Hierarchic control for a two-stroke linear system
with missing data

Abstract

In this paper, we study a new hierarchical control problem for a linear
two-stroke missing data problem, adjoint to an age and space structured
single species population dynamics problem. We show that there are two
controls such that the first control, called the follower, solves an optimal
control problem which consists in bringing the state of the two-stroke
linear system to a desired state, and the second control, called the leader,
solves a null controllability problem. The results are obtained by means
of an observability inequality associated with a homogeneous Dirichlet
boundary condition.
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1 Introduction

We consider a population with age dependence and spatial structure, and we
assume that the population lives in a bounded domain  C R™, n € N\ {0}
with boundary T of class C2. Let q = q(t, a, ) be the distribution of individuals
of age a € [0, A] at time ¢t € [0,7] and location = € . Let also A > 0 be the
life expectancy of an individual and the final time 7" > 0. Let w; and wy be
nonempty subsets of ) such that wq C wa. We set Q = (0,T) x (0,4) x £,




QT =(0,T) x Q, Q4 = (0, A) x Q, w4 = (0,T) x (0,A) x w; with i € {1,2},
Y =(0,T) x (0,4) xT" and ¥; = (0,T) x (0,A4) x I';. We denote by p =
wu(t,a,z) > 0, the natural death rate of individuals of age a at time ¢ and
location z. Then, we consider the following linear system:

0 0 .
——q——q—Aq—k,uq = g+hxo1 +FkXw2 In Q,
ot Oda
Q(tv a, :E) =0 on Z’ (1)
¢(T,a,z) = 0 in Q4
g(t, A,z) = 0 in Q7

where the controls v and k belong respectively to L?(w{4) and L?(wl), xx
denotes the characteristic function on the open set X. The function ¢ is unknow
and represents the supply of individuals and brows the set O a closed vector
subspace of L?(Q). We make the following assumptions

w(t,a,x) = po(a) + pr(t, a,2) in Q,
w1 € L*(Q); pi(t,a,x) > 0for (¢,a,z) in Q, (2)
po >0, po € L (0, A), limg_, 4 foa to(s)ds = +o0.

loc

Under the above assumptions on the data as in [12], it is well known that the
system (1) has a unique solution : q(k,h,g) = q(t,a,z;k,h,g) € L*((0,T) x
(0, A); HY(Q)). Moreover, there exists a constante C' = C(T) > 0 such that

lall2 oy onyrmt < CUIR2 @) + 1lZagray + [KI2eray). (3)

Remark 1 The variable p = p(t, a,x) represents the natural mortality rate of
individuals as a function of their age a, time t, and position x in a given do-
main. p models the natural mortality rate of the population, meaning it acts
as a diminishing factor for the population. Mortality depends on three vari-
ablestime, age, and positionallowing for the representation of a population with
spatial structure and dependencies on time and age. It is decomposed into po(a),
which depends solely on age a, and a function py(t,a,x), which depends on all
three variables. This decomposition distinguishes an intrinsic mortality compo-
nent related to age from the temporal and spatial components.

p1(t,a,x) > 0, ensuring that natural mortality does not negatively reduce the
population.

wo(a) > 0, so that intrinsic age-based mortality is positive. A boundary condi-
tion is imposed on (g, meaning that foa 1o(s) ds tends to infinity as a approaches
the maximum life expectancy A, indicating that survival probability decreases
with age.

The system (1) is the adjoint of a population dynamics problem which, based on
environmental sciences, can model an optimization process aimed, for example,
at eradicating a harmful population such as armyworms in a cotton field. The
presence of these pests can have devastating effects on crops, leading to signif-
icant losses in terms of yield and quality. This model plays a crucial role in a



biodiversity management system, as it seeks to maximize the protection of agri-
cultural crops while minimizing the damage caused by these pests. The region
Q) represents the cultivated cotton field where the goal is to control and even-
tually eradicate the armyworms. This domain includes two specific subregions
represented by the sets w; and wo.

e The exact source of the armyworm infestation is unknown and is repre-
sented by the unknown g. This could be due to eggs randomly laid by
migrating moths or to unidentified local egg-laying sources.

