Bayesian Factor Analysisof a UnidimensionalUrbanSprawlindex in Ibadan,
Nigeria.

Abstract

Urban sprawl has been a phenomenon on increase over the past years, people migrate into the core
part of a major city, due to different factors like available housing, land availability, infrastructural
development or population growth among others, making it a major cause of concern. Therefore,
this study aimed at investigating and understanding the factors influencing the rate of sprawl in
Ibadan, Oyo state, Nigeria. The research considered multivariate and Bayesian techniques to
characterize and understand the sprawl for a given period.The multivariate techniques were
Independent Component and the Principal Component Analysis (ICA & PCA) while, the Bayesian
technique was Bayesian Factor Analysis (BFA). These three techniques deal with extraction of
underlying factors affecting sprawl indices. The result showed that.the'BFA identified the built-up
density, openness, frag-saturation, and proximity-as.the major factors with the loadings (posterior
values):1.000, 0.412, 0.423, & 0.657 respectively. The ICA reduced to three underlying factors that
could have effect on four variables (fragmentation, built-up density, urban density, cohesion). The
PCA shared similar result of identified variables’ reduction (built-up dinsity, urban density, frag-
saturation, proximity, and cohesion) to three factors with the ICA. Thus, the BFA extracted a
single(unidimentional) index by reduction of the factors gotten, thereby making it easier to
compute. Therefore, the major elementsof sprawl are built-up density, fragmentation, openness,and
proximity whichcould all be related to the Intensity of use of the land area. Thus, Government
should put in place these four factors for urban planning or policy making especially the land areas

to be covered by buildings and roads.

Keywords:-Urban sprawl, Bayesian Factor Analysis, Independent Component Analysis, Principal
Component Analysis, Factor loadings

1.0 Introduction

Urban Ecology is the study of ecosystems that includes the interaction of living things and their
ecosystem or their interaction with their environment. It is a discipline that claims to help
understand how people interact with the ecological factors and how human systems have made

coexisting in the environment more sustainable for human activities (Akanbi O. B., 2018). Urban



ecology is a term that has been employed in describing the relationship of humans in the city,
natures in the city and that of human and nature. It is a study that has brought about the
understanding of human activities and their physical environment plus other living things they
cohabit together so as to make the cohabiting quite easy (Akanbi and Nurudeen, 2024).The
dependence of human for their basic needs and the day to day activities of man in their interaction
to the environment have led to the rapid growth and development of land uses and its modification
over time, this growth comes with either negative or positive effect. An aspect.of this growth is

what led to “Urbanization”.

Urbanization has been one of the major players in human ecology, which is the movement of
people to the major part of a city, as people migrate in search of better source of living has posed
some challenges to the environment and natural resources at large.. Man’s instinct for survival
through urbanization has led to some environmental hazards like deforestation, traffic congestion,
climate alterations, air, water and land pollution (Ohwo and Abotutu, 2015). This rapid increase in
urbanization has now caused a spillover to the outskirts, which is where urban sprawl comes into
play. The major consequence of urbanization is urban sprawl based on the fact that as urbanization
of an area increase the need for some basic infrastructure and amenities also increases such as
housing, health centres, recreation and the likes and this is mostly what brings about urban sprawl
(Chettry, 2023; Enoh et al., 2023).

Urban sprawl is the movement of people from the major urban settlement to the outlying or
outskirts of the urban settlement that might sometimes be seen as the relocation to a rural settlement
far away from developed settlements (Rafferty P. O., 2024; Salam et al., 2023; Tagnan et al., 2022).
This settlement msoved to might be a settlement with lower population density, low infrastructural
services:and lack of major road network. Urban sprawl has been seen as a major aspect of analysis
over the years and has migration and human activities have been progressing (Mourguiart B.,
2022). People relocate from their place of residence for diverse reasons this could be due to some
personal reasons or work related reasons. Urban sprawl has been a topic that has been addressed
globally and has been a center of research for quite a number of authors. Urban sprawl can be
analyzed either by using socio-economic census indicator (Akanbi et al., 2018)or by spatial metrics.
Researchers have either made use of these means to derive a unidimensional factor or a

multidimensional factor with different methods that are not statistically inclined. In this work,



spatial metrics would be employed. The metrics are used to characterize and understand urban

sprawl in a particular area by means of measuring it.

