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Abstract

The work addressed in this article consists in guaranteeing the existence and uniqueness of
solutions for Cauchy problems involving fractional Hadamard differential equations. Our results
are based on the classical Weissinger fixed-point theorem. Finally, we present three examples of
solutions using the SBA plus method.
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1 Introduction

The growing interest of fractional calculus in the field of modeling is well established. A number of
authors have developed theories on fractional integration and derivation operators, which have led to
the understanding, popularization and use of these notions in various fields of applied science and
engineering. In the literature, the most commonly used operators are the Riemann-Liouville integral,
the Riemann-Liouville derivative, the Caputo derivative and the Grinwald-Letnikov derivative. But
alongside these operators we have Hadamard’s fractional integral, Hadamard’s derivative, Caputo-
Hadamard'’s derivative, etc., which are less widely used. In all cases, the equations resulting from
the modeling of a given phenomenon are, among others, algebraic, differential, integro-differential
and integral, whose solutions are sometimes difficult to find, or even inaccessible, hence the need to
ensure the existence and/or uniqueness of such solutions before any solution-seeking investigation.

In this article we focus on the existence and uniqueness of fractional equations using fractional
derivation and integration in Hadamard’s sense. Work on this question can be found in the literature.
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For example, in (1; 7; 17; 19; 25; 27; 30; 32; 36) various results on the existence and uniqueness
of Hadamard-type equations are presented. The major innovation in our work is that we apply
Weissinger’s fixed-point theorem to prove the existence and uniqueness of fractional Hadamard
equations of Cauchy type. In addition, we use the SBA plus method to illustrate the solutions of
some equations.

After recalling some basic notions of fractional calculus in section 2 and studying the existence

and uniqueness of Hadamard’s fractional time differential equations in section 3, the section 4 is devoted to
the application of the SBA plus method on a few equations. Section 5 is the conclusion.

2 Preliminaires

The essential definitions, properties and theorems we present for our work can be found in (1; 13; 16;
18; 30; 33; 36). We invite the reader to refer to them for further details.

2.1 Fractional integral in Hadamard’s sense

Leta,bc R0<a<t<b<too,ac R and fc L'[a,b] . The fractional Hadamard integral of order « of f is defined by

Leta,b eR0<a<t<b< +oo,a € R and f € L'[a,b] . The fractional Hadamard integral of
order « of f is defined by

vz~ [ ()] 10T dorazo @)
f(r), fora=0

2.2 Fractional derivation in Hadamard’s sense

Leta, b€ R,0<a<t<b< +ocoanda € RT withn = [a]+1,d = t%, let ACa;b] and f € ACY [a, b]
a space of absolutely continuous functions and AC3 = {f : [a;b] = R; f,6" " f(t) € AC[a;b]. The
Hadamard fractional derivative of order « of f is defined by

PR L Hzg—af(t)zﬁ (t%)n/: [ln (f_)}n_a_lf(r)d:, fora>0 o
f(7), fora=0

Leta,b c RO < a<t<b< +ooanda € RT withn = [o] + 1. For f € L'[a;b], we have the
following properties:

g M (1) = £(b); (2.3)
n 5717]‘ H ;Lfoz a a—j
Hre Hpe gy = (1) - 30\ o +’?)( i (4] (2.4

Jj=1

such that 77~ f ¢ AC}[a,b].

2.3 Fractional time differential equations in Hadamard’s sense

Leta,beR,0<a<t<b<+ocoand a € RT withn = [a]+1and5:t% and let AC]a;b] a space
of absolutely continuous functions and AC} = {u : [a;b] — R;u, 6" 'u(t) € AC[a;b]}. Then, for all
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u € AC}|[a, b], the equality
"Dgu(t) = (¢, u(t) (2.5)

is called a Hadamard fractional differential equation. The initial conditions for this Fractional differential equation (FDE)

are : .
(5n7J HI;H(XU)(“) =b;,j=12,..,n (2.6)

2.4 Weissinger’s fixed point theorem

Suppose (U, d) is a complete non-empty metric space, and let «; > 0 for all j € N and such that the
“+o0

series Zaj converges. Let the mapping A : U — U which verifies the inequality d(A7u, A7v) <
7=0

ajd(u,v) forall j € Nand all u,v € U. Then A has a unique fixed point v*. Moreover, the sequence

(Aug) 27 converges to this fixed point u* (16).

3 Existence and uniqueness of fractional time differential
equations in Hadamard’s sense

Here we discuss the existence and uniqueness properties of solutions of fractional-order differential
equations in Hadamard’s sense. We will restrict ourselves to Cauchy problems.

lLeta >0, ¢ Nandn—1 < a < n. In addition, either K > 0,h* >0andb; €R,j=1,2,...,n.
The set E is defined by :

2 . : N b [ ()]
E={(ttyyeR0<a<t<h®ueRift=aand||ln - u—;m

Suppose that the function f : £ — R is continuous and bounded on E and verifies the Lipschitz
condition with respect to the second variable, that is, there exists a constant L > 0 such that, for all
(t,u1) and (¢, uz) of E, we have :

|f(t,u1)—f(t,u2)\ <L‘U,1—UQ|. (31)

Then the Hadamard fractional differential equation (2.5) with initial condition (2.6) has a unique
solution u € C(a, h] where

1
h_mm{h*,h, (Fe) } with M = sup |f(t,)], (3:2)
M t,z€EE
and % is a positive real that satisfies:
T2 Y1)\
= a—n o
h< (m) - 5.9

This result is analogous to the theorem known for fractional differential equations in the Riemann-
Liouville sense. We'll start by transforming the initial-value problem into an equivalent Volterra integral
equation. Next, we’ll prove the existence and uniqueness of the solution to the integral equation using
Weissinger’s fixed-point theorem.

