Generalized stability of a general quartic
functional equation

Abstract. The general quartic functional equation is a generalization of many functional
equations such as a Jensen functional equation and a general quadratic functional equation. In
this paper, we investigate the generalized stability of the general quartic functional equation
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using a direct method that modifies the proof method of Gavruta in [1].
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1 Introduction

In this paper, let V, X, and Y be a real vector space, a real normed space, and a real Banach space,

respectively. In response to the question of the stability of group isomorphism raised by Ulam [11]

in 1940, the result of the stability of additive functional equation obtained by Hyers [3] became

the starting point for the stability of functional equations (see [1, 10] for more generalized results),

and many mathematicians subsequently studied the stability of various functional equations.
Consider the general quartic functional equation

5

5 _
> (0) s vin =0 (1)
i=0

for all z,y € V. We call the solution mapping of the functional equation (1.1) a general quartic
mapping. Y. H. Lee has proved the following theorems for the Hyers-Ulam-Rassas stability and

the hyperstability of the general quartic functional equation, respectively.

Theorem 1.1 (Theorem 2.2 in [7]) Let p # 1,2,3,4 be a real number. Suppose that f : X =Y is
a mapping such that

Z (3) v+ i) < odalp + e 12)



for all z,y € X \ {0}. Then there exists a unique general quartic mapping F such that

T+5-2P 7T+5-2P
_ _F < p
150) = 10 - Pl < ( gz * oozl

for all x € X \ {0} and F(0) =

Theorem 1.2 (Theorem 2.3 in [7]) Let p < 0 be a real number. Suppose that f : X — Y is
a mapping satisfying the inequality (1.2) for all x,y € X \ {0}. Then f satisfies the functional
equation (1.1).

Throughout this paper, for a given mapping f : V — Y, we use the following abbreviations:

f(z) =f(x) = f(0),

Fu(e) o= = 1o (7(8) — 287(4x) + 224 (20) ~ 512f(x)),
o) =g (F(8x) — 261 (4x) + 176 (2r) — 256£(z)).
o) = o5 (F(8) — 22f(42) + 104(2r) — 128/ (x))
i) =gy (F(82) — 147 (4) + 56 (22) — 64f(2)),
1@ =3 (3) - ste +in

Tf(z) :=f(16x) — 30f(8x) + 280 f (4z) — 960 (22) + 1024 ()

for all z,y € V. In this paper, we obtain a generalized stability theorem for generdl quartic func-
tional equations by a direct method using the limits of sequences {fl (221-/38) }, {fz } {f3 (2'z) },

{f4161 bA2AE) Y {4005} {87/3(5) ), and {16°fu(5) }-

The results of proving the generalized stability of general quartic functional equations using
the direct method in this paper generalize the previous results shown by Y. H. Lee and S. M. Jung
[8]. They obtained partial results of the generalized stability of the functional equation (1.1) using
the fixed point method in [8].

For research on the stability of the general cubic, the additive-quadratic-cubic, and the quartic-
cubic-quadratic-additive functional equation, which correspond to prior research on the stability
of the general quartic functional equation, see the studies of Lee [4], Jun and Kim [5], M. E. Gordji
et. al [2], and C. Park et. al [9].

2 Stability of a general quartic functional equation

Throughout this paper, for a given mapping f : V — Y, we use the following abbreviations:

flz) =f(x) = £(0),

File) = s (F(80) — 28f(4) + 2247 (20) — 5121 (2))
Fale) = s (F(80) — 26(4) + 176 (2x) — 256(2))
o) = 15 (F(82) — 22f(42) + 104(2r) — 128/ (2))
Fale) = gy (F(82) — 147 (42) + 56 (2) — 647 (),
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1@ =3 (0) -0 rte i),

T'f(z) ::f?mx) — 30 (82) + 280 (4z) — 960 f (2x) 4 1024 f (z)

for all z,y € V. By laborious computation we can get some useful equalities in the following
lemma.