Nigeria as a developing country with a population size of 140.5million as at 2006 census carried
out by the National Population Census, with a land mass of 923,768km? with over 64% of the
population living in rural areas. Nigeria is a centre of development because of the fast rising
industrial build up and the industrial growth in the urban areas.lbadan is a major city located in the
south-eastern part of Oyo State, Nigeria and is one of the most populous and fast developing cities
of the country. Ibadan is located on seven hills and about 160km away from the Atlantic coast.
Ibadan is a centre for urban activities due to its fast rising population‘and has a commercial centre
with diverse market structure ranging from local marketers to industrial sectors like Agricultural,
commerce andmanufacturing industries (Dada et al., 2023; Taiwo, 2022; Otokiti et al., 2021). There
has been a rapid decline over the years in the city’s Agricultural activities (Kasim et al., 2014;
Olubi, 2019).Over the years, the Lagos-Ibadan expressway generated the highest urban sprawl, both
east and North of the city. The city has almost every corner with a market square or stall which
makes exchange an easy one.lbadan has eleven local government areas which arelbadan North,
Ibadan North-East, Ibadan North-West, Ibadan South-East, Ibadan South-West, Akinyele, Egbeda,
Ido, Lagelu, Ona-Ara and Oluyole,

The population of Ibadan as at 2006 census carried out by the National Population Commission was
estimated to be 2,560,000 and has a population to be 3,649,000 by 2020 and a projected population
of 4,004,000 by 2024 population projection by the United Nations.Ibadan is stated to be the third
largest city by population in.the country and has since experienced urban development. As at 1952,
the city has an approximate total area of 103.8km?and a built-up area of 36.2km? which means the
remaining area can be attributed to non-urban uses like farming, forest reserves and water bodies.
Fast forward to the year 2000, this city has since experienced a rapid increase in its land use where
it was estimated that Ibadan covered a 400km? and has a built up area of over 250km?. This clearly
shows that the urbanization of this city can lead to an urban sprawl which makes the city a very
good area for the study of urban sprawl (Akinrinola, 2019; Owolabi, 2018).

Many authors have analyzed urban sprawl through different techniques, quite a number of articles
have been reviewed on Bayesian statistics (Fusco and Tettamanzi, 2017; Bosch et al., 2019). The
Bayesian statistical analysis would be employed in analyzing urban sprawl in the city of



Ibadan(Akanbi O. B., 2022) through the help of GIS (Geographic Information System) to get the
adequate data needed for the analysis of this work.Bayesian analysis deals with calculating different
values of the probability of a parameter given the data. The basis of Bayesian statistics is the ability
to incorporate a prior knowledge to influence the output of the posterior distributions. Bayesian
analysis is flexible in the sense that it enables you influence your prior input based on how rigid the
information gathered by the variable to be analyzed is vetted (Akanbi and Oladoja, 2019).
Researchers sometimes want the data to speak and really influence the analysis that is‘why weak or
non-informative priors is made use of, while sometimes want their knowledge of the.variables to
influence the analysis. There are various aspect of Bayesian statistics(Olubusoye and Akanbi,
2015), but in this study we will make use of the Bayesian Factor Analysis.Bayesian factor analysis
is a statistical technique that incorporates Bayesian methods in parameter estimation to extract
latent variables influencing the observed data by its dimensionality reduction process (Luan and
Fuller, 2022)

Conservation of land use for agricultural purposes is kind of'going extinct as there is high rate at
which development of urban areas and even outskirts of-major cities. The rate at which urbanization
is taking place can give rise to the depletion of some major environmental factors land use
conservation has always been a major focus for the government, because of the preservation of
wildlife, agricultural produce which helps:the growth of the economy. Over the years it has been
noted that urbanization has been fast rising, people no longer feel the need for land conservation,
different estate companies rising and purchasing the lands that could have been conserved to
balance the environmental scale, all in the name of development. Thus, this study hereby shows the
patterns and attributes of sprawl in urbanized locations by obtaining a one-dimensional index using
Bayesian Factor Analysis (BFA), (Mazroa et al., 2024; Magina et al., 2024).