e Initially, the control v is applied in the subdomain w1, a specific part of the
field’s interior, to regulate the density of armyworms and achieve a desired
state. This control can take the form of pheromone traps, installed in a
targeted area to attract and capture adult male moths, thereby limiting
their reproduction without requiring full-field coverage.

e Subsequently, in a second phase, the control k is applied in the subdo-
main ws, a region encompassing wi, to gradually reduce the population of
armyworms until their extinction at the initial time 0. This control may
involve the use of specific parasitoids, such as Trichogramma parasitoid
wasps, to target and eradicate armyworm eggs. By significantly reducing
the armyworm population in the treated areas, their overall reproductive

capacity is disrupted, leading to complete eradication across the entire
field.

In this work, we focus on the following problems:

Problem 1 The control k being fived in L?(wl?). For v > 0, find the control
hY = hY(k) € L*(wT4) solution of

inf  supJi(k,h,qg), 4
heL2(w1TA)ggg 1( 9) (4)
where
Jl(ka h7g) = J(kahag) - J(0,0,g) - 7“9“%2(62)7 (5)
and
J(k,h,g) = lla(k, h, g) = zall22(q) + allhll7z(ura), (6)

with zq4 € L*(Q) and o > 0.

Problem 2 Let h7(k) be the control obtain in the first objective and 7' =
q(t,a,x;k,iz'*(k:)) be the associated state. Find the control k € L*(wl) such
that y

7(0) = q(0,a,2;k,AY) =0 in Q4. (7)

Remark 2 In this paper:

e « represents a weighting parameter in the cost function. It controls the
importance of minimizing the term ||h||?, which corresponds to the effort
or intensity of the control h.



e 245 € L*(Q) is a target state or a desired density for the harmful population
in the domain Q.

e The relation (6) measures the difference between the current state q and
the target state zq, while adding a term to minimize the control effort h.
The goal is to minimize J by finding an optimal control h.

e v > 0 is a parameter that controls the impact of the uncertainty g in the
cost function Jj.

The Stackelberg leadership model is a multiple-objective optimization approach
proposed by H. Von Stackelberg in [1]. This model involves two companies
(controls) which compete on the market of the same product. The first(leader)
to act must integrate the reaction of the other firms (followers) in the choices it
makes in the amount of product that it decides to put on the market. There are
several works in the literature dealing with Stackelberg strategy for distributed
systems. J. L. Lions in [2] used the Stackelberg strategy on a system governed
by a parabolic equation subjected to two controls. For more literature on stack-
elberg control of parabolic systems, we refer the reader to [3, 4, 5, 6, 7, 8, 9, 10].
Concerning Stackelberg control in population dynamics, we can cite the work of
M. Mercan et al. in [11] and G. Mophou et al. studied in [12] the hierarchical
control for a population dynamics model with the distribution of newborns as
unknown.

In this paper, we propose a Stackelberg control problem with the supply of the
invasive species as unknown. We believe that such a Stackelberg control prob-
lem has not yet been considered . This problem is ill-posed, we can not directly
solve the associated optimal control problem. We use of the low-regret control
developed by J. L. Lions for the follower, and appropriate Carleman for the
leader. The main difficulty lies in obtaining the Carleman-type observability
inequality associated with the adjoint system, where we have sometimes had to
resort to the Poincaré inequality. More precisely, we prove the following results.
The result obtain when solving problem(1) is as follows

Theorem 1 Let Q) be a bounded subset of R™, n > 1 with boundary I of class
C?. Letw, andwy be nonempty subsets of Q with wy C wy. Let also k € LQ(w2TA)
and v > 0. Then there exits ( pY, T, 87 ) such that the optimization problem
(4) has a unique solution h? = h7(k) € L*(wT#) which is characterized by the
following optimality system :

2l v
—aait - 68% —A¢ +pg" = hXo1+kxe2 in Q,
7 = 0 on X, (8)
aT,.,) =0 in Q4
(,A.) = 0 in QT,



apY  Op” 1
%+TZ—APV+W” = q”—zcﬁ\fﬁm in @,
p? =0 on X, 9)
p(0,.,.) = 0 in Q4
p’(,0,.) = 0 in  QF,
ory  orY
2 LAY Y= g
™ = 0 on X (10)
(0,.,.) = 0 in QA4
7(,0,.) = 0 in QT
6" 07 1
T AN §Y = Y
ot da M N
0 =0 on X, (11)
N(T,.,) = 0 in Q4
(LA = 0 in QT
Y
B = —% in wl4. (12)