Lemma 2.1 For a given mapping f : V — Y, the equalities

§f<x> = §f(x>,

f(z) = 2Kf(fi:c) +5 23 f(4z) + 15 23 f(22) —35 732 f(10z)
404 f(32) + 200 A f(2¢) + 376 A f(x) — 280 A f(5), (2.1)
oy 259 T, hw-2(5) = i(3) e
oy - 229 L) i -sh(3) = gi(3) e
- Ra) T . CleN 1
e TR TE T fa(@) = 16f4<2> - 1344”(2)’ (25)
f(@) = fi(@) + faz) + fs(z) + fa(2) (2.6)
hold for all x,y € V.
Lemma 2.2 Let f:V =Y satisfy the functional equation
Af(z)=0
y
for all x,y € V, then we have
fe(2z) = 2% fi.(x) (2.7)

for allz € V and each k € {1,2,3,4}.

Proof. It is clear that I'f(z) = 0 by (2.1). Therefore, the equality (2.7) follows from the equalities
(2.2), (2.3), (2.4), and (2.5). 0

By substituting oy = 1,a9 = 2,a3 = 3,a4 = 4, and a = 2 into Corollary 6 of [6], we obtain
the following lemma.

Lemma 2.3 [6] For a given mapping f : V. — Y, if there exist a mapping F : V =Y and a
function ¢ : V' \ {0} — [0,00) that satisfy

[ f(z) — F(z)]| < Z %qb(?z) < oo or
i=0

17@) ~ F@)l <3 sarmo@a) + 3 2¢(21x) <00 or
1=0 1=0

1f(2) - F(a)]| < Zz%(;x) < oo
1=0



for all x € V \ {0} and for some ¢ € {1,2,3}, where F(z) = Z Fy(x) and every Fy has the

property (2.7), i.e., Fp(2z) = 28Fy(z) for allz € V and k € {1 2 3 ,4}, then the mapping F is
uniquely determined.

5

Lemma 2.4 If a mapping f : V — Y satisfies the functional equation A f(x) =0 for all z,y €
y

V\{0}, then it is a general quartic mapping.

5
Proof. It is clear that A f(z) =0 for all z € V and
0

£

Af(0)=—Af(5y) =0
y -y
5
for all y € V\{0}. So A f(z) =0 for all ,y € V as desired. O
y

Now we show the generalized stability result of (1.1).

Theorem 2.5 Let ¢ : (V\{0})? — [0,00) be a function satisfying one of the following conditions

izﬂ'@(%, 2%y) < oo, (2.8)
i=0

24 0(2'z,2'y) < 0o and 221 (2£ g) (2.9)
ZS (2'z,2) < 0o and 241 ( )<oo (2.10)
216*’@0(2"33, 2ty) < 0o and 28% (%, %) < 00, (2.11)
; i=0

2162 ( ) < 0 (2.12)

for all z,y € V\{0}. Suppose that f : V =Y is a mapping such that

%f(w) < p(z,y) (2.13)
for all z,y € V\{0}. Then there exists a unique general quartic mapping F such that
1@ - Pl sﬁ > e
17t - Pl <555 220 () + gy 2o 2 215)
1f(@) - Fa)| s% sz (ijl) —— ij; p) (2.16)
1) = Flo)ll <3g5 Zgl (2”1) 21;04 2 ‘I)(126233)7 (2.17)

17(@) - @)l S5 21 o0 (50 ) (2.18)



for all x € V\{0}, if ¢ satisfies (2.8), (2.9), (2.10), (2.11), or (2.12), respectively, where the
function ® : V\{0} — [0, 00) is defined by

D(x) :=p(6x,2z) + bp(4x, 2x) + 15¢(2x, 22) + 350(10z, —2x)
+ 40¢(3x, ) + 2000 (22, ) + 376p(x, ) + 280p(5x, —x).