2.0  Methodology

The'urban sprawl.is a phenomenon that can be analyzed using the geographical information system
(GIS). The first step taken is to get the indicators available for analyzing sprawl of a particular
community. The indicators used are built-up density, urban extent density, fragmentation which is
divided into saturation and openness, compactness which is also divided into proximity and
cohesion, and the last is leapfrog. This analysis will be carried out with the Independent Component
Analysis, Principal Component Analysis and Bayesian Factor Analysis technique. Below is a table
showing the variables to be used and how they are estimated.



Table 1: Variable Indicators and their formula.

Indicators Formulas
Built-up Density total built — up area
total land area
Urban Extent Density total urban area
total land area
Fragmentation: total lenght of fragmented boundaries
saturation total lenght of perimeter
Openness total area of open space
total urban area
Proximity total number oflinks between urban patches
total urban area
Cohesion total no of links between urban patches
total number.of patches
Leapfrog n; —m;
n; % m;
Where,

niis the number of neighboring locations with values greater than the focal locations’ value.
m; is the number of neighboring locations with.values lower than the focal location’s value.

Definition of Key Terms used in Table 1

Urban Sprawl: can be described as the swift growth of the geographic extent of cities and town,
often characterized by low-density residential housing, single-use zoning and often rely private
means of transportation. In a simpler term, it is the spread of urban development to a less urbanized

or densely populated area.

Urban Ecology: this is the study of the relationship between living organisms and their immediate
environment. An urban area is the one that comprises of high density buildings, commercial area,
the aim of urban ecology is to achieve a balance between human culture and their natural

environment.

Urban Extent: It represents the limits of the city's master plan. To show the type of urban
expansion of the city, the annual change in the built-up area, open space, and urban extent is
compared to the annual population growth rate. The planning directions of urban expansion and
how to handle these areas are then determined by comparing these data points.



Built-up Area: It comprises of all man-made, non-vegetative features, such as runways, buildings,
and roads (i.e., man-made surfaces), and the term "dominated" denotes coverage of more than 50%
of a certain landscape unit (the pixel). The built up area is highly on the increase for developing

countries.

Urban Density: The urban density refers to the measurement of the urban extent and the built-up
area of the city.It is the ratio of number of persons per unit area. Urban extent density is calculated
by the total number of people in the city and their urban extent and the built-up area density. There
is always more open space so therefore the built up area density is more than the urban extent
density. Cities with high density benefit a lot in the aspect of technological innovations that helps

economic growth.

Fragmentation: This can be explained as the part of open space in the urban landscape, which is
now generally in decline. The fragmentation comprises of two indicators which is the Saturation
Index and the Openness Index. It is expected that each developing urban patch should take note of
their fragmentation levels.Saturation Index: This is the proportion of built-up area within the
city’s urban extent and it’s total urban extent.Openness Index: This is an indicator that measures
the average percentage of non-built up area in a 1 km diameter area surrounding each built-up pixel
in the city. The measurements of this indicators ranges from 0 to 1, this indicates that saturation will
be at its maximum when the urban extent doesn’t occupy more open or the openness index is at its

maximum when the urban extent includes only open space.