Moreover there exists a constant C = C(y,a,T) > 0 such that
1B 2z ay < Okl 2wy + llzallz2@))- (13)

Remark 3 e In relation (12), the control hY applied in a subregion wi? is
linked to a ”correction pressure” p”, which reflects the deviation between
the current state of the system and a target (such as reducing the invasive
population or achieving a desired distribution). pY can be interpreted as
a measure of sensitivity or the marginal cost associated with the control
decisions hY. The factor a > 0 acts as a weighting parameter, limiting the
intensity of the control. Physically, this could represent a constraint on
the resources available to implement the control (e.g., limits on pesticides
or intervention measures).

In summary, the control hY is proportional to a local measure of effort
(p"), modulated by the available resources (o).

e Relation (13) imposes a global limitation on the total intensity of the con-
trol b, as a function of the control k and the desired state zqy. Physically,
this could correspond to coordination between two management teams op-
erating in their respective regions (wi? and wi?).

The result obtain when solving problem(2) is as follows

Theorem 2 Assume that the assumptions of Theorem 1 hold. Then there exists
a positive real weight function 6 to be define later by (68) such that, for any
function zq € L*(Q) with 0zq € L*(Q), then there exists a unique control kY e
L?(w4) such that (I;'Y,qw,ﬁ'y,%'y,g“*) is the solution of the null controllability
problem (7)-(8). Moreover

kY =57 inwl, (14)



S —AP 4 = U4+ in Q,
p?r =0 on X,
7(,0,) = 0 in 07,
our  9Ur o y Pl
_ —AQY o o= oy, i 7
ot Oa —HLU o Xer @
v = 0 on X, (16)
v (T,.,.) = 0 in 4,
U(,A)) = 0 in Q7
<y <y 1 .
9w 9w ASY 4" = —& in Q,
ot da Nai
w’ = 0 on X, (17)
& (T,.,.) = 0 in QA4
w7 (., A, = 0 in QT
¢ a¢ . 1.
S0 h A Y =
o+ = AL+ it S0 @
=0 on X, (18)
¢(0,.,.) = 0 in Q4
¢(.,0,.) 0 in QT
and
K| 2 gy < CllOzall (@) (19)
Remark 4 o In relation (14), kY acts as a direct response to the needs
expressed by p”, which reflects the effort required to meet the control ob-

jectives.

e In relation (19), the total intensity of kY is bounded by the needs expressed
through zq, weighted by 6. This bound ensures that the control remains
proportional to the set objectives while maintaining overall system stability.

Remark 5 The rest of the work will be organized as follows. In Section 2,
we study Problem (1) corresponding to solving the optimal control problem. In
Section 8 we establish an appropriate inequality of the Carleman type and give
the proof of Theorem 2. Finally, in Section 4 we conclude.

Let us now move on to a detailed analysis of the first objective of the problem,
which aims to minimize the regret associated with the follower’s control in a
hierarchical framework.



2 Study of Problem 1: low-regret problem

2.1 Reformulation of the optimization Problem 1

Lemma 2.1 For g € O, h € L*>(wT#) and k € L?*(wl?). Then, we have:
H(5sh9) = (0,0,6) = T 1 0)~alliqy 2 [ rltsa,25k, g didad, (20
Q

where T = 7(t,a,x;k,h) € L2((0,T) x (0, A); H(Q)) is solution of :

or Ot .
a - % — AT+ pT = q<ka h,O) m Qa
T =0 on X, (21)
(T,.,.) = 0 in QA4
7(,A,.)) = 0 in QT

Proof. From the uniqueness of the solutions (1), we have the following decom-
position:

q(k, h,g) = q(k, h,0) +q(0,0, ). (22)

It is important to note that
J(k’ ha O) = HQ(kv h7 0) - Zd“%/?(Q) + O‘Hh”i%w}"f‘)’ (23)
J(Ovoag) = ||Q(07 079) - Zd”%,Z(Q)' (24)

According to (4), (22), (23) and (24), we have:

J(k,h,g) = J(0,0,9) = J(k, h,0) — [[zall 720y + 2(a(k, h,0);¢(0,0, 9)) 2()-
(25)

Now, if we multiply the first equation of (21) by ¢(0,0, g) and integrate by parts
over QQ, we obtain

(a(k, 1, 0); 9(0,0,9) 120y = /Q o(t, a,; k, h)g dtdade.

