Prey-Predator Model On The Interaction Of
Pathogenic Bacteria And Bacteriophages In

The Presence Of Medication

Abstract

Antimicrobial resistance has become one of the greatest global threats to health, food security
and development. This crisis of antimicrobial resistance has led to research on alternative
treatment of bacterial infection. Among the possible alternatives is'the revival of phage
therapy which was widely abandoned after the clinical availability of antibiotics in the mid-
20th century in many countries. Based on this information, this study developed a three-
species model with two predators (Bacteriophages and medication)and one prey (Pathogenic
bacteria). The main aim of the study is to provide an insight onthe interaction of the prey and
predators as suitable alternative for the clinical treatment of bacterial infections using
combination antibiotics and bacteriophages.~The developed model factors in how the two
predators function mutually to fight the prey. The ‘model was formulated by the use of
ordinary differential equations. The model has three variables x, y and z representing the
prey, primary predator and the secondary predator respectively. The local stability analysis of
equilibrium points are carryout-using Jacobian matrix method from the model. The stability

of the model was found at (2”"[)3;09 < 1 which clearly showed how a therapy of both
% MO

medication and bacteriophages is-effective. Numerical simulation was done using MATLAB
to visualize the effects of various treatment combinations of the bacterial infection. The
results showed that:use of both bacteriophages and antibiotics can be effectively be used in
the management of bacterial infections.
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1.Introduction
Over the years, bacterial infections have continued to pose a threat to human life. The
resistance to medication (antibiotics) has become a worldwide challenge [7]. Various studies

on clinical efforts to address this challenge are ongoing. This study seeks to understand the



dynamics of the interaction between bacterial infection and combination therapy of

antibiotics and bacteriophages in the human body.

2. Preliminaries
2.1 Flow chart

2.2 Model Formulation

The prey-predator model basing on holling type | is formulated with carrying capacity K [16]
as follows,

N
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Where;



x, y and z are the pathogenic bacteria, primary predator and the secondary predator

respectively and

ais the growth rate of the pathogenic bacteria in the body system
B is the natural death rate of the pathogenic bacteria

wis the rate of introduction of medication into the body system
yis the rate of elimination of medication out of the body system.
pis natural growth rate of bacteriophages

o is the natural death rate of bacteriophages

¢ is the rate of interaction of the pathogenic bacteria and the primary predator
w is the rate of interaction of the pathogenic bacteria and.the secondary predator

t is the time

2.3 Model Preliminary Analysis
Since the model represents the dynamics of cell populations, it is required that the solutions
are positive, bounded and feasible. This'is confirmed from the following analysis.

2.3.1. Positivity
Properties and boundedness of the model are first done before analysis. The prove that all

variables x(t), y(t) and Z(t) are non-negative for all the time t is important in ensuring that

the model is well posed and is.realistic in representation of population [5].

A well posed problem has a solution, the solution is unique and depends continuously on data
and parameters. Having initial conditions x(0) > 0,y(0) = 0,z(0) = 0, the basic properties

necessary-for understanding subsequent results are shown.

Proposition 1
dx dy dz . . . . L
SupposeE ,Eanda are derivatives of the variables x,y and z respectively, then initial

conditions of the differential equations (2.1)all positive for any given time t.



Proof

To show Positivity of x(t). Consider the model equation given by;

dx

E:ax(l—i)—exy—goxz—,[)’x.

Consider a family of sets where the natural growth rate aof the prey x is monotonically

decreasingto a null set. Applying the results in [11 prop 5] on monotonically decreasing
sets,we obtain an inequality Z—’; > —(exy + @xz + Bx). Also applying the results in [2, 13]
on integral representation of
afunctionandthegeneralpropertiesofintegrationofafunction,weobtainaninequality x(¢) >
—(exy + pxz + Bx)t. Consequently x(t) = 0 > —(exy + pxz + Bx)t.
Whichprovesthepositivityofx(t).