Compactness: is the ratio of the consolidated built-up area within the circle and the buildable area
within the circle. This index can also be divided into two sub index, they are the Proximity Index
and the Cohesion index. The value of both indicators varies between 0 and 1, the higher the value
of the index corresponding to the urban extent the closer it is to the circular form.Proximity Index:
This is the ratio of the average linear distance of all points in a circle equal to the city centre and the
average linear distance from all points in the urban centre to the city centre.Cohesion Index: Is the
ratio of the average linear distance of all points to all other points in an equal circle, and the average
linear distance from all points to all other points in the urban extent. There are many factors related
to urban cohesion they include: environmental, economic and social factor. The urban structure
factor is a variable that allows for better understanding of the structure of urban space, its functions,

its movement of urban patterns, and urban sustainability.



Loadings: These are always in matrix form, they can be seen as the explanation of the amount of
variances related between the factors specified and the observed variables. They are used for the
interpretation of factor analysis, higher loading indicates a strong association with the factor while

lower loading indicates lesser association.

Index: This is used in representing the observed variables to be analyzed, it stands as a general
name for all the indices.Unidimensional Index: This refers to the extracting only one index instead
of multiple ones.Multidimensional Index: This refers to multiple indices to be extracted.

2.1 Independent Component Analysis

Independent component analysis is a statistical technique that tends to. expose the underlying
factors that influence a dataset. It is a tool for getting out useful information from a set of observed

data.

Assumptions of Independent Component Analysis
Independence: it is assumed that each observed variable value is statistically independent of the
other, that is the observed value of a variable does not affect the observed value of another.

Normality: the observed values are expected not to be Gaussian because of central limit theorem,
that if two of the values are Gaussian then their linear combination will become more Gaussian

which makes it hard to recover the original data.

Linear Mixture: each/observed variable is assumed to be linear which makes the combination of

the observed variables a linear algebra of the mixing matrices to be estimated.

At most one Gaussian source: it is assumed that at most one of variable is Gaussian, if more than

one it affects the result and makes the analysis impossible.
Mathematical Model Formulation

The Whitening Matrix: this is the transformed observed data with unit variance and now
uncorrelated. That is:

E{xXX} =1 Q)

Xuwhite = Whitemat - X (2

Where,



X is the observed variable data

Xuwhite 1S result of the product whitening matrix and the observed data.
Whitemat is the whitening matrix

To estimate the mixing matrix:

Assumming n set of individual linear mixtures Xi, Xz, .. Xn

Xj= ajsi+ ajpsat ajpsa+ ... + ajpsn (3)
let x denote a random vector whose elements are a mixture of X1 Xz ... X,
and s be a random vector with elements s; S, ... Sn.
let A denote the matrix with elements a;;

Using this vector—matrix notation, the above mixing model is written as:
x = As 4
X=2it1a; S )

Then after estimating the matrix A, we compute the inverse W.
S = Wx (6)
Where, W = transformation matrix.
2.2 Principal component analysis(PCA)
This is a statistical technique that maximizes the variance of linear combination of variables.

Let Y;,Y,..,¥, be an n-observation vector in a p-dimensional space. The variables

Y1, Y2 .. , Ypare uncorrelated, the mean vector is Y.
Let A be an orthogonal matrix, then

Z; = AY; @)
Since A is orthogonal then A'A = |

Z;Z; = (AY,)(AY,) = Y; AAY, = }'Y,; (8)

the orthogonal matrix has transformed the point Y;to a point Z;. thus the resulting principal

componentsZi, Zs, ... Zpin Z = A.



The sample covariance matrix Z is S,= ASA'=| 0 s7,

Where S is the sample covariance matrix yi, Yz, ... ,Yn.

A1+ Aptt Ay

Proportion of variance estimated =
A1+ g+t Ap

I Py PRty
2715
Algebraically, z=a'y = a'Sa

__alSa

(S—ADa=0
Consider the matrix S whose variables are uncorrelated
Su 0 ... 0
S=0 Sp... O

0  0Sp
The characteristic equation will be
0=15— Atl= TI_,(Su =.2)
Which has the solutions Ai= S;ii= 1, 2;.... ,p

Thus, the ith component.is z; = &y = yi

Assumptions of Principal Component Analysis

(9)

(10)

(11)
(12)

(13)

(14)

e Linearity: it is assumed that the underlying associationsamong variables are linear.

e Orthogonality: it assumes that the principal components are orthogonal to each other.

e Variance: it maximizes the amount of variance of the data.

e Normalization: PCA assumes the data is normalized that is they have zero mean and unit

variance.