Combining the latter inequality with (25), we obtain (20) m

Lemma 2.2 Fork fized in L?(wi“) and vy > 0. Then the optimisation problem

(4) is equivalent to the following optimal control problem: find the control hY :=
hY (k) € L2 (wT4) such that

TR = inf  Y(h), 26

()=, it X0 (26)
where )

T(h) = J(k, h,0) = |1zall 320y + ;HT(t,avx;ka M7z (0)- (27)



Proof. According to (20), the optimization problem (4) is equivalent to

. g 2
£ [Tk by 0)—|2a]|2 200y +2 / t,a,x;k, h)g dtdadz—~ )
hElelszA)[ ( ) HZd||L2(Q) sgg( QT( a, T )g aaxr 2||9||L2(Q) ]
(28)

Using the Frenchel-legendre transform we have the following result

Y 2 1 2
sup ({(7(t,a,x,k, h), - = 2 = —|l7(t,a,x;k, h)||7200)- 29
o (< ( ) 9>L2(Q) 2H9HL (Q)) D) H ( )HL Q) ( )

Therefore, Using the previous equality the optimization problem (4) becomes:

1
: 2 ) 2
a0 0. 0) gy + o (s ai kW) (30)
]

We now demonstrate that the reformulated problem admits a unique solution,
characterized by optimality conditions that we will establish.

2.2 Proof of Theorem 1

Let v > 0. We have T(h) > —||z4]|2, o) Vh e L?(wT#), hence the set {Y(h),h €

L?(wT4)} is nonempty and lowered by R, and therefore the 12r(1f TA)T(h) ex-
heL?(w;

ists. We can prove using minimizing sequences and standart arguments that
there exists a unique Low-regret control h” solution to problem (26).
Now, Let us write the Euler Lagrange optimality conditions which characterize
the optimal control h7:

YT(hY 4+ Ah) — T(h)

. _ 2/, TA
lim 5 =0, ¥V he LWl (31)

After some calculations, (31) gives
1
(@947 — za)r2(Q) + R h) 2 (ray + <\f 77'FY>L2 o) =0, (32)

where ¢ = q(t, a,z;0,h,0) € L2((0,T) x (0, A); H}(Q))) and 7 = 7(t,a,7;0,h) €
L2((0,T) x (0, A); H}(Q)) are respectively solution of

oG . .
—a—%—AQ‘FMC{ = hxw1 in @,
g = 0 on X, (33)
qT,.,.) = 0 in 04,
g.A4,.) = 0 i QT
and 5 o=
T T _ .
at+8**AT+ui ¢ in Q,
7 = 0 on %, (34)
7(0,.,.) = 0 in QA4
7(.,0,.) = 0 in QT



To interpret (32), we consider the adjoint states p? and 67 respectively solution
of (9) and (11 ). If we multiply the first equation of (34) and (33) respectively

1
by \757 and p?, integrate by parts over () and using (32), we obtain:
8l

¥
p.
hY = ——in w?A.
o

At present, we decompose ¢7 and 77 the respectively solution of (1) and (21)
as follows:

¢ =qgh")+ L) and T =7F(h")+0O, (35)
where £(k) and © are respectively solution of
oL oL
9= 9= A — i
at 80/ ‘C + :U“C kX(,uQ m Q?
L =0 on X, (36)
L(T,.,) = 0 in 04,
L(,A) = 0 in QT
and 90 90
e _A — F i
5 + 3 O+ 10 g in Q,
©® = 0 on X, (37)
0(0,.,,.) = 0 in QA4
0(.,0,.) = 0 in QT
Moreover there exits a constant C = C(T) > 0 such that
!l 20,7y 3 () < CIA L2 w74y (38)
LN 220,y 12 (2)) < Cllkll L2 (wra), (39)
17l 20,112 () < ClIR L2 (w74, (40)
1©122 (0,72 () < ClIkll L2 (wra)- (41)