< K otherwise
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Under the assumptions of the theorem (3) with > 0, the function u € C(a, h] is a solution of the
differential equation

"DZu(t) = f(t,u(t))
(yzfj Hzg*au)(a) =b;,7=1,2,...,n

(3.4)
if and only if it is a solution of the Volterra integral equation

u(t):Zb;[ln( )] 1

. ' AV dr
(a—j+1) + I'(a) /a [l” (;)} flru(r)—. (3.5)
Let’s show that « solution of (3.5) implies that « is solution of (3.4).

Suppose that « is a solution of the Volterra equation (3.5). This equation can be written as.

=3 B gz )

(3.6)
When we apply the differential operator # D2 to the two members of equality (3.6), we immediately
obtain that v is also a solution of the equation (3.4).
Indeed :

HDu(t)

n . t a—j
_ Hpgzb [in (£)]
j=1

ot + D T

z": b; 5 1
= MNa—j+1)

(o —n) / {l” (é)} i (D] i) + St u(?))-

l T
Posing y = n(jg we obtain:

« < b,
"Diult) = E Dla—yj i
=1 J

T - 5" </01(1 —y)" Ty [ln (Z)TJ dy> + f(t,u(t))

J
+1

(o = n)b’(n —a,a—j+1)0" <{ln (2)] M) + f(t,u(t))

St ()] ) e

As 1 < j < nwhenn = jwe have

([ (0)]) e

IDGu(t) = f(t,ult)).

For the initial conditions, let’s apply 6”7 ¥ 77~ to both members of equation (3.5), we have:

n—j Hyn—a n—j Han—a = bj [ln(ﬁ
oI Hr ey () = 6n 7 ]Z:r

o j)—]&-al)j oI e ﬁ / {l” (i)]_ s ue)Z.

T

(3.8)



Journal of Advances in Mathematics and Computer Science

XX(X): ....., 20yy; Article no.JAMCS.xxxxx
ISSN: 2456-9968
(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

.
e e (0
- S (RG]
- ér(n iy <D+ )
_ ji:bj ®)

5 HI:;*O‘L/: [ln (f)rflf(T,u(T))dT — 5 AT u(t))

= s [ ()] s

= O0fort=a
= 0 (xx)

From (*) and (**) we obtain the initial conditions.

Let us now show that « solution of (3.4) implies that « is solution of (3.5).
Assume u is a continuous solution of the problem (3.4), and posit P(t) = f(¢,u(t)). Next, assume
that P is a continuous function. As

P(t) = f(t,u(t)) = TD2u(t) = 6™ "I7 “u(t) (3.9)

then 6™ #Z7~>u(t) is continuous, i.e. *Z7~%u € C(a, h]. By applying #Z2(.) to the two members of
the first equality of (3.4), we obtain from proposition (2.2):

u(t) = 7T f( +Zd {m( )] 7j. (3.10)

By introducing the initial conditions defined by the second line of (3.4), we can determine the constants

This completes the demonstration. Under the assumptions of the theorem (3), the Volterra equation

Z r oy e )] e | & C)]f (ru() T

has a unique solution u € C(a, h]. : Consider the set

a<t<h

U—{uGC(aJL]: sup <K} (3.11)
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on which we define the operator A by:

Aut) = ; bf([;”_(‘?fl; + F(la) /: {ln (i)]w f(T,u(T))d{. (3.12)

Let's show thatifu e Uthen Au c Uie. A: U — U.
First, let's note that for all u € U, Aw is also a continuous function on (a, h].
From the relation (3.12), the continuity of Au and the definition of M we have:

)] - B [ (]

O

dr
-

f(ru(r))

I
)
e
Q SN—
a\“

=

S

A
—
3
g
L=
=
3
|
2
KX
=
3
/‘\
~—
_
R
L
2§

IA
=)
—

< K.

The last inequality is linked to the definition of h. Indeed, for h = [in (1)],

t
a

b (I‘(aLl)K)Z _ [l?((j)L)M K (3.13)

We have thus shown that if w € U then Au € U.
Let

V= {u € C(a,h] : sup

a<t<h

@ e} e

on which we define a norm ||.|| by:

lully = as:tlgh' {ln (2)]%& u(t)‘. (3.15)

Using the definition of A, we can rewrite the Volterra equation in a more compact form
u = Au. (3.16)

So, to prove the desired relationship, all we need to do is show that the operator A has a unique fixed
point. To do this, we’ll use Weissinger’s fixed point theorem. We’'ll prove that for uq, u2 € U,

: . Lh°T(a—n+1)Y’
| Alur — Auz [[y < (%) [l ur —uz |y - (3.17)

We’ll show this result by recurrence.
For j =0, it is trivial.
Suppose that

-~ i LheT(a—n+ 1)\’ "
ATy — AT < | = - . A
| uy uz [ly < ( T2a—n+1) ) [ ur — w2 v (3.18)
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Then,

| Auy — Aug |y = sup {ln (E>} (Aju1(t) — Aqu(t)) ’
a<t<h a

—  sup {ln E)rw(AAJ’*lul(t)fAAﬂ'*lug(t))’

a<t<h

- [ L)) e o) s ()

thanks to the definition of A.
Using the Lipschitz condition of f and the definition of the norm ||.||,,, we obtain:

|| Ajul - AjUQ Hv

) ) n—o t a—1 a—n
L | A7 7wy — AT g ||y sup |in t / In t In t dr
I'(«) a<t<h a a T a T

L j—1 _pd-1 F(OC)P(OZ—TL-F 1) E «
71_‘(&) | A7 ur — A7 g |y ailzrg)h —I‘(2a Tht D) In u

LhT(a—n+