Detection of components to be retained



By retaining the component that explains a substantial amount of the total variance, like 80%.
Components whose eigenvalues are greater than the average of the eigenvalues should be retained

i.e,Zfﬂ%.Making use of the scree plot, of the eigenvalues against the number of variables, and

detect the bet of the curve between the larger eigenvalues and the smaller eigenvalues.Components

corresponding to the larger eigenvalues should be tested for it’s significance level.

2.3 Bayesian Factor Analysis
Bayesian factor analysis is a statistical technique that is used for dimensionality reduction and
extracting latent factors underlying the variables. The statistical model for BFA. is
Y = AF + ¢ (a5)
Where, Y is the matrix of observed variables; A is the matrix of factor loading

F is the matrix of latent factors; ¢ is the error term

The Bayesian factor model makes use of hierarchical models. Let Q;; be the value of the indicator

j,j =1.2,..,7and i be the areas covered i = 1,2,... ,10.
Qij ~ Normal (pij, )
Wij = Lo + Lixiit+ Paxoit ... ++ Lixii (16)
where,
Bo ~ Normal (i1,6%)
B~ Normal (4, 0®) forj = 1,2,..k
6’0/~ Gamma (mean, variance)
Xij represents the value of predictor variable j for the i-th observation.
Bois the intercept.
p;are the coefficients for the predictor variables xi; through Xui.
wi is the mean of the normal distribution for the i-th observation.
o is the standard deviation of the normal distribution.

The model assumes that the observed variable Qjjis normally distributed.



The likelihood of a Bayesian factor analysis is assumed to be a multivariate normal distribution and
can be estimated below:

_ [ p2pe v 1 —
©(x) = [ =TI exp{ - x - ) THx- W)} (17)
|>’| denotes the determinant of the variance-covariance matrix )
> Lis the inverse of the variance-covariance matrix.

The multivariate normal density function is given below:

1 -1
©(x) = T}y == o {5 (5 — 1)} (18)
Assumptions of Bayesian Factor Analysis

Normality: it is assumed that the data is normally distributed; this ensures our posterior inference is

proper.

Prior Information: The Bayesian approach makes use of prior knowledge of the observed data,
which makes it have the best knowledge of the data to be analyzed.

Model structure and Uncertainty: Bayesian model accounts for uncertainty in flexible model

estimation.

Sample size: the sample size should be greater than the number the number of observed variables.
Multicolinearity: there should be no perfect multicollinearity among the observed data.
Linearity: it is assumed the relationship among the observed variables is linear.

Markov Chain Monte Carlo

The mathematical. process of a state space model undergoing transition is regarded as a markov
property andis represented below:

P(Xt+n: XIXt,Xt-l,--- ,Xt-k) = P(Xt+n: xlxt) (19)

This property tells us that the process is a memoryless one and future parameters are estimated
based on the current state of the process.

The conditional probability is given by Xi.n= X+ngiven that Xi= x; and is denoted by f(X+n|Xs).

The unconditional probability is given by X= x; denoted by f(x;).



The optimization technique employed in this study for posterior inference is the Hamiltonian Monte
Carlo Markov Chain.

The Hamiltonian Monte Carlo technique makes use of the derivative of the density function being
sampled to generate transitions and get the posterior and makes use of the metropolis acceptance
step.

The joint density of a Hamiltonian is:
H(p,0) = —logp(p,0)

= —logp (p|6) — log p(H)

= T(pl6) +V(0) (20)
where
T(pl@) = —logp (p|0) is called the “kinetic energy”

and the termV(6) = —logp(0)is called the “potential energy.” The potential energy is specified
by the Stan program through its definition of a log density.
To generate transitions in Hamiltonian,

p ~ MultiNormal(O, X)

where p is an auxiliary momemtum variable.