According to the Euler Lagrange conditions given by (32) and the decomposition
of ¢" and 77 given by (35), for any h € L?(w!4), we have

0=m(h,h") + (q(h); L(k) — za) L2(@) + %(ﬂh); O)r2(Q)- (42)
where
m(h7,h) = (@(h);q(R7))L2(q) + a(h”; h) L2 (1) + %ﬁ(h);ﬂm»m@y

Taking h = h” in (42), using Cauchy Schwarz inequality and (38)-(41), we have
m(h7, hY) < Oy, D)W g2 gy (k] 27y + ll2all 22(@))-
Then (13) is true.

The analysis of leader control is based on obtaining a Carleman-type observ-
ability inequality, which we present and prove in this section.



3 Carleman inequality

We use Carleman inequalities to provide an observability estimate, which is
essential for solving the null controllability problem. To this end, for pg €
L?(24), we consider the adjoint systems of (8)-(11):

%+@—AP’Y+MPW = U+ in Q,
ot da
p? =0 on X, (43)
p7(0,.,.) = p° in QA4
p7(.,0,.) = 0 in QF,
v L4
—% - 887 — AV +p¥7 = —aP’Yle n @,
vy = 0 on X, (44)
v(T,.,.) = 0 in 04,
(., A,.) = 0 in QF,
.
—8; - a(;ﬂa —Aw" + pw’ = \;O in @,
w?’ = 0 on X, (45)
o (T,.,.) = 0 in Q4
w’(,A4,) = 0 in QT
¥ ¥
%Jraa% — AT +us? = \;\Iﬂ in  Q,
7= 0 on X, (46)
(0,.,.) = 0 in Q4
<7(,0,.) =0 in QT
If we set 7 = U7 4+ @w”, we have
2 2
—88% - 83% — A"+’ = \%c’y - éP’Yle in - Q,
o0 =0 on X, (47)
0"(A,.,.) = 0 in 04,
o', T,.) = 0 in Q7.

Let wqg lle an open set such that wy C w' C wy CC Q. Then there exists
¥ € C%(Q) such that:

{w(x) >0 Ve €Q; Vi(x)#0 VeeQ—wy (48)

Y(x) =0 Vzel.

For any A > 0, we use the function 1 defined previously to construct the weight
functions ¢ and 7 define by:
eAY(2)

wlt,a,z) = (T —t)a(A —a)’ (49)

10



APl _ At(w)

n(ta,z) = HT —t)a(A—a)’ (50)
Let f € L?(Q) and z € L?((0,T) x (0, A); H}(£2)) be the solution of
(oo g &)

Then, the following proposition provides the expression of a global Carleman
inequality associated with system (51).

Proposition 3.1 [12] Let wg C w' C we CC Q. Let also ¥, ¢ and n be defined
as in (48), (49) and (50) respectively. There exist constants Ag > 1 and C' =
C (1) > 0 such that for all X\ > Ao, for all s > sg and for all z € L*((0,T) x
(0, A); HY(Q)), we have :

T A
K(z) <C4 (/ e | f |2 dtdadx + 53)\4/ / / e 23 | 2 |2 dtdadaz).
Q 0 0 w’

(52)
where

TA T2 A2
s0(\) = Cl(w)Te”W”w (T +T?A3 + T3A* + T + A) and

K(z) = 5)\/ e 2o V2| dtdadx + 53)\4/ e 23 | 2 |? dtdadz.  (53)
Q Q

The following proposition provides the expression of a Carleman inequality
adapted to the adjoint systems (43)-(46)

Proposition 3.2 Let wy C w' Cws CC Q. Let also 1, ¢ and n be defined re-
spectively by (48), (49) and (50) then there exist a constant C = C (¢, v, a, T, s, \) >
0 and positives weight functions k and 6 to be define respectively by (68) and
(70) such that the following estimate holds for all (p7, ¥7) solutions of (43) and
(44)

2
<C / | o7 |? dtdadz, (54)
L2(Q) wi A

2

1
10 Wy + | "

Proof. In the first time we apply inequality (52) to (p7, ¢7), the respective
solutions of (43) and (47). We obtain the following expressions:

