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An exponential attractor for a two-temperature phase transition model

Abstract

In this work, we investigate the finite dimensionality of an attractor of a two-temperature Caginalp-type system
for heat conduction. In order to prove that the global attractor is of finite dimension, we can use the volume
contraction method, show the existence of an inertial manifold or an exponential attractor. The volume contrac-
tion method is not applicable because it requires a certain differentiability of the associated semigroup, which
is not possible to obtain for our system. Similarly, the construction of an inertial manifold relies on the so-called
spectral gap condition, which is a very restrictive condition. For all these reasons, we show that the global
attractor of the system is of finite fractal dimension by proving that the system has an exponential attractor.
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Introduction

The asymptotic behaviour of dynamical systems is an important aspect of their study. This is why researchers often
seek to demonstrate the existence of an attractor. An attractor is a compact region in the space of physical variables
that attracts all or some of the system’s trajectories. Determining its dimension is a key step in describing it. Since the
attractor is a fractal object, its dimension is not integer.

Consider the Caginalp field-phase system defined by :
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The derivation of this system, the well-posdness of the problem and the asympotic behaviour have been done in [18].
In particular, we have shown the existence of a global attractor. Beyond the existence of the attractor, it is often
interesting to estimate its dimension. Indeed, the dimension of a global attractor is an interesting geometrical property
insofar as it gives information on the number of degrees of freedom defining the considered dynamic system (see [3],
[41, [51, [26], [27]). The dimension of an attractor is understood to be an overlapping dimension such as the Hausdorff
dimension or the fractal dimension (see [1], [6], [7], [15]). There are many techniques for estimating the dimension of
a global attractor (see [8], [16], [22], [24]). One of them is to show the existence of an exponential attractor. Indeed,
the existence of an exponential attractor implies not only the existence of a global attractor but also that the latter is of
finite dimension (see [2], [5], [9], [23], [25], [28]).

In the first section of this work, we recall the existence result of the global attractor obtained in [18]. Finally, in the
last section, we establish the existence of an exponential attractor, which allows us to conclude that the global attractor
is of finite fractal dimension.

The letter ¢, or ¢/, denotes a constant which may change from one line to another. Similarly, ||.||, will denote the
LP norm and (., .) the usual scalar product L?. We will denote by ||.||x the norm in the Banach space X. Finally, when
there is no possible confusion, we will note ||.|| instead of ||.||2.

1 Preliminaries

In this section, we recall a certain number of assumptions and results obtained in [18]. They are an essential
prerequisite for the rest of our work. These assumptions are as follows

—cg < F(s) < f(s)s+c1, co,c1>0,5€R, and F(s) = /Sf(T)dT, (1.1)
0

/()| <ca(sP+1), ca,p>1, s€ER, (1.2)

f'>—c3, ¢3>0, (1.3)

f(0)=0. (1.4)

Thanks to these, we have obtained the following results :
Theorem 1.1. Let T > 0 be given. We assume that ug € H}(Q), po € H?*(Q) N HY(Q) and F(ug) < +oc.
Then, under assumptions (1.1)-(1.2), the problem (0.1)-(0.4) admits at least one solution denoted (u,p) such as
u € L®(Ry; HHQ)), ¢ € L®(R4; H2(Q) N HY(Q)), %—7; € L%((0,T) x Q) and %—f € L2(0,T; Hi(Q)).

Theorem 1.2. We then have under conditions of Theorem 1.1 that the problem (0.1)-(0.4) possesses a unique solution
(u, @) with the above regularity.
Remark 1.3. A consequence of the theorems 1.1 and 1.2 is that we can define a family of resolution operators
S(t) @ — @
(1.5)
(u07 900) — (U(t), 90(15))’ t> Oa

where ® = H}(Q) x H?(Q) N HE () and (u, @) is the unique solution to the problem (0.1)-(0.4). Besides, this family
of solving operators forms a contnuous semigroup i.e. S(0) = Id and S(t + 7) = S(t) o S(7), Vt,7 > 0.

Theorem 1.4. Under the assumptions of Theorems 1.1 and 1.2, the semigroup S(t) is dissipative on ®. In other
words, the semigroup S(t) has a bounded absorbing set I3 in ®.
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Taking into account all the above, we can now state the existence theorem of the global attractor

Theorem 1.5. Under conditions of theorem 1.2 and taking into account (1.2)-(1.4). Then the semigroup S(t) defined
onto H} (Q) x H%(Q) possesses the global attractor denoted A which is bounded in H*(Q) x H3(Q).