The joint system (0,p) becomes,

a0 _ (oM _ 0T
E_+6p_+6p (21)
dp__9H__oT_ oV
at 00 20 0 (22)
The metropolis acceptance is given by:
: fe) a(xe-1lye)
Pt=min 1 23
‘ (f(xt_l) aeixe-1)’ ) (23)

The marginal log-likelihood and posterior predictive p-value are used to access the model fit of the
data. For a model M, with likelihood function {fy(y): 6 € @}, parameterized by 6, a prior 7(68)

and observations yi., € y™, the marginal log-likelihood is:

Pu(Y1n) = J fo (v1:n)dm(6) (24)



The posterior predictive with a prior 7 (8) is given as:

s¢ Vy1n) = log [ 9{1(6, M}dms(Oy1:n) (25)

The extraction method each analysis type will make use of explicitlyformulas related to each
methoddiscussed above.

3.0  Analysisand Discussion of results

3.1 Presentation of Data

analysis was recorded.

Table 2: Summary of the Ibadan Study area data

Year | Forest Area | Agriculture | Mixed

(km®) Area (km?) | Savanna (km?) (“000)
1984 | 276.04 30.08 20.89 1,398
2000 |255.11 136.45 2,042
2006 |241.34 190.55 2,560
2013 | 235.43 220.12 3,015
2020 | 125.35 240.16 3,649

Forest area

Agriculture

Mixed
savanna

Urban Built
up area

560000 570000 580000 590000 600000 610000 620000

Figure 1:The general land cover of the city of Ibadan for the year 1984.
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Figure 2: Built-up area of Ibadan for the year 1984.
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Figure 5:Land cover area for the year 2006.
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Figure 6: Built-up area for the year 2006.
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Figure 7: Land cover area for year 2013.
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Figure 9: Land cover area of Ibadan for 2020.
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3.2 Presentation of the Analysis Results
3.2.1 Independent Component Analysis

Table 3 shows the factor loadingsof the ICA which represents how each variable contributes or
correlatedto the independent component.Factor 1: Has a positive loading with urban density, frag-
saturation and leapfrog while negative with built-up, openness, proximity and cohesion. Thus, it
represents a strong association with frag-saturation and urban density.Factor 2: Has a positive loading
with built up density, frag-saturation and cohesion while negative with urban density, openness,
proximity-and leapfrog. Thus,it represents a strong association with cohesion.Factor 3: Has a positive
loading with: built-up, urban density, openness and cohesion while negative with frag-saturation,
proximity and leapfrog.It depictsa strong association with built-up density and urban density.Therefore,
concrete policies like: stricter land-use regulations, promotion of compact urban growth etc., should be

made.

Table 3: Independent Component Analysis Result



Variables DIM 1 DIM2 | DIM3
Builtup density -0.269 0.318 0.616
Urban density 0.313 -0.032 | 0.463
Frag-saturation 0.469 0.193 -0.068
Openness -0.431 -0.253 | 0.032
Proximity -0.094 -0.293 | -0.316
Cohesion -0.335 0.472 0.105
Leapfrog 0.155 -0.124 | -0.194

3.3.2: Principal Component Analysis

Table 4 values of these loadings represent how much each variable. contribute to each principal

component. It can also be seen that the variables with high loadings on each factors are built-up density,

urban density, fragmentation, proximity and cohesion. This verifies the result.of the ICA done.

