 507
= 5040 2688 4608 21504 = 322560 21+
n—1

<Z 4t gt 16° N
5040 2688 4608 21504 322560 21+1

i=

n—1
1 . T
< 32'®( —
— 322560 ZZ:; (2”1 >

for all z € V\{0} by (2.2), (2.3), (2.4), (2.5), and (2.6), since =255 — goes + 1ooe — 71007 +
32¢

395550 = 0 when @ € {0,1,2,3}, which follows (2.24) as n — oo.
Moreover, by the definition, we easily get

Fy5.(2x) = 28 Fyp(2)
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6

and A Fsip(z) = 0 for all z,y € V. According to Lemma 2.4, F is the unique general
y

quintic mapping. Il

The stability results for the functional equation (1.1) proved by Y. H. Lee and S. M.
Jung [7] and S. S. Jin and Y. H. Lee [3] only deal with the conditions (2.12) and (2.17)
of Theorem 2.4. Compare the following concise theorem obtained from Theorem 2.4 with
Theorem 1.1 obtained by Y. H. Lee [6].

Theorem 2.6 Let 0 be a positive real constant and p a real number such that p #
1,2,3,4,5. If f : X = Y satisfies the inequality

H%ﬂ@ <6l + Iyli")

for all x,y € X\{0}, then there exists a unique general quintic mapping F such that

17 (@) ~ P <zl for p<1,

040(2 — 27)

Mo|x||” Mo|=|”
040(20 —2) ' 2688(4 — 27)
MojlelP _ _ M6|jz|?
688(20 —4) | 4608(8 — 27)

||f($)_F($)H§5 for 1<p<2,

If (@) = F)l| <3 for 2<p<3,

. M| z||P MO|z|P
— <
1) = @) < f50s70 —8) T 21504016 — 29) for 3<p<4,
: Mol Mol
— <
I7(2) = F@)l <51500m20 —16) T 322500032 — 27) for 4 <p<5,
. 102400 |?
— <
IF0) = Pl <55 o e for 5<p

for all x € X\{0}, where

M :=21-24P + 1680 - 127 4 57 - 8” + 8400 - 6
+ 1834 - 4P 4 5376 - 3P 4+ 19040 - 2P + 58624.

3 Conclusions

In this paper, we investigate the generalized stability of the general quintic functional
equation (1.1). Precisely, if f : V — Y is a mapping such that H Ag f(:L‘)H < p(z,y) for

all z,y € V\{0}, where ¢ : (V\{0})? — [0, 00) holds the conditions (2.12), (2.13), (2.14),
(2.15), (2.16), or (2.17), then there exists a unique general quintic mapping F' such that
the difference || f(x) — F(x)|| satisfies the conditions (2.19), (2.20), (2.21), (2.22), (2.23),
or (2.24), respectively.
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