Proof. For the proof of the theorems 1.1, 1.2, 1.4 and 1.5 see [18]. O

To have proved the existence of a global attractor is certainly interesting but it would be even better to be able to
estimate its dimension. For that we will demonstrate the existence of an exponential attractor.

2 [Estimation of the global attractor dimension

The notion of exponential attractor was introduced by Eden et al (see [11]) with the aim of correcting certain de-
fects of the global attractor, in particular its speed of attraction and its robustness. In practice, to evaluate the dimension
of the global attractor, we use the volume contraction method. This consists of studying the evolution of infinitesimal
volumes of dimension k in a neighbourhood of the global attractor: if the semigroup contracts volumes of dimension
k, therefore its fractal dimension is less than k. This method generally gives the best estimates of dimension in terms
of physical parameters (see [12]). Nevertheless, the volume contraction method requires a certain degree of differen-
tiability in the associated semigroup, which is difficult, if not impossible, to achieve. The finite dimensionality of the
global attractor can also be obtained by exibiting an inertial manifold or an exponential attractor. The inertial manifold
is a smooth (at least Lipschitz) finite-dimensional manifold satisfying an asymptotic completeness property. However,
all known constructions of inertial varieties are based on a very restrictive condition known as the spectral ()see, for
example, [17], [28]). The existence of exponential attractor requires weaker assumptions, namely some Lipschitz or
Holder property, which can be more easy to get. Historically, the construction of the exponential attractor was founded
on the squeezying property, which basically says that either the higher modes are dominated by the lower modes, or
the flow is exponentially contracted. It is non-constructible in the sense of Zorn’s lemma and is only valid in Hilbert
spaces, since it makes essential use of orthogonal projectors of finite rank. Another construction of an exponential
attractor valid in Banach spaces has been proposed in [13], [10]. It consists in establishing a regularity property on the
difference of two solutions which generalises the techniques proposed in [20]. In our case, in the absence of regular-
isation effects on the initial data linked to the highly damped term —A22 | the methods mentioned above no longer

ot °
work. For this reason, we will use a decomposition argument (see [8], [13], [14], [19], [21], [22]).

Definition 2.1. A compact set M is an exponential attractor for the semi-group S(t) if :
1) It is of finite fractal dimension, i.e. dim(M) < +o0,
2) It is positively invariant, i.e. S(t)M C M, t >0,

3) It exponentially attracts bounded subsets of the phase space ® in the following sense: YB C ®, bounded
disty(S(t)B, M) < Q(||Bll)e"“, ¢ > 0 constant and Q) monotone function independent of B, disty is the
Hausdorff semi-distance between the sets.

We start with stating result that will be useful in the sequel (see [6], [11], [25]).

Theorem 2.2. Let V and H be two Banach spaces such that S(t) : X — X is a semigroup acting on a closed subset
X of H. We assume :

a) S(t)yu—S(t)v = ¢ (t)+¢%(t), Yu, v € X, where ||¢*(t)||5% < d(t)||u—v||%, d continuous function, d(t) — 0
quand t — +oo and ||$*(t)||% < h(t)||u — v||%, h continuous function,

b) the application (t,x) — S(t)x is lipschitz in space and Holder in time on [0,T]x B, T > 0,YB C X, bounded.
Then S(t) has an exponential attractor M on X.

To prove the existence of exponential attractors in our case, we will rely on theorem 2.2. We have the following
result
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Theorem 2.3. The semigroup S(t), t > 0, corresponding to the problem (0.1)-(0.4) defined from X to itself satisfies
a decomposition as in theorem 2.2, provided that p < 1 when Q C R3.