T A
K(p") < cw)( /Q 2 | 7 [2 dtdada-+s* X /0 /O / g | g dtdadx),
(55)

11



and

1 1 T (A o
K0 = CN O e+ z [ [ [ 7107 P dvdads

T rA
+ 53)\4/ / / e 253 | o7 |2 dtdada:). (56)
o Jo Ju

Indeed, taking into account Poincar inequality, there exists a positive con-
stant C = C(T) such that

1
—s 2 2
5”6 "Lz 0,y x 0,4y (2)) = ?C(T)”‘Iﬂ”L2<<0,T>x<o,A>;H5(mw
1
Y112
S (CJL’V)2C(GO’T)”p HL2(wa)' (57)

Since e~ 253 € L>°(Q), inequality (56) becomes

2 T A
K(o") < C(¢)<1(;;)Yz C’(T)/O /0 / e 23 | p7 |2 dtdadx

T A
+ 53)\4/ / / e 723 | o7 |2 dtdadm). (58)
0 0 wo

Since wy C 2, 5,A >0, and p~! € L>(Q), combining the inequalities given
by relations (55) and (58), we obtain

T A
K(p") +K(o") < 0(7/1)33)\4/ / / e 2% (| 0" |* + | p7 ) dtdadx
0o Jo Juo

1 2
(s v et [ (10 Pl g0 ) drdads
(av) Q

Since wg C ws, by choosing s such that s > s; = max {so, 2 ((10-‘4-77)22 + 1> C(w)},

we have
T (A )

ic(pV)+/c(gV)scls3A4/ / / e 23 (| o7 P 4| o7 2) dtdade, (59)
0 0 w2

where C' = C(¢,y,a,T) > 0.
In the second time, we consider as in [12] the function 6 € C§°(€2) and such
that

0<0<1, =1 in W, 0=0 in Q\ws,

. (W 29 (W N
o7 €L (W), or €L (w)]7 (60)

12



Set u = s2A*p3e=25". If we multiply the first equation of (43) by ufg” and
integrate by parts over Q, using the Young inequality, we obtain

5
V2 dedt < ﬂ/ 7 2 didad
[IIEIT S STy

1
+ 5/ shpe” 2| Vo |? dtdadz
Q

+ C(y) /TA sTA0QTe™2m | o7 |2 dtdadx

2

1
+ 3)\4@36_28" | o7 |? dtdadx

UJ

a

M—/ s3\p3e™2 | ¢V |2 dtdadz. (61)
2 ) ra

Since e~ 23 € L>°(Q). Using (46),(3) and the Poincaré inequality, we have

1
/ At p3e™2 | 7 |2 dtdadr < —ZC(T)/ 3\t p3e™25 | p7 |? dtdada.
W/TA Yo w?l

(62)

5
i 1 . . .
Choosing Hi 2 I we Combining (61), (62) with (59), we obtain
2 2
i=1

K(p") +K(o") < C(w,%a,T)/ sApe 2 | Vo' |2 dtdadz
Q

+ C(w77aa?T) /TA 57)\9(,076_2877 | ,07 |2 dtdadx

w3

12
+ <2 +—+ 1) O(%%Oz,T)/ s*Aplem 2 | p7 |* dtdad.
yo? o« WwTA

2

Using (53) and choosing A > Ay = max (Ao, 2C (¢, 7, o, T'), we have

uww«mwgaw%mm/ STNGTe2 | ) 2 dtdada
A

T
Wi

1 2
+ <2 + =+ 1) C(%,7,T) / s*Ape 2 | p7 |? dtdada.
'ya « wTA

2

Set s > 51 = max(sg, 2C (¢, y,a,T), and A > Ay = max (Ao, 2C (¢, 7y, a, T) and
using (53), we have

/TA e 253 | p7 |2 dtdadx < C (1,7, o, T)s™ N /TA @Te 2| p7 |2 dtdadz.
2 (63)

13



In the three time, we set
T A
D = {(t,a) € [0;T] x [0; A] such that t > 3 and a > 5}

We define functions ¢ and 7 by:

s Je(F.42),  vee[[0;T] x [0; A]] \ D,
Pt a,w) = {(p(ua,sc), Y(t,a) € D, (64)
and (T N [ ]
% _ n 777737)7 V(t (l) [0 T] [OaA} \D7
i(t,a, z) = {n(tfafx)’ V(t.a) € D. (65)

