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Generalized stability of a general quartic
functional equation

Abstract. The general quartic functional equation is a generalization of many functional
equations such as a Jensen functional equation and a general quadratic functional equation. In
this paper, we investigate the generalized stability of the general quartic functional equation

i (f) (=17 f(a +iy) = 0.

=0
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1 Introduction

In this paper, let V, X, and Y be a real vector space, a real normed space, and a real Banach space,

respectively. In response to the question of the stability of group isomorphism raised by Ulam [7]

in 1940, the result of the stability of additive functional equation obtained by Hyers [2] became

the starting point for the stability of functional equations (see [1, 6] for more generalized results),

and many mathematicians subsequently studied the stability of various functional equations.
Consider the general quartic functional equation

25: (5> (—1)> " f(z+iy) =0 (1.1)

i—o \!
for all z,y € V. We call the solution mapping of the functional equation (1.1) a general quartic
mapping. Y. H. Lee has proved the following theorems for the Hyers-Ulam-Rassas stability and
the hyperstability of the general quartic functional equation, respectively.

Theorem 1.1 (Theorem 2.2 in [4]) Let p # 1,2,3,4 be a real number. Suppose that f: X —Y is
a mapping such that

Z (3) v+ i) < odalp + e 12)
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for all z,y € X\ {

1/ (

0}. Then there exists a unique general quartic mapping F such that

T45.20 74520
sollel? )

0= 50) = FOI < gmic g + g

for all x € X \ {0} and F(0) = 0.

Theorem 1.2 (Theorem 2.3 in [4]) Let p < 0 be a real number. Suppose that f : X — Y is
a mapping satisfying the inequality (1.2) for all z,y € X \ {0}. Then f satisfies the functional

equation (1.1).

Y. H. Lee and S. M. Jung [5] obtained partial results of the generalized stability of the functional
equation (1.1) using the fixed point method.

In this paper,

by proving the generalized stability of the general quadratic function equation,

we will give improved results that generalize the existing results shown by Y. H. Lee and S. M.

Jung.

2 Stability of a general quartic functional equation

Throughout this paper, for a given mapping f : V' — Y, we use the following abbreviations:

f(z) =f(x) = £(0),

fi(e) o= = o= (F(8) — 287(4x) + 224 (20) — 512f(2)),
ale) =5 (£(82) = 26 (42) + 176 (20) — 256 (2))
o) = 15 (F(82) — 22f(42) + 104(2r) — 128/ (2))
ful) = (F(82) — 14f(4z) + 56/(2x) — 64 (),

T 1344
5

1@ =3 (0) -0 st i),

for all z,y € V.
lemma.

Lemma 2.1 For

<

5

=0
Tf(z) :=f(16z) — 30f(8z) + 280 (4z) — 960 f (2x) 4 1024 f ()

By laborious computation we can get some useful equalities in the following

a given mapping f :V — Y, the equalities

5 5
A f(z) Z%f(l"),

Lf(z) = A f(6x)+5 é f(4z) +15 é f(2z) —35 éz f(10z)

404 f(3x) + 200 A f(2¢) + 376 A f(x) — 280 A f(5a), (2.1)
- R i@ A N g
hl@) = =5 = =5 Silw) =27 <2>__168Ff(2)’ (22)
z f2(22) _ Tf(x) 2\ 1w
oy - 220 - _TT@) R -4i(3) =5t7(5) @9
) - 202 L), Ao -si(3) =-ri(3). @9
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3
) f1(22) I'f(x) z s (x 1 afx
fa(z) — 16 21504’ fa(z) — 16f4(2) = 1344Ff<2)7 (2.5)
f(z) = fi(z) + fa(z) + f3(z) + fa(z) (2.6)
hold for all x,y € V.
Lemma 2.2 Let f:V — Y satisfy the functional equation
5
Af(x)=0
y
for all x,y € V, then we have
fr(22) = 2% fi.(2) (2.7)

for allz € V and each k € {1,2,3,4}.

Proof. It is clear that I'f(z) = 0 by (2.1). Therefore, the equality (2.7) follows from the equalities
(2.2), (2.3), (2.4), and (2.5). O

According to Corollary 6 in [3], we obtain following Lemma.

Lemma 2.3 [3] For a given mapping f : V. — Y, if there exist a mapping F : V =Y and a
function ¢ : V\ {0} — [0,00) that satisfy

\'Mg
02|

I f(z) — F(z)]| < ¢(21z) < oo or

i

=0

I (z) = F()l < ﬁ(b(?x) + ZQZiqb(Qlix) < oo or
=0 =0

1£(2) - F(a)]| < Zz%(;x) <o
=0

4
for all x € V \ {0} and for some £ € {1,2,3}, where F(z) = > Fi(x) and every F} has the
k=1

property (2.7), i.e., F(2z) = 2*Fy,(x) for all x € V and k € {1,2,3,4}, then the mapping F is
uniquely determined.