Proof. Let X = U;>4, B, B being the bounded absorbing set. We have X C ®. We restrict S(¢t) : X — X. Let
(u1, 1) and (ug, o) be two trajectories of the problem (0.1)-(0.3) with initial data (uo1, @o1) and (w2, ©o2). We
pose U = u; — ug, (p = 901 — (pg, Ug = Ug1 — U2, (p(] = 90(]1 — @02- ThUS (’LL, QD) Veriﬁes N

ou

ot —Au+ f(ur) — fluz2) = ¢ — A, 2.1)
dp Op _ Ou

ot Sar AT e 2.2
u =@ = 0ond, (2.3)
U|t:0 = g, Pli=0 = ¥o. (2.4)

Subsequently, we decompose (u, @) as follows (u, @) = (v, () + (w, p) where (v, {) is a solution of :

ov
E—AU—C—AQ (2.5)
SN Bv
A T (2.6)
v=_=0o0n0d Y, 2.7
v]—0 = uo, Cli=0 = Po- (2.8)
and (w, p) satisfies :
0
Sr — Awt flw) = f(uz) = p— Ap, 2.9)

@A@ A_aw

ot "ot ~PT T (210)
w = p=0ond, 2.11)
w(0) = p(0) = 0. (2.12)

Multiply (2.5) and (2.6) by ¢ and (¢ — A() respectively. Then by summing them and integrating over (2, we obtain

d
7 Vel +11C1” + 21Vl + AC?) + ( P+ IV¢I? + IIAU) =0. 2.13)
Now, multiplying (2.5) by v, then integrating through €2
s lolP+21vel = [ (- Agwd .14
Q
From (2.14), we get the inequality
d
Zol? +1Vel* < e V). (2.15)

Multiply (2.15) by € with € > 0 small enough, then summing with (2.13), we arrive at the inequality

d
=7 Il + Vol + 1CH + 20 VC* + [AC)Z) + el Vol + 201V + A )+2|| ||2 clIVel. 2.16)

Let’s put
E = ¢|vl® + [[Vo]* + I¢II* + 2 VCI* + | AC]>. (2.17)
By choosing € such that 2 — ec > 0, we obtain
dE v
— TelVuIP + (2 = 2oV + 2AC)? + 20| 5112 < 0. (2.18)



Now, using Poincaré’s inequality, we have
E = elo]* + [ Vo> + [¢II* + 21V ¢ + I1ACI? < e (IVol* + [VEIP + 1AC)?) - (2.19)

From (2.18)-(2.19), the following inequation can be derived
dE

+cE+2|| H2 <0. (2.20)
dt
And so in particular
dE
— +cE <0. 2.21
o TeE< (2.21)
Multiplying (2.21) by e, we obtain
dE
—e 4 cEet < 0. (2.22)
dt
Let
E(t)+ < E(0)e™“. (2.23)
However, we have
(ol + 1COIF2) < E(t) < ex(lo®) 7 + IK®) ). (2.24)
Hence, using (2.23), we have
@17+ 1<O11F2 < dB)(luollF + llvollZe), (2.25)

with d(t) = e~
In the same way, Multiplying (2.9) and (2.10) by 2 and (p — Ap) respectively, then summing and integrating through
Q, we get

1d 0
3d (lwll® + 1ol + 11V ol + 1Apl*) + || ||2 + Vol +l12p)? = - /Q(f(ul) - f(uQ))aif dr. (2.26)
However, we have 5 5
|/Q(f(ul) - f(u2))371f dz| < /Qf/(e(ul,uz)ﬂm —U2Haif|d$. (2.27)
Using (1.2) in (2.27), we get
0 0
| ) = s Gy dol < e [ Qual + o + Dl 5 e (2.29)
Q Q

The Holder inequality is then used to establish that (i = 1,2, p = 1)

/Qlui|2p|u|‘?f|dx§ (/ |Ui|6pdm> (/ |u6dx)é </| oy >;

< 28, o (2:29)
<l 2 s + 1\|8wu2
Taking into account (2.28)-(2.29), the equality (2.26) becomes
e (wl + 1ol + Vol + [ Apl1%) + || ||2 +IVoll? + [1Ap]?
2dt (2.30)

< ce(flurlf + uall% + Dl ¢ > 1.



This time, multiplying (2.9) by w and integrating over €2, we get

3l 18wl + [ (7) = f)wde = [ (o= Appwda.

By similarity of the calculations made in (2.27)-(2.29), we obtain
| j (f(u1) = fluz))wdz| < e(llurllfp + lluzllfn + Dllullm, ¢ = 1.
)

Also, using the Schwarz and Poincaré formulas

1
/(p — Ap)wdx = / pw dz +/ VpVwdzr < c|Vp|?* + = || Vwl|*.
Q 0 ) 2
Using (2.32)-(2.33) in (2.31), we get

5 dtll wl* + | Aw]* < e(flurllf + [luzllf + Dllulld + el Vol

Also, multiplying (2.9) by —Aw and integrating over {2, we have

33Vl 18wl = [ () = flun)awds = = [ (0= Ap)Awda.