From the model equation % = wy (1 - %) — exy — yy. The positivity of y(t) is shown by
taking a family of sets where the rate  of introduction ofthe primary predator y
ismonotonically decreasing to an empty set. Applying the results in [10, 15 prop 2] on
monotonically decreasing sets for all values of t, we obtain the inequality% > —(exy +
vy).Theresultsin [3, 13]Jonintegrabilitypropertiesofafunctionandin [9] on finiteness of a
function and known properties of integration are applied to obtainaninequality y(t) >

e~(Ey+vy) |t follows that,y(t) = 0(exy + yy)t. Thereforey(t) > 0.

The Positivity of z(t) is.shown by takingthe equation % =pz (1 - %) + @xz — oz inthe

model is considered.
GivenafamilyofsetswheretheratepofintroductionofsecondarypredatorszWhosenumberofeleme

nts is diminishing to zero. Applying the results in [11 prop. 1, 14]
onmonotonicalIydecreasingsets,weobtaintheinequality% > —(—pxz+o02z) .

Followingthesameprocedureasintheproofofx(t)>0andy(t)>0,weobtain z(t) = 0 = (—uxz +

oz)t. Which is the required result.

2.3.2. Boundedness
For boundedness we define the total number of pathogenic bacteria in the system at any given
time t is given by

X=a—fx—exy— pxz (2.2)



This is where there are changes in the population of the pathogenic bacteria and is known as
population dynamics. The feasibility of the developed model is done to describe the region

where the system of the equation (2.1) is meaningful biologically.
Proposition 2.

Suppose the equation (2.1) holds, every solution of the model in the system of equation with
initial conditions in R3 approaches and stays in the compact set () as t > oo. Then the

feasible solution which is positively invariant set of the model is given by,

Q= {(x,y,z) eR3 : x(t) < E}

~ B
Proof
By hypothesis,
ax _ a— Bx —exy — pxz (2.3)

dt

In the absence of medication and bacteriophages (y'=.0.and z = 0), the equation reduces to

% prra (2.4)

% +px(t) =« (2.5)
The integrating factor is e/ fd=eht

d

- Bt = yebt

7t x(t)e ae

x(t)eﬁt:f;J aefidt

a
xePt = x(t,)aebto = —eht

B

a
xeht — x(t,)aefto = ’E(eﬁt —efto)

x(t) = % + (¢, — %) efto (2.6)

Therefore



ﬂoa%%tam (2.7)

Therefore,thesolutionsofthemodelequationi—’; = a — ffx — exy — @xz are bounded in the

compact set (Q2) as illustrated in [2] on compact sets. Therefore, Q = {(x,y, z) eR3 : x(t) <

B
the model is meaningful biologically.

}, this implies that Qis invariant positivelyfor all values oft > 0, we therefore conclude that

2.5Stability analysis of the model Equilibria
Let E = (x,y,z) € Q be the equilibrium point of the system given by the system (2.1). The

states of equilibrium are obtained by setting the conditions Z—’; = 2—’; = % = 0[4].
That is;

x 3

ax(l—E)—Exy—quz—,Bx =0
Y —
a)y(l—;)—exy—yy—o 2.8 .
Z
pz(l—E)+quz—aZ:O
J

3.0 Main Results

3.1 Equilibrium points and their stabilities

This section considers equilibrium points E; (x4, 0,0), E;(x,,0, z,), E5(x3,y3,0) and

E*(x*,y*, z*)and the conditions for their stabilities.

3.2 Predator Free Equilibrium PointE (x4, 0, 0)
P-Free Equilibrium (PFE) point in the system is the point in the system at which there are no
traces of both primary and secondary predators in the body system.

By substituting (x,, 0,0) the model (2.1), we obtain;
X1 _
a@—EJ—B—O

x=k(1-5) (3.6.2)



Extinction of both predators(k (1 - g) ,0,0)

3.2.1Local Stability forE,

The local stability of E; is computed at(k (1 - g) ,0,0).

Predator-Free Equilibrium (PFE) point in the system is the point in the system is the point at
which there are no traces of predators in the body system. Both medication and Bps are not in
the body system.