5

Lemma 2.4 If a mapping f : V — Y satisfies the functional equation A f(x) =0 for all z,y €
y

V\{0}, then it is a general quartic mapping.

5
Proof. It is clear that A f(z) =0 for all z € V and
0

5 5
Af(0)=—A f(5y) =0

y —y
5

for all y € V\{0}. So A f(z) =0 for all z,y € V as desired. O
y

Now we show the generalized stability result of (1.1).
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Theorem 2.5 Let ¢ : (V\{0})? — [0,00) be a function satisfying one of the following conditions

i?%(?ix,?y) < 00, (2.8)
24 o(2'z,2y) < 0o and Zzl (23 23) (2.9)
ZS o(2z,2'y) < 0o and 242 ( )<oo (2.10)
216—i¢(2ix,2iy)<oo and Zsiga (;25) < o0, (2.11)
' =

216’ ( ) < 0 (2.12)

for all x,y € V\{0}. Suppose that f : V — Y is a mapping such that

Af( )| < e(zy) (2.13)
for all z,y € V\{0}. Then there ezists a unique general quartic mapping F such that
17() - P _3§6 Z B (2.14)
17) - F@l <555 221 (55)* 33 2 2, (2.15)
1f (@) = F(a)ll <56 24’ (22+1> 15136 2 (I)(;ix), (2.16)
(@)~ F@) s@ S50 (55) + o X M 217)
17) ~ @)l < g3 Z 1o (57 ) (2.18)

for all x € V\{0}, if ¢ satisfies (2.8), (2.9), (2.10), (2.11), or (2.12), respectively, where the
function ® : V\{0} — [0, 00) is defined by

O(x) :=p(6x,2x) + 5p(dx, 22) + 150 (22, 22) + 35¢p(10z, —21)
+40p(3z, ) + 2009 (22, x) + 376¢(z, ) + 280¢(5z, —).

Proof. Notice that, from(2.1) and (2.13), we have
- 5 5 5 5
I =| & (60) +5 & st40) + 153 r20) - 35 & sao)

+40R £(32) +200 A f(22) + 376 & f() — 280 A f(50) | < B(a) (2.19)

for all x € V. We prove the theorem in two steps.

Step 1. Let k € {1,2,3,4} and § € {—1,1}, and let ¢ satisfy

on 677,
p(2°"x, 2
E —gohn < 00 (2.20)
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for all z,y € V\{0}. Together with

95kn. 90k(n+m) Z 98ki 90k (i+1)

i=n

@) fu@tme) I (fk(Qéim) ~ f}c(25<i+1)x)>

and (2.2), (2.3), (2.4), (2.5), (2.19), we have the inequalities

A@me)  AEEra)| 1 ”*‘2’”:‘1 rf@a)| _ 1 "%‘“ﬁ('z‘ix)
2n n+m — 336 P 21 — 336 P 2t 7

T T 1 n+m—1
gn o e 2n+m ¢ <
f1<2n> f1(2n+m)‘ = 168 Z

1=n

n+m—1
insf T 1 i T
2Ff(2i+1>H§168 Z 2<1><2i+1)7

R2m) v 1 "IN DARw)|| 1 "*Zm*wm
- § - S 9
4n 4n+m 384 P 4 38 P 40

n+m—1
n g z n+m ¢ - 1
MERESI

f2ra)  femra)|| 1 ”*z’”:*l ri@in)| 1 "*f:’l@m)
]n {n+m 1536 P i = 1536 Z g
T z 1 n+m—1 " nd+m—1 -
ng [ L ) _ qntmg i i
o () (5 <1 5 i) <7 55 #o(5k)
fi2"a) ey 1 ”*2’”:*1 rf(2ix) 1 ”*ffleb(zim)
16™ 16n+m = 91504 gt 16 = 21504 Z 160

and

n+m—1
n g i _ n+m ¢ €z < 1 7 3 €z
S R C B ol R
n+m—1

1 . T
< — 16'® -
<om > 10(55)

1=n

for all z € V\{0} and n, m € NU{0}. It leads us to prove that, if ¢ satisfies (2.20) then the sequence
rg on rs
{%} is a Cauchy sequence for all z € V\{0}. Moreover, since Y is complete and f5(0) = 0,

the sequence converges for all x € V. It follows that we can define a mapping Fsr : V — Y by

) s 25711.
Fsi(z) := nh_)ngC % (2.21)
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for all x € V if ¢ satisfies (2.20). Now we observe that the equality

5
%ng(x) = ng(l‘ + 5y) — 5F§k($ + 4y) + 10F5k($ + 3y) — 10F5k(1} + 2y) + 5F5k(x + y) — ng(x)