If we replace respectively 1 and ¢ by 7 and ¢ in (63), we have

/ e 251 B3 | p7 |2 dtdadr < C(¢,7,a,T)s7A9/ @Te 2 | p7 |2 dtdadz.
Q wy

(66)
We introduce the function

7(t,a) = magﬁ(t, a, ), (67)

€

and we set X
K(t,a) = et (68)

Multiply (44) by x?¥" and integrate by part over €2, we have
10 1 3 o on
1
+ HHV\I/”’HQB(Q) +/ ;m2 | U7 |2 do = f—/ K2pV W di.
Q aJa
Integrating this latter inequality over (0,7T), we obtain

1d
[[%(0,.)¥7(0,a, )l L2() + th”’{\l}’YHL?(QA)'F” R 00U (0, 2 (@)

1d on on
- 7|2 _ 0 7)2 _ i) 7)2
+3 dt||m1/ 1Z20my /Qsl o (k972 dtdadz /Qsl aa(mp )2dtdadx

1
+ ||f£V\IJ7||%z(Q) +/ wur? | O 12 dtdadr = —7/ k27U dtdadz.
Q @ JQ

0] 0
since p > 0, 51 > 0, gl 7(t,a) and % f)(t,a) are positive functions on [0, 7] x
a
[0, A], using the Young inequality and the Poincaré inequality, we obtain
1d
1£(0,.)¥7(0, a, )| L2(0) + Q%IIH‘I’ 7204y + IK( 0) ¥ (£,0, ) 2o + ol G PR

1 2 2
+ (2 —(C(T, s1) + C(A, 51) + ||Moo)> 1RO 22 0,1y x (0, 4): 12 () < EHWVHL?(Q)
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We deduce that for (é — (C(T,s1)+ C(A,s1) + ||,u||oo)) >0, we have

1 y
/2O |2 dtdadr < — | e 213 | p7 |? dtdadz.
Q 202 Jq
Combining this later inequality with (66), we obtain

/ k2| O ? dtdadx + / e 293 | p7 |2 dtdadx <
Q Q

0(7/)7’7,047T)87/\9<p7/ e 2% | p7 |2 dtdadx (69)
wlA
We set

1 —251 23

72 =e P~ (70)

Then it folows from (69) that there exists C' = C(¢, v, «, T, s, A) > 0 such that
(54) holds true m

Building on the previous results, we now address the resolution of the second
problem by demonstrating that the leader control enables the state to reach
nullity from the initial condition.

4 Resolution of Problem 2:

In this section, we are concerned with the proof of Theorem 2. Recall that the
main objective is to prove the null controllability of ¢ at time 0. For any v > 0,
we look for a control k € L?(wl4) such that the solutions of (8)-(12) satisfies
(7). To prove this null controllability problem, we proceed in three steps using
a penalization method.

Step 1 For any € > 0, we define the cost function:

_ 4 2
=5 ) | k|* dtdadz.  (71)

T
W3

1 1
50 = 5o [ 10,7100 P dade 45 [

Then we consider the optimal control problem: find kY € L*(w3) such that

S =t () (72)

Using minimizing sequences, we can prove that there exists a unique solution kY
to (72). Using an Euler-Lagrange first order optimality condition that charac-
terizes the solution k., we can prove that

kY =p? in wl4, (73)

€
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pe | e

_ 2 ) — 9 v 1
ot T oa O Mg (‘)P + in g
= on ,
Pe 1 (74)
02(077) = _7q6(05'a'ak2/7h(k3)70) in QAa
€
p2(.,0,.) = 0 in QT
ovYy  ovY 1
- - —= - AUY U = ——pxe, I ,
ot D0 ¢t pwe P I @
vy = 0 on X, (75)
v(T,.,.) = 0 in Q4
U7(,A) = 0 in QT
ow) Ow) 1
_ € _ € —A ¥ ¥ — MY .
ot o "7 T A @
w) = 0 on X, (76)
w)(T,.,.) = 0 in Q4
w)(.,A,.)) = 0 in QT
o5y 0sY 1 )
€ € —A ¥ ¥ — 7\117
ot + D4 Se + use e in @,
7 =0 on X, (77)
<2(0,.,.) = 0 in Q4
(.,0,.) = 0 in QT

and qY, pY, 7Y, 07 is the solution of systems (8)-(11).