Z—:Zax(l—z)—exy—goxz—ﬁx

d
d—jt/ = wy (1 — %) —exy —vyy(3.1)

%sz(l—§)+q)xz—az

J

To establish the equilibrium stability, the Jacobian matrix J of the equation (3.1) is computed
and evaluated around the equilibrium state E. To obtain the Jacobian matrix of the system
(3.1), the system is linearized at the PFE by partially differentiating the system with respect

to the state variables. Therefore, at the Predator-free equilibrium, the Jacobian matrix J is

I[a—%—ey—q)z—,[)’ —ex —@x ]I
J=| _ Y ex — 0 I 3.2
B y Ww————&x—y (3.2)
[ ©z 0 p—2ﬂ+q)x—aJ

At(k (1 — g) ,0,0) we obtain;

_a-38  —ek (1—9 ok (1—9
L= 0 w—ek(l—é)—y 0
0 0 p+q)k<l—§>—a_

The results in [1] the determinant matrix of the system is given by



l[—a—B,B—/l —¢k (1—5) ok (1—5) ]I
]1—1/1:| 0 w-ek(1-£)—y-2 0 | (33)
| o 0 p+ok(1-£)—c-1]

The solution off; — IA1 = Oare the eigen values:

(—a—aﬁ—/1)<w—gk<1—§)—y—/1><p+¢k<1—§>—a—/1>:o

A1 = —(a+3p) )

Azzw—ek—%—y (3.4)
* >
k

/13=p+q)k—¥—a

Clearly 1, and A, <0 but
For the PFE to be stable we need to show.that A; <0
Proposition 3

The predator free equilibrium point E; in the equation (3.1) is asymptotically stable if Clearly
A4, 45,45 < 0 and is unstable if at least one of the 4,, 1,,45 is positive for all @, €,¢, f, w,

y,p,0 and k greater than zero.
Proof

The PFE is asymptotically stable if all the eigen values 4,, 1,,45 of the J; (E;) satisfy the
Routh-Hurtwitz criterion [8]. Applying the Routh-Hurtwitz theorem, A, and 4, from equation
(3.4) havenegative real parts. We move on to establish a necessary and sufficient condition
for A5 to also have a negative real part. This will ensure that the PFE is stable and

asymptotically stable as well.

From A; we obtain

p+ok-2L—5<0 (3.5)



The inequality (3.5) now becomes

ok-2L< 5—p (3.6)
Dividing (3.6) by ¢  we obtain

k (1 _ E) < I=P (3.7)

The inequality (3.7) is the necessary and sufficient condition for the PFE state E; of the model
for it to be asymptotically stable.

Since k is always positive then the death o rate of bacteriophages must be higher than its

growth rate p. This is a clear proof that at this equilibrium, there are no predators at all.

Also (3.7) gives the necessary and sufficient condition for the'PFE ta be in a stable state. The

number of bacteriophages % must always be less than the pathogenic bacteria in the body
system k (1 - g)
3.3 Primary Predator Free Equilibrium Point E; (x4, 0, z,)

This is a point where there is no medication in the body system, the Bps are the only ones that
are fighting with the pathogenic bacteria.

By substituting (x,, 0, z,)in the-model (3.1), we obtain;
a—%—goz—,8=0andp—%+q)x—020.

The values of x.and:z are evaluated and are found to be;

__ kap=kpBrk*pp+ikiga
X2 = ap—k2o? (38)
p—k?¢
__ kap-kac+k?ap—-k?Bo
z, = 2 (3.9
p—k?¢
kap-kpB—-k%pp+k?poc kap-kao+k2ap-k?
Let Xer pPB—k“pp 99 — A and X2 @ b’<p:B

2 2

ap—kZ¢ ap—kZ¢

3.3.1 Local StabilityforE,

The points of computing the local stability of E, is at (4,0, B)



The Jacobian matrix of the equilibrium point E,is computed by substituting the values of x

and z above in (3.2) and is obtained as;