Nl 25n g 2577, 4 g 25n r 25n )
i (B2 R y) | @ 3y) | 2)
n—s 60 25n 2571 2677, 26n
2@ ty) @)
+ 26n B 2671
holds for all x,y € V\{0}. Together with the definition of fi, if ¢ satisfies (2.20) for k = 1, then
we have
Arm| = 1 |- L (T2t ) Ot ay) T 3y)
m 61 T oo 168 9on 9on 2on
@) | FE e y)  fRT) )
25n 25n 25n
L2 (JR P tby)  FRP et dy) TR+ 3y)
168 20n 20n 20n
@ a2y | fEery) )
26n 26n 2571
24 f@rH (e +5y)  fETH@ray) | FE e 3y) | FE @ +2y)
168 25n 26n 26n 2671
N 5f(25”+1(x +y)  f@Ha) 4 512 f@(x+5y) 5f(2‘5"(fc +4y))
20m 20n 168 20n 20m
f(2°" (z + 3y)) f@™x+2y) | fR(x+y)  f2Ma)
+10 on - 10 on +5 on - on
2 2 2 2
o Absnis, [(207T32)  28A%;,,,, f(27" %) - 224035, f(27" 2) 5123, f(2°72)
T nbeel||T —168-20m 168 - 26n 168 - 26n 168 - 26n
< lim S0(25n+3x)25+3y) N (p(25n+2x’26+2y) N 4@(25n+1x725n+1y) 64<p(25nx’25ny)
T n—oo 168 - 267 6 - 20n 3.26n 21 - 20n
=0

for all z,y € V\{0}. In a similar way, by the definition of fr, if @ satisfies (2.20) for k = 2,3,4,
respectively, then we get

5
A Fso(x)
Yy
A%, f207R2) 26430, (207 2) 176Agén+1yf(25”+1) 256 Ay, f(2°")
= lim — +
no0 96 - 49n 96 - 40n 96 - 49n 96 - 49n
on+3 on+3 on+2 on+2 on+1 on+1 on on
< lim (2", 2 y)+13<p(2 x,2 y)+11<p(2 z, 2" y) | 8p(2°", 2°My)
no0 96 - 49n 48 - 4on 6 - 49n 3. 4on
= 0’
%FM(QJ)
i Adsnis, [(207T32) 2243, f(2°"F%2) 1O4A25,L+1yf(25"“x) 128 Ay, f(2°72)
= l1im
n—o0 —192 - 89n 192 - 8%n 192 - 8n 192 - 8%
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7
< Lim ¢(25n+3x, 26n+3y) 11(p(26n+2x’ 26n+2y) 13(,0(26n+1$, 25n+1y) N 2¢(26n$7 25”y)
T n—oo 192 - 8on 96 - 89 24 . 80n 3.8
= ()7
and

5

A Fsa(z)

Yy

i A357L+3yf(25n+3$) - 14A35n+2yf(26n+2$) 56A‘;’an+1yf(26"+1 ) 64 AQM f(26"3;‘)
" nSoo 1344 - 89n 1344 - 89n 1344 - 8n 1344 - 80n

< L S0(25714»3‘,”’257’L+3y) N s0(26'n+2m,25n+2y) N @(26n+11.,25n+1y) N @(26711',26”2,/)

~ n—oo 1344 - 8on 96 - 89n 24 - 86n 21 - 86n

=0

for all z,y € V\{0}.
And then, since Ag Fsi(x) = 0 for all z,y € V\{0}, the mapping Fs; is a general quartic
mapping for all k =1,2,3,4 and § = £1 by Lemma 2.4.

Step 2. Now we define the desired general quartic mapping F' for all cases.

(1) Let ¢ satisfy the condition (2.8), then Fy, Fy, F3, and F, are defined by (2.21). We put a
general quartic mapping F': V — Y by

F(z) := Fi(x) + Fa(z) + F3(x) + Fy(x)

for all x € V. Observe that. by (2.2), (2.3), (2.4), and (2.5), we have
4 =~ _
. L(2) f@n)  f@ta)
| fla) =3 o || = Z Z ( oki ok(i+1)
k=1 =0
n—1

P||1

1 Floi
(336 2i 384~4l+1536~81 21504-162')””(2“"”)”

Lf(2')
336 - 2¢

T
HO

IN

IN
‘H
3
L
KA
—~
|
8
~

w
w
[«
Il
[=)
N
=

for all x € V\{0}, which follows (2.14) as n — oc.