Proof. Notice that, from(2.1) and (2.13), we have

I =| & (60) +5 8 st42) 153 r20) - 35 & sao0)

5 5 5 5
+40A f(3x) + 200 A f(22) + 376 A f(x) — 280 A f(bx) O(x) (2.19)
for all x € V.. We prove the theorem in two steps.
Step 1. Let k € {1,2,3,4} and ¢ € {—1,1}, and let ¢ satisfy
QO 26n$ 25n )
Z 5t < o0 (2.20)

for all z,y € V\{0}. Together with

fe@ra)  fi(2 ) mfj_l (fk(z(”x) ﬁ(z‘s““”))

o0kn  9dk(ntm) 90ki  98k(i+1)

and (2.2), (2.3), (2.4), (2.5), (2.19), we have the inequalities

f@me)  AET) <i”*i” If(2'z) <L”*§1<b<m>
on on+m T 336 2i T336 &~ 2
T T 1 it T 1 et T
2n~ il _2n—',-m~ < i - 21‘@
i) -7 () < 2 i) < X ve(sn)
fQ(Qan) B f2(2n+mx) - Ln-ﬁi 1 F,]E(Qll') - Ln-‘y—m—l (I)(Qll')
4n gn+m = 384 « 4i = 38 4i 7
i=n 1=n
anf () g, (2 <1 Rl prf( ) <2 Hm_lzﬂ@ x
f2 27 - f2 2n+m — % f 21+1 — % 2z+1
fs(2ma)  fs(@vma) 1 " e 1 "*i*@(w)
]n gn+m = 1536 gi T 1536 &~ 8

n+m—1
wi (2 _gimp (2 )< L
8f3<2n> 3 f3(2n+m)‘192 ;

n+m—1
i 1 % z
8 Ff(21+1>H<192 Z 8(I)<2i+1)’

1=n

n+m—1 ;
1 3 D(2'x

< Er—

— 21504 = 16t ’

~

Lf(2'z)
167

fa@rz)  fu(2vma)
167 167




and

n+m—1
~ T ~ x 1 . ~ x
16" fu( = ) — 16"+ < 16° Tf( =
o) o) < 2 o )|
1 n+m—1 2
< — 16'®( —
for all z € V\{0} and n, m € NU{0}. It leads us to prove that, if ¢ satisfies (2.20) then the sequence

{f’“éfzzm)} is a Cauchy sequence for all z € V\{0}. Moreover, since Y is complete and f;(0) = 0,
the sequence converges for all x € V. It follows that we can define a mapping Fsr : V — Y by

Fsi(z) := lim m (2.21)

n—oo  20kn

for all x € V if ¢ satisfies (2.20). Now we observe that the equality

éng(m) = ng(x + 5y) — 5F5k(x + 4y) + 10F5k($ + 3y) — 10F5k($ + 2y) + 5F5k($ + y) - ng(x)

= (fk(wg(axj W) _ 5fk(25n2(fn+ W) 4 107 ’“<2M2(§n+ 39) 1, fk<25n2(6$n+ 2))
£ (9én F rodn
e 2gﬂi+ y) _ fk(225n x))

holds for all z,y € V\{0}. Together with the definition of f1, if ¢ satisfies (2.20) for k =1, then
we have

5 . 1 (f@ 3@ +5y)) (w4 4y)) F@ 3 + 3y))
F, =1 - — — 1
% 51( ) nggo H 168 < 20n 5 20n +10 20n
@ a2y | FE@ry)  fen )
20n 2n 20n
LB (b)) M@+ dy)) R+ 3y))
168 20n 20n 20m
@R ) | JE e y)  fRTR)
25n 25n 2677,
AR ety JE e ay) | FE e 3y) | FE @ 2)
168 20n 20n 20n 20n
N 5‘75(2‘5”“(% +y)  f@Ha) 4 512 f@(x+5y) 5f(25"(fv +4y))
20n 20n 168 20n 20n
F(2°" (x + 3y)) f@ (@ +2y) | R (x+y)  f2Ma)

+10 20m - 10 20n +95 2n B on
— lim 25n+3 f( 26n+3 ) n 28A26n+2yf(26n+21‘) _ 224A35n+1yf(25n+153) n 512 A25" f(zénx)
 noo —168 - 20 168 - 20 168 - 20 168 - 20n
< lm 25n+3$ 26+3 ) N (p(26n+2w726+2y) 4@(26n+1$725n+1y) 64¢<25nx’26ny)
T n—oo 168 - 26n 6 - 26n 3.26n 21 . 26n
=0

for all x,y € V\{0}. In a similar way, by the definition of fr, if @ satisfies (2.20) for k = 2,3,4,