20A
a—T—qoB—ﬁ —eA —pA
J,= 0 w—¢eA—-y 0
2pB
¢B 0 p—T+<pA—aJ

The determinant matrix J, — IA for the matrix is

oz—z;j—A—(pB—B—A —eA —@pA
Jooiz = 0 w—gA—y—2 0 (3.10)
@B 0 p—ZZ—B+(pA—o—A
The solution off, — IA = Oare the eigen values:
11: a—%—th—ﬁ
Ah=w—eA-y | (3.11)

13: p—%+<pA—cr

From equation (3.11),4, and A3 have negative real parts and for the stability of the
equilibrium point, we need to show the sufficient and necessary condition for A, < 0. This is

by applying the Routh-Hurtwitz theorem.

From A, we obtain

w—eA—y <0 (3.12)
From (3.12);.the inequality now becomes

=¥ < (3.13)

gA

The inequality in (3.13) is the necessary and sufficient condition for the PPFE point to be
stable. This means that at any given instance, the amount of medication with respect to the

pathogenic bacteria is the less than one.



3.4 Secondary Predator Free Equilibrium Point E3(x3,y3,0)
At this equilibrium point, there are no bacteriophages, the pathogenic bacteria are being acted
upon by the medication.
We substitute(xs, y3, 0) the model (3.1), we obtain;
wy

a—%—ey—,B:Oandw—T—ex—yZO.

The evaluation of x and y from the above gives;

kaw—kBw—k’ew+k?
X3 = aw—kfw st ey (3.14)
aw—k e?
— kaw—ka’y—kzas—kzsﬁ (3.15)
3 aw—ke2 '
kaw—-kBw—-k?cw+k?e kaw—-kay—k?as—k?e
Let B Y= ¢ and 4 F=p

aw—k2g? aw—k2g?

3.4.1 Local Stability forE;
The local stability of E5is computed at (C, D;0 ). TheJacobian matrix of the equilibrium

point E5 is computed by substituting the-above values of x and z in (3.2) and is obtained as;

a—T—sD—ﬁ —&C —@C
= 2wD
J3 eD a)—T—sC—y 0
0 0 p+oC—o

The determinant matrix J; — IA for the matrix is;

2acC

a—T—sD—ﬁ—/l _L —oC
Js = eD w—%—s(]—y—l 0 ] (316)
0 0 proC—o—41
The solution.of/; — IA = Oare the eigen values:
2aC
Al —a——7-e-p
k
Azza)—zﬂ—s(]—y L (317)

Ay = p+9oC—o
3

From the eigen values A, and 4, have negative real parts and for the stability of the
equilibrium point, we need to show the sufficient and necessary condition for 1; < 0. This is

by applying the Routh-Hurtwitz theorem.



From A5 we obtain
p+reC—0<0 (3.18)
From (3.18) the inequality becomes

nc
E <1 (319)

From (3.19) the condition satisfies stability of SPFEP point, this means that the number of

pathogenic bacteria with respect to bacteriophages at any given time is less than one.

3.5Equilibrium Point for the Presence of the Prey and both Predators E*(x*, y*,z*)

At this equilibrium point, the pathogenic bacteria are acted upon mutually by both

bacteriophages and antibiotics.

We substitute(x*, y*, z*) the model (3.2), where x*, y*,;z* > 0 we obtain;

ax* N\
a— —&y*—pzr = =0
k
a)—wTy*—wc*—yZO > (3.20)
Pz .
— + —
p——m W =0 )
From equation 3.20 x* = “(4z& —uz=f) (3.21)

a

From 3.21 Iets =a,a—pf=a,

Therefore, x* = ay(a, — ey* — uz*) (3.22)

y* from 3.20 is obtained as y* = W (3.23)
k — —

|et;—b1,(1)— =b,

Therefore, y* = b, (b, — ex*) (3.24)

Also 7+ = Xetux'=0) (3.25)

p



Ietszcl,p—azc2

Therefore, z* = ¢;(c, + px*) (3.26)
Substituting the value of x* in (3.22) in (3.24) we get

y* = by(b; — eay(a; — ey — pz"))