(2) Let ¢ satisfy the condition (2.9), then F_;, F5, F3, and Fj are defined by (2.21). Putting a
general quartic mapping F' : V — Y by

F(x):=F_1(x) + Fa(z) + F5(x) + Fy(x)

for all z € V. Then we have

IIM:I

4 ~ .
fe(2'2)  fe(2 )
ZZ:( k2’” a ];k(iJrl)x )H
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n— n—1
1 1 _
— - — - | ||Tf(2°
Z168 H f<2z+1>H+l O< 38440 15368 21504-161>” f@a)l

n—1 n—1 i
1 ; x 1 d(2'x)
< ip( —— —
=168 ;2¢<2i+1>+3s4z 4
for all x € V\{0} by (2.2), (2.3), (2.4), and (2.5) again, which follows (2.15) as n — occ.

(3) Let ¢ satisfy the condition (2.10), then F_;, F_o, F3, and Fy are defined by (2.21). Putting a
general quartic mapping

F(z) := F_1(x) + F_o(x) + F3(z) + Fy(x)

for all x € V. We have the inequality by (2.2), (2.3), (2.4), and (2.5) that

2

-
ni T Jr(2"z)
Z (Qkifk (;) 2k(1+1)fk(21+1>

n—1
k=1

| N

2
ni < 12618 ) H <2z+1> H <153>é g 2150i- 16i> IT/ @)

1=0

IS 1 Z@(M)
=06 21+1 1536 i

for all z € V\{0} by (2.2), (2.3), (2.4), and (2.5), which follows (2.16) as n — oo.

4 - -
) fr(2t')
Z ( oki ok(it1) )H

k=3

IN

(4) Let ¢ satisfy the condition (2.11), then F_q, F_o, F_3, and Fy are defined by (2.21). Putting
a general quartic mapping

F(x):=F_1(z)+ F_o(x) + F_3(x) + Fy(x)

for all z € V. We have the inequality by (2.2), (2.3), (2.4), and (2.5) that

k=1
n—1 3 - i £ (9i+l
ki [T k(7,+1) f42 _f4(2 )
S| > (2 (2) -2 () H | [EEaRiae
1=0 || k=1 =0
n—1 i
2 4 1 .y
< ——|Df(2
_i_0(168 96 192) H (2”1)” < 21504 - 7 I/l
1 n—1
<— ) 8@

for all x € V\{0}, which follows (2.17) as n — oc.

(5) Let ¢ satisfy the condition (2.12), then F_1, F_5, F_3, and F_4 are defined by (2.21). Putting
a general quartic mapping

F(LL‘) = F,l(a:) + F,g(a:) + F,3($) + F74($)
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for all x € V. We have the inequality by (2.2), (2.3), (

Z2knf 2n H

for all x € V\{0}, since

2¢ 4?
~T68s T 96 —

2.4), and (2.5

(eh(3) ()|

) that

2 41 8 160\ s =
< S - rf(—
—; ( 16806 192 1344) f(2z+l>”
2 48 16 "
F e a1
—Z ( 168 "96 102 " 1344> H f(zwl)H

—1344 Zl 6'e <2%+1>

8
19z T 1344

n — 0o. Moreover, by the definition, we easily get

5
and A Fsip(z) = 0 for all z,y € V.
y

ng (2.%') = 2kF5k (1‘)

According to Lemma 2.4, F' is the unique general quartic

mapping, and we complete the proof of the theorem.

Recall the stability result for the functional equation (1.1) proved by Y. H. Lee and S. M. Jung

[5] only deal with the conditions (2.8) and (2.12) of Theorem 2.4.

Compare the following concise theorem obtained from Theorem 2.4 with Theorem 1.1 obtained

by Y. H. Lee [4].

Theorem 2.6 Let 6 be a positive real constant and p a real number such that p # 1,2,3,

f: X =Y satisfies the inequality

310

< O(ll=l” + [ly[”)

for all z,y € X\{0}, then there exists a unique general quartic mapping F such that

1) = Pl < 1o — 57 for p<l,
1(0) ~ Pl < oo + ot L for 1<p<2,
170) = POl <5505+ T for 2<p<s
170) = Pl < 50 g * T3a16 57 for 3<p<t
@)~ Fl <51 oo 169 for 4<p

for all x € X\{0}, where

M :=35-107 + 67 4280 - 5P 4+ 5- 4P 440 - 3P 4- 271 - 2P + 1272.

= 0 when ¢ € {0,1,2}, which follows (2.18) a:
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10

3 Conclusions

In this paper, we investigate the generalized stability of the general quartic functional equation
5
870)| < ol orall . € V(0

where ¢ : (V\{0})? — [0, 00) holds the conditions (2.8), (2.9), (2.10), (2.11), or (2.12), then there
exists a unique general quartic mapping F' such that the difference ||f(z) — F'(x)| satisfies the
conditions (2.14), (2.15), (2.16), (2.17), or (2.18), respectively.

(1.1). Precisely, if f:V — Y is a mapping such that
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