By similarity of the calculations made in (2.27)-(2.29), we obtain

1
I/Q(f(ul) = flu))Awdz| < e(lfun[lfp + [luallfp + Dl + 5| Aw]?,

I/ — Ap)wda| < (| Vol +[|Apl*) + HAw||2~
Taking into account (2.36)-(2.37) in (2.35), we obtain

1d
2dt

Also, multiplying (2.9) by —A %7 ‘9“’ and integrating over 2, we have

0 0
3wl IV G = [ () = fuanaZ o= [ (- apaZlan

However, we have

ow ow ow
—/Q(p—Ap)AEd:c——/QpAadx—i—/QApAadx.

In addition
- / () — F))AL de = [ 9(f () — f(u2) VY de
o 1 2 ot 1 ot

Q

= /(f’(ul)Vul —f’(ug)Vug)V%: dx.
Q

However, we have
F(u1)Vuy = f'(ug) Vg = (f'(u1) = f'(u2)) Vs + f'(u2) Vu.
Taking into account (2.42), (2.1) then becomes

0 0
| / (f(ur) = flup)AS da| < c / (Jua | =+ Jua|* + )|V ||V 5o | dav.
0 ot 0 ot

VWl +1Aw]* < c(luallf + luzllf + Dllulfn + (VoI + 1 Ap]%).

2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)



Since H?() is continuous embeddings into L°°(£2) (2 bounded set), (2.43) gives
ow 9 9
| ] ) = fluz))Age dal < ellfunllizz + lluzllze + Dkl lullaz] + ||V

Now, by multiplying (2.10) by A2p and integrating through 2, we get

2 Ap|? /A“‘ —/ Apdz.
2dt/| |dx+2dt/|v pl*dx + [ |[VAp|* dx vatv pdx

Hence
1d

ow
535 1801+ 1987) + [Vl = [ VIvapde

Similarly, by multiplying (2.10) by —A 5 aw and then integrating through 2, we obtain

2dt

By summing (2.46) and (2.47), we obtain

ow
2 2 ow o 2
31wl + 1801 + VA0l + V12 + |V A

ow

—/Q(f(ul)—f(uz)) 5 = /Q(p—A,o)A%dH/QV%fVApdx.

Now,

ow ow

ow
/Q(f(ul)—f( AT = - /Q<p—Ap>Agdx+ RE v

In the same way, multiplying (2.9) by ¢ and integrating over €2, we obtain

1d
2 dt

ow

Multiplying (2.10) by p — Ap and integrating over (2, we get

1d(
2dt

Now, adding (2.50) and (2.51), we obtain

1d
Zdt
ow

+H |\2+HVP||2+HAP||2 /Q(f(ul)*f(uQ))a da.

= (IVwll® + 1l* + 2Vl + [ Ap]?)

However, we have, owing to (1.2)
ow ow
| [ (f(u1) = fu2)) 7 da| < / |f(O(u, uz))l fur = ua| || de
Q ot Q

= C/Q(|U1|2” + Juz|* + 1)u| | Idﬂc

el + 195 = [ () - fuana Gy = [ o= apaflan

G0l 1R + [ () = )G do = [ (o= apaT dn

ow
loll® + 2 Voll® + 1|1 Apl1?) + [IVpll> + (| Ap|* = — /Q(p = Ap) 5 da.