Let byb, = d, , cajayb; = d,, €2a;b; = d; and sa by = d,

y'=dy—dy —dgy" —dyz”

y* = di—dy—dsz” (3.27)

1+d;

z" = ci(cz + px’)

. dl_dz_d4z* .
=t o (BEE) o)

g —
Letm = f;, then

z* = ¢y(c; + Hay(a, — frdy — fid, = fid,z* = pz*))

— — — — — 2 —
Letcic, = ey, cipasa; = ey, cififid; = ez, cifaifidy, = ey, cipasfidy = es, cih®a; =

€e
Therefore, the value‘of z*is found to be
z"=e tey—e;—e;—esz" —egz”

7t = eiter—e3—es (3.28)

I+4es +eq

From equation (3.27)

d,—d, — d4(w)

1+es+e
* 5 6
y =
1+d,
d d d g3
Let 1 — 2 — 4 = =
1+ds 91 1+ds3 92 1+ds G4 1+es+eg 94

Y'=0g1—92 — gae1 — gaz + gaes + gsey



ejte,—ez—e,
1+es+eq

By letting =0z and g1—g, — gae1 — gs€z + gaez + gse, =0

The value of x* in equation (3.22) is;
x*=a,a, — a0, —aub;
We also let a;a, — a0, — a,ub; = 6,

From this stability points the values of x*, y* and z* are obtained as

y' =0, ( (3.29)

3.5.1 Local Stability for the Presence of the Prey and-both Predators E*
The local stability of E* is computed at (6, 6,, 65). The values of x,y and z are substituted in

the Jacobian matrix and computed as follows;

I[a - 20;61 — &6, — b3 — B —&0, — 6, ]I
J’ :i —¢0, —202 e, —y 0 i (3.30)
2p6
| 90 0 p—L2+ 90 -0

The determinant matrixJ* — 1A for'the matrix is;

I[ _25{61 _692 _g093 _B _A _691 _(pgl —|

=] —e0, 2% g, —y -2 0 |

[ 905 0 p—z”,f3+<p91—0—/1J
(3.31)

The solution of J* — IA = O are the eigen values;

Alza_ k _692_(p93_ﬁ



M=w-— P -0, —vy > (3.32)
2p6
A=p— 'L;cs+€091_0

From the above eigen values A, and 4, have negative real parts and for the stability of the
equilibrium point, we need to show the sufficient and necessary condition for 1; < 0. This is

by applying the Routh-Hurtwitz theorem.

From A5 we obtain,

p—2L2 400, —0<0 (3.33)

From the inequality (3.33), we find the following condition for stability;

P77 <3 3.34
L% ppy) (3:34)

From (3.34) the condition for stability is that the bacteriophages should not grow to the

carrying capacity of the system. This gives room for the pathogenic bacteria and antibiotics.

4.0 Graphical Representation of the Results



PREY-PREDATOR MODEL
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Figure 1The graph of (x,y,z) against time ¢

Figure 1.1llustrates the best management strategy for the treatment of bacterial infections. In
particular, the number of bacteriophages is dominant-over the pathogenic bacterial infections.
In this case, the biological impact of the pathogenic bacteria is suppressed where the practical

utility of medication and bacteriophages is optimally attained.

5.Conclusion and Recommendation
5.1 Conclusion

In this study, a prey-predator model was formulated using differential equations with respect
to time.. It further established the equilibrium points and determined their stabilities. This
study aimed at finding the best management strategy for pathogenic infections, this was
achieved in equilibrium point E*(x*, y*,z*). At this point, it was noted that the
bacteriophages were dominant over pathogenic bacteria. Therefore, the biological impact of
the pathogenic bacteria is suppressed demonstrating the practical utility of medication and

Bps in managing bacterial infections.

5.2 Recommendation



This study achieved the results on the formulation of a prey-predator model. The study can be
extended to formulate a model where time delay is considered to establish the required time

for recovery at which point treatment can be stopped.
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