Table 4: Principal Component Analysis Results

Diml Dim2 Dim3
Built-up density 0.111 0.297 0.900
Urban density -0.104 0.828 0.153
Frag-saturation 0.777 0.434 -0.315
Openness -0.852 -0.421 0.224
Proximity 0.717 -0.461 -0.057
Cohesion -0.672 -0.319 0.581
Leapfrog -0.255 0.386 -0.009

Table 5shows the variance explained by each factor, the proportion of explained variances by each factor
and the cumulative variance explained by all the factors. It can be seen that factor one explained 34% of
the total variance, factoer two explained 23%, factor three 19%, factor four 14%, factor five 6%, factor six
4% and the seventh factor explained 1%. This can be seen as the reason three factors were picked as
having underlying information about our data.

Table 5: Amount of VVariance Explained

Diml Dim2 Dim3 Dim4 Dim5 Dim6 Dim7
Variance 2.383 1.603 1.324 0.956 0.417 0.261 0.056
% of var. 34.043 22.896 18.920 13.654 5.963 3.727 0.796
Cum. % of var. | 34.043 56.939 75.860 89.514 95.477 99.204 100.00
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Comparing the results of both the ICA and PCA, it is.observed that they are somewhat similar. Three
factors were both extracted as the underlying latent factor affecting the observed variable. Each of the
factors is expected to produce almost likely .results, if at all they aren’t all similar. The first factor
produced by both the ICA and PCA results both has strong association on the variable frag-saturation.
The second factor from the ICA has a strong association with cohesion while from the PCA has with
urban density and saturation. The third factor from the ICA has strong association on built-up density and
urban-density while from the PCA has strong association from built-up and cohesion. With these results,
it is obvious the ICA and PCA gives us the clearest output of each factors but the extent of variances
explained wasn’t recorded in the ICA-technique and since the PCA is somewhat similar, it can be said
that the proportion of variances explained by each factor are similar too. In summary, three factors were
extracted and from the.outputs of these factors, it can be concluded that the twoanalysis in the third factor
have the most similar result and can be interpreted likely.

3.3.3 Bayesian Factor Analysis

The Bayesian factor model makes use of hierarchical models. Let Qj; be the value of the indicator

j,j =12,..,7and i be the areas covered i = 1,2,... ,10.
Qij ~ Normal (pij, )

Hij = Bo + Pixiit+ foxoit ... + + Bixi



where, Bo ~ Normal (0,10 )
Bj~ Normal (0, 10) forj = 12,... .k
02=1, o~ Gamma (1, 0.5)

Xij represents the value of predictor variable j for the i-th observation.
Bois the intercept ;B;are the coefficients for the predictor variables x;; through Xui.
wi is the mean of the normal distribution for the i-th observation; ¢ is the standard deviation of the

normal distribution. The model assumes that the observed variable Qjjis normally distributed

In Table 6, the estimate column signifies the point estimate of the factor loading, it indicates the
strength of the relationship of the observed variables and the latent factor.The. Post SD column
provides the standard deviation of the posterior distribution.of the factor loading.The Pi lower and
Pi upper gives the lower and upper bounds of the 95% credible interval for the factor loading.The
Rhat column is related to convergence diagnostic in MCMC sampling, values close to one indicate
good convergence.The result signifies good . convergence, the model fit the observed data
accurately.

Table 6: Bayesian Factor Analysis Result.

Estimate Post SD Pi lower Pi upper Rhat
Built-up density 1.000
Urban density -0.214 9.971 -18.478 19.423 1.000
Fragmentation 0.423 9.734 -18.857 20.397 1.001
Openness 0.412 9.420 -19.348 18.558 1.009
Proximity 0.657 10.169 -19.460 20.238 1.012
Cohesion -0.120 9.502 -18.343 18.920 1.008
Leapfrog -0.583 4.273 -11.561 8.346 1.040

The Bayesian model fit for the data is

xXi= Aif1+ &

Where x; is the ith observed variable.