respectively, then we get

5
A Fso(x)
y
i AganH f(26n+3 ) 26A§5n+zyf(2‘5"+2x) 176A§5n+1yf(26”+1 ) 256 A28" f(25”a:)
it ‘ 96 - 49m 96 - 49 96 - 49m 96 - 4°m
< lm SD(Q(SnJr?)x’25n+3y) N 13<p(26n+2m726n+2y) N 1190(26n+1m725n+1y) 8¢(2§nx’25ny)
~ n—oo 96 - 49n 48 - 467 6 - 49n 3. 40n
= 0’
5
A Fs3(x)
y
A%, SO TR2) 2245, F(207FPx) 10445, f(20" T 2) 128 A3, f(207)
= lim 5 + 5 - 5 + 5
n—oo —192 - 8on 192 - 897 192 - 897 192 - 897
< lm (25n+3x 26n+3y) 11@(25"+2x,25"+2y) N 13@(25"+1x725"+1y) 2%0(2671%2611?/)
~ n—oo 192 - 86n 96 - 89n 24 . 86n 3.86n
= 0’
and
A F§4 (LL')
y
i Agén+3yf(26n+3x) 14A35”+2yf(25”+2x) n 56Ag5n+1yf(26n+1 ) 64 A25n f(26nx)
= 1344 - 851 1344 - 851 1344 - 851 1344 - 85n
< Lm <p(25"+3x,2‘5"+3y) N s0(26n+2x,2617,—',—2y) N @(26n+1m726n+1y) N (p(26nx726ny)
T n—oo 1344 - 8on 96 - 89n 24 - 86n 21 - 8on
=0

for all 2,y € V\{0}.
And then, since A Fsp(z) = 0 for all 2,y € V\{0}, the mapping Fj; is a general quartic
mapping for all £ =1, 2,3 4 and § = +1 by Lemma 2.4.

Step 2. Now we define the desired general quartic mapping F' for all cases.

(1) Let ¢ satisfy the condition (2.8), then Fy, Fo, F3, and Fy are defined by (2.21). We put a
general quartic mapping F': V — Y by
F(x) = Fl(x) + FQ(.T?) + F3(.73) + F4(33)
for all x € V. Observe that. by (2.2), (2.3), (2.4), and (2.5), we have
~ fe(22)  fu(2a)
Z ( 2/% k(i)

n—1

M

=0

i

n—1
1 1 o
(336 20 384 41 1536 -8 21504 - 16’) I (2")

n—

[u

If(2'z)
336 - 2¢

IN

=0

n—1 ;
1 D(2'x)
33 ; 21

IA
g



for all x € V\{0}, which follows (2.14) as n — oc.

(2) Let ¢ satisfy the condition (2.9), then F_;, F5, F3, and Fj are defined by (2.21). Putting a
general quartic mapping F' : V — Y by

F(z) := F_1(x) + Fa(z) + F3(x) + Fy(x)

for all z € V. Then we have

n z Jgk(an)
Hf(w)—2 A(a) -
k=2
n—1 x i+1 F x n—1 4 fk(sz) fk(2i+1$)
SZ 2f1(21)2 f1(21+1) +Z Z( ok k(D) )
=0 i=0 || k=2
2 pp( = S 1 1 1 .
: Nz B - ; ) T F(2
i 168 ’ ! 2”1>H+§( 384-47 1536 -8 21504.1@) I f(2")]|
1 n—1 z 1 n—1 @(27.1:)
168 ; (2’“> e ; 1

for all x € V\{0} by (2.2), (2.3), (2.4), and (2.5) again, which follows (2.15) as n — occ.

(3) Let ¢ satisfy the condition (2.10), then F_;, F_o, F3, and Fy are defined by (2.21). Putting a
general quartic mapping

F(z) = F_1(x) + F_o(x) + F3(z) + Fy(x)

for all x € V. We have the inequality by (2.2), (2.3), (2.4), and (2.5) that

ERNACHR I

k=1
n—1 . n—1 4 3 21 3 2i+1
<S5 (e (3) -2 (o) + | o (B2 - B
1 i= =3

IN

n—1 21 1 1 i
B ) |0 F(2
= 0( 168 )H (2”1)H (1536 8! 21504-161> Irf @)l

1 & 1 <I>(2’x)
52 <QZ+1> 1536; 8

for all z € V\{0} by (2.2), (2.3), (2.4), and (2.5), which follows (2.16) as n — oo.