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)



If O C R3, we have using, Holder’s, Young’s inequalities, sobolev embedding and noticing that p < 1, in that case

(we will take p = 1)

/Q|ui|2p|u||aa—1:|dx§ </Q|ui|6pdm) (/Q |u|6dx) (/Q%Z’de) =19

2 w
< Mluill fow oy el oo 5

ow
< CHuz‘llip(g)||UHH1(Q>H§H (H'() c L°())
1 Ow
< clluill gy llullF ) + 6||*||2

Considering (2.53) and (2.54), the equality (2.52) becomes

1d ||
2dt 2" Ot
< e(llurllzr gy + luzll iy + DllulFq)-

V02 + Nl = Apl) + SIS 12 + IVl + | Ap 2

Multiplying (2.9) by w and by integrate over {2

2dt

Using Poincaré’s, Cauchy-Schwartz’s and Young’s inequalities, we have
| [ pwds < [ lolfulds
Q Q
c/ [Vol|Vw| dz
Q
1
<|Vol* + IVl
and
| / VpVwdz| < / |Vpl|[Vw| dx
Q Q
1
< dIVol® + IVl
Collecting (2.56)-(2.58), we get

3ol + 319l + [ (fan) = fun)wde < VP

Now, If Q C R3, we take p = 1 (actually, p < 1, in that case), Holder’s inequality yields
= [ () = fu)wdel < [ 1) = f(u)] o] do
< [ 176 w2) s el do
Q

< [ (uf? + fuaf” + Dlal o] do
Q

< el o) + lu2lif @) + Dllullm e lwll.

L ywl? + [Vl + / (Flur) — fluz)ywda = / pw d + / VoV de.

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)



Applying Poincaré’s and Young’s inequalities, we write

\/Q(f(ul) — flu2))wda| < c(lurll ) + llualli o) + Dllull s @llwll

< C(H“l“%{l(g) + HUZH%P(Q) + Dllullm o Vo

1
< C(H“l“?{l(m + HUZHZ}LP(Q) + 1)”“’”%[1(9) + 6||VwH2~

Taking into account (2.61), estimate (2.59) becomes

2dt

L2 + vaH2SC(HulHj'lil(Q)+HUQHjlﬁll(Q)+1)||u||?—11(9)+cl||vp”2'

Adding (2.55) and €1(2.62), where €; > 0 is small enough, we obtain

dE

— = +cIVol® + 1Ap17) + [Ve]* + [| A

dt

8w||2

where By = e1]|w[]® + [[Vwl|]® + [|[p — Ap||?, satisfies

c(lwll o) + loll2) < Er

Thus, (2.63) becomes

Now, multiplying (2.9) by

dE
dt

th

Thanks to (1.2), we have

IfQ C R3, p < 1in that case, we take p = 1 and then have thanks to Holder’s and Young’s inequalities

< ([wll o) + 1wzl @) + Dllwl g,

< (lwllfn ) + ol q)-

1
+ B+ IIfII2 < (lualli o) + w2l @) + Dl o)

—Aw and integrating over 2, one has

HV 12+ [|Aw]? = /Q(f(ul)—f(w))ﬁwdx QVprder/QApAwdx-

| /Q (Flur) — Flus))Awda] < ¢ /Q (u? + uzf?? + 1)]u] | Auo]

/Q(Iull2p + ual* + Dul [Aw|dz < e(|lurllF o) + [u2llf @) + Dllull e [ Aw]

1
clllurlt @) + lualli @) + Dllullf @) + 71 Aw]*.

Finally, we are led to an inequality of the type

th

2 Vw2 + | Aw|? < c(lurlln o) + lu2llbn o) + Dllulli o) + < (VoI + [ Ap]%).

Adding (2.65) and €3 (2.69), with €5 > 0 is small enough. We find

where Ey

dEy
dt

Multiplying (2.9) by —A S a“’ and integrating over {2, we get

1d
2 dt

& jawl + 1952y -/ () — F(u) AL

ot

+cBy + || Aw||* + || ||2 < ¢ (lunllzpr oy + luzliz @) + DllulFog)-

= E) + €3] Vw]||? satisfies an estimates similar to (2.64).

dx+/VpV—dm+/ApA—dx

2.61)

(2.62)

(2.63)

2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

2.71)



Multiplying (2.10) by A2p and integrating over €2, we obtain

1d

33 A0+ IV8012) + V89l = = [ apaSld,
Adding (2.71) and (2.72), we find

1d 9 9 9 ow 5
1wl + 18012 + [VApI2) + V2] + [V e |

= [ - spa % ar s [ wpv P ar

However,
9 d
[ ) = a5 e =~ [ (s0) ~ )V da
= _/(f/(u1)VU1 — f/(UQ)V’uQ)V% dzx
Q
Furthermore,
fu)Vur = f/(u2)Vug = (f'(ur) = f'(u2)) Vs + f'(u2) Vu
and therefore

[ () = ) AT dal < [ 1) = £ o) V] [9 55  da

/|f ) |vu|\v Y dr.