A;1 = is the factor loading of the ith observed variable




F1 = the latent factor

&= error term
Wheni=1, x; =1.000 x f;
Wheni=2,x,=-0,214 x f; + ¢;
When i =3, x3 = 0.423 xf; + ¢;
When i =4, x4 = 0.412 xf; + ¢;
When i =5, x5 = 0.657 xf; + g;
When i =6, Xg = -0.120 xf; + ¢;
Wheni=7, x; =-0.583 xf; + g;

Table7shows the amount of variance explained by each observed variable. It was observed that
variable X; explained 5.783. X, explained 6.882. X3 explained 0.001. the post. SD explain the
posterior standard deviation of the observed variable. The pi-lower and upper show the credible
interval of the observed variable. The Rhat shows the convergence of the analysis, the values
estimated showed good convergence of the estimated variables.

Table 7: Amount of variance estimated.

Variances Estimate Post.SD Pi.lower Pi.upper Rhat

X1 5.783 3.587 2.022 4.473 1.006
Xa 6.882 3.713 2.557 4.821 1.004
X3 0.001 0.001 0.000 0.005 1.001
X4 0.000 0.000 1.005
Xs 0.000 0.000 1.006
Xs 0.000 0.000 1.007
X7 0.000 1.034
= 0.000 0.000 1.029

Table 8 shows the table of relationship of covariance among the observed variances.

Table 8: Amount of covariance estimated.

Covariance Estimate Post.sd Pi.lower Pi.upper Rhat
X]_ -

X2 1.057 1.734 -2.057 4.990 1.003
X3 0.001 0.025 -0.046 0.056 1.004
X4 0.003 0.014 -0.024 0.032 1.003
Xs -0.002 0.011 -0.025 0.019 1.003




Xs 0.007 0.011 -0.014 0.030 1.024
X7 0.000 0.000 -0.000 1.002
X -

X3 0.002 0.031 -0.054 0.057 1.022
Xa -0.009 0.015 -0.044 0.018 1.022
Xs -0.008 0.012 -0.034 0.012 1.004
Xs -0.005 0.010 -0.025 0.013 1.001
X7 0.000 0.000 -0.000 1.001
X3 -~

Xa -0.000 0.000 -0.001 1.016
Xs 0.000 0.000 -0.000 1.003
Xs -0.000 0.000 0.000 1.001
X7 0.000 0.000 -0.000 1.001
X4 -~

Xs -0.000 0.000 0.000 1.007
Xs -0.000 0.000 0.000 1.004
X7 0.000 0.000 -0.000 1.003
X5~~

Xs 0.000 0.000 -0.000 1.009
X7 -0.000 0.000 0.000 1.009
Xe““‘

X7 -0.000 0.000 0.000 1.002
4 Summary and Conclusion

The purpose of this study was to understand and characterize urban sprawl in the city of Ibadan,
and to obtain a“unidimensional<index variable using a combination of Independent Component
Analysis (ICA), Principal Component Analysis (PCA), and Bayesian Factor Analysis (BFA). Based
on the result of the analysis, the ICA produced three underlying factors that could have more effect
on the variables, analyzing and checking the factors that have stronger association with the factors,
it wasobserved thatfour variables; fragmentation, built-up density, urban density, cohesion, were
identified. The PCA shared similar result of reduction to three factors with the ICA. Bayesian factor
analysis was adopted to extract a unidimensional index variable, by defining it into a simpler model
and extracting a single index by reduction of the factors gotten, thereby making it easier to
compute.The Bayesian analysis result showed that the major variables being affected by the factors
were the built-up density, fragmentation, openness and proximity. The built-up density with an



estimate of 1.000, the fragmentation with an estimate of 0.432, the openness with an estimate of
0.412 and the proximity with an estimate of 0.652 all have significant role in the rate of sprawling.
It could be inferred that the major elementsof sprawl are built-up density, fragmentation, and
openness and could all be related to the Intensity of Use of the land area. The conclusion based on
the result of the Bayesian factor analysis is that, the four variables are the most significant agent of
sprawl and should be looked into economically, of which built-up density is the highest one with
the most significant impact. Thus, Government should put in place these four factors into
consideration for urban planning or policy making especially, the land areas to be covered by
buildings and roads.
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