(4) Let ¢ satisfy the condition (2.11), then F_q, F_o, F_3, and Fj are defined by (2.21). Putting
a general quartic mapping

F(LL') = F,l(x) + F,g(oc) + ng(x) + F4($)



for all x € V. We have the inequality by (2.2), (2.3), (2.4), and (2.5) that

3 n n
=3 2, x\  fa(2"x)

k on 924n

k=1
3 - -
kig (T k(i+1) 7,

> (2 () -2 () H 5
k= =0

n—1
n—1 ;

20 4 1 -
__0(168 96 192> H <gz+1>H < 31501 T lITf (22l

f4 2 {E f4(2i+1l‘)
24i 24(i+1)

IN

B

n—1
1 .
<— )
~192 ; 5 (2l+1) 21504

for all x € V\{0}, which follows (2.17) as n — oc.

M
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(5) Let ¢ satisty the condition (2.12), then F_q, F_o, F_3, and F_,4 are defined by (2.21). Putting
a general quartic mapping

F(x) := Fy(x) + Foo(z) + Fog(x) + Fla(z)

for all z € V. We have the inequality by (2.2), (2.3), (2.4), and (2.5) that
n—1 4 .
kn f ki7 [T k(H—l
‘ 22 f = ‘ <y Z(z fk<2i) ) <2”1)>H
=0 || k=1
n—1 . . .
20 4 82 16¢
< - - _ =
= ; ( 168 96 5 " 1344) (22+1>H
n—1 . . . i
21 4¢ ]t 16¢ _ .
2.\ - o rf( =
B ; ( 168 96 192 1344) H f(zm) H
1 ’L
- 1344 Z (21+1>

= 0 when ¢ € {0,1,2}, which follows (2.18) as

for all x € V\{0}, since —55 + 55 — 105 T 1313
n — 0o. Moreover, by the definition, we easily get

Fsp(2x) = 28 Fyp,(2)

5
and A Fysp(z) = 0 for all z,y € V. According to Lemma 2.4, F is the unique general quartic
Y

mapping, and we complete the proof of the theorem. O

Recall the stability result for the functional equation (1.1) proved by Y. H. Lee and S. M. Jung
[8] only deal with the conditions (2.8) and (2.12) of Theorem 2.4.

Compare the following concise theorem obtained from Theorem 2.4 with Theorem 1.1 obtained
by Y. H. Lee [7].

Theorem 2.6 Let 6 be a positive real constant and p a real number such that p # 1,2,3,4. If
f: X =Y satisfies the inequality

H K1) < ol + 1ol
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for all z,y € X\{0}, then there exists a unique general quartic mapping F such that

~ M@ P

1) = Pl < 1o — 55 for <l
. Molalr Mo|alp

|f(z) — F(x)| <Tes@ —2) " 96(d - 2) for 1<p<2,
1) - F@))| <o2olel”_ | _Mblz] Jor 2<p<3,

96(2r — 4) ' 192(8 — 27)

; Moz MO||z|?
— F < 4
I£(z) = F@)]l < 192(2» —8) ' 1344(16 — 27) for 3<p<4,
64M0||z||P

||f7(5”)*F(17)|| §21 for 4<p

8P (2 — 16)
for all x € X\{0}, where

M :=35-107 + 6P 4280 -5 +5-4P 4+ 40 - 3P 4 271 - 2P 4 1272.

3 Conclusions

In this paper, we investigate the generalized stability of the general quartic functional equation
83 1(0)] < ely) for all 2y € VA(0)

where ¢ : (V\{0})? = [0,00) holds the conditions (2.8), (2.9), (2.10), (2.11), or (2.12), then there
exists a unique general quartic mapping F such that the difference ||f(x) — F(x)|| satisfies the
conditions (2.14), (2.15), (2.16), (2.17), or (2.18), respectively.

(1.1). Precisely, if f:V — Y is a mapping such that
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