We then deduce, thanks to (1.2), Holder’s and Young’s inequalities that
18w = £ )| (9] [V 57 o
, ow
< | 15 Our, u2))l fur — gl [V | [V | do
Q

< el g + sl g + 1) / 11 92|

Analogously, we have
[ 1#ws )1Vl [V 2| da
< [ (uaP? 4 1) 19l [9 55 | o
< el ey + 1) [ 1Vl 1957 da

1 ow
< c(llunllfrz oy + lluzllte ) + DllullFq) + gIIV*H2
and

| / Vv o o) < | / Vol 190 da
< IVl IV oY)

< cl|[Vol® + *IIV ||2

10

ow
< e(llurllfray + luallfrzy + DllwllEn g lulFeq) + *||V§||2~

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)



Collecting estimates (2.73)-(2.79), we finally get an inequality of the form

1d
Aw|? + ||Ap|? + VA +VA27V 2
3 gz AWl + 1A~ + plI?) + IV Apl* + S| | 2.80)
< c(llull sy + luall sy + DllellZys gy + c’||Vp||2, 5 > 0.
The addition of (2.70) and €3(2.80), for €3 > 0 small enough, gives

dE

3
Wy By 1 9212 + IV 22 < (g + 2 gy + Doy 7 20, @8D)

where E3 = E5 + e3(||Aw||? + || Ap||? + |[VAp]|?) satisfies

c(lwlizr (@) + lolEs @) < Bs < ¢ (lwlifa) + lollis@)- (2.82)

We deduce, thanks to Gronwall’s lemma and (2.82), that

oz () + o) I20) < hE)(luollz @) + lvollF2()), ¥t € [0, T, (2.83)

t
where h(t) = C'/O e (flun ) + luallye gy + 1) ds. O

Theorem 2.4. The semi-group S(t), t > 0, generated by the problem (2.9)-(2.12) is a Lipschitz in space and Holder
in time on [0, T] x B where B C H?(Q) x H3(Q) is a bounded.

Proof. The Lipschitz continuity in space being a consequence of the result on the uniqueness of solutions obtained in
], it just remains to prove a holder condition in time for the semigroup S(¢), ¢t > 0. Let initial data belong to B, i.e.
let R > 0 be fixed, such that HUOHHl(Q) + ||<p0HH2(Q) < R. Thus, for all t; > 0 and ¢5 > 0, two different times,

thanks to estimates on || 2% |2, () and H 2132 o) and Cauchy-Schwarzt’s inequality, we have

15 (t1) (uo, o) — S(t2)(uo, po)ll a1 (@) xH2(Q) = llulty) — u(te), o(t1) — @(t2)ll 1 () x H2(0)
= Hu(tl) u(te) ) + lle(t) — e(t2) a2

8o (2.84)
S/t | )”Hl(Q) d7+/t [ ( )HH2(Q)d

<clth *tz\iv

where c depends on 7" > 0 and R. 0
We deduce from theorem 2.3 and theorem 2.4, the following result

Theorem 2.5. The dynamical system (S(t), X)t > 0, associated to the problem (2.9)-(2.12) possesses an exponential
attractor noted M in X.

Remark 2.6. Compared with the global attractor, an exponential attractor is expected to be more robust under per-
turbations. Indeed, the rate of attraction of trajectories towards the global attractor can be slow and it is extremely
difficult, even impossible, to estimate this rate of attraction according to the physical parameters of the problem in
general. As a result of global attractor may change drastically under small perturbations.

Corollary 2.7. The semigroup S(t)t > 0, possesses the finite-dimension global attractor A in X.

Remark 2.8. The finite-dimensionality means, basically, that, although the initial phase space is infinite-dimensional,
the reduced dynamics is, in an appropriate sense, finite-dimensional and can be described by a finite number of
parameter.
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Conclusion

In this work, we demonstrated that the attractor of the dynamical system we studied is of finite dimension by showing
that the dynamical system has an exponential attractor. For the future, it would be interesting to determine precisely the
value of the dimension of the attractor. There are many techniques for determining the dimension of an attractor. These
include methods derived from the statistical theory of extreme values, whose estimates of the local fractal dimension
are becoming increasingly reliable.
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