Step 2 If we multipliy the first line in (74)- (77) respectively by q7, pY, 77, 62
solution of (8)-(11), and integrate by parts over @, we obtain:

kszdtdadx:/ zg¥ldtdadz.  (78)
A

1
a0, K2 O Oy + [ i

W3

Since 0z and %zd belongs to L*(Q). If we use Cauchy Schwarz inequality, we
have

6% || L2(q)- (79)
L2(Q)
Now, if we apply the carleman inequality (54) to €Y and p?, using (73), (79)
then there exits C = C(¢,~,a, T, s, \) such that (78) can be rewritten

1
/ zaVdtdadz < sz
Q K

1K1l L2y -

1 1
2100 B2 DOy + 1 gy < € L2
L2(Q)
0

Hence, it follows that

1
k(|2 ray £ C HHZd and (81)

L2(Q)
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1
qu(o’""kzah(kZ)’O)HL%QA) < C\E —Zd (82)
AR EI(e))
Using (13) and (81), there exists C = C(¢,v,a, T, s,\) > 0 such that
- 1
[hd (| g2 (wrayy < C —Zd + [lzall2 (@) )- (83)
L2(Q)

Using the fact that kY satisfies (81), we deduce (¢, pY, 77, §7) is solution of
systems (8)-(11), associated to the control hY satisfies (83). Then we can extract
sub-sequences still denoted (k2), (hY), (¢7), (pY), (72) and (6Y) when € — 0, we
have

kY = k7 weakly in  L?(wi?), (84)

hY = R weakly in L*(w??), (85)

¢! = ¢ weakly in  L*((0,T) x (0, A); Hy (), (86)
pl =" weakly in  L*((0,T) x (0, A); Hy (), (87)
77 =7 weakly in L?*((0,T) x (0, A); H} (Q)), (88)
\%TQ - \%%g weakly in  L*(Q), (89)

87 — 87 weakly in  L2((0,T) x (0, A); H} (), (90)
\f 0y — \1[67 weakly in  L*(Q), (91)

q7(0, ., ., kY he(kY),0) — 0 strongly in  L?(Q4). (92)

Proceed as in[ [12], Section 3, Step 2] and using (84) - (92), we prove that
(q7,p7,77,07) is a solution of (8)-(11) and we have

§(0,.,.) =0 in Q4

Step 3 We study the convergence when ¢ — 0 of the sequence p), VY, w?
and (7. Using the definition of ¢ and 7, it can be readly seen that there exists
a constant C' > 0 such that

k>C and > (.

SR

And therefore using (73), (81) and the carleman inequality given by (54), we
obtain
2

; (93)
L2(Q)

1
2
192 )+ 1210y < € 120
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where C = C(¢,y,a,T,s,A) > 0. Using hence, we deduce that (74)-(77) and
(93), we can extract subsequences still denoted pY, U7, w?, (7 such that when

€
e — 0, we obtain
pl = 37 weakly in L*(Q),

WY = U7 weakly in  L2((0,T) x (0, A); HE (),

(2= ¢ weakly in  L?((0,7) x (0, A); H3(2)),

w) — &7 weakly in L*((0,T) x (0, A); Hy(Q)).
Using (73), (84) and (94), we deduce that

94
95
96

)
)
)
97)

(
(
(
(

=k in w4

Now, if we use (94)-(97), we can prove by passing to the limit in systems (74)-
(77) that the functions (57, W7, &7, {7) is solution of (15)-(18). Moreover,
using (84) and (81), we deduce the weak lower semi-continuity of the norm the
inequality (19).

5 Conclusion

Through hierarchical control, we have demonstrated the existence and unique-
ness of two controls. This problem was ill-posed. This is why we have used the
least regret control developed by Lions and adapted to problems with missing
data. After establishing a Carleman observability inequality, we were able to
solve the null controllability problem associated with (1). In perspective we
apply the Stackelberg-Nash strategy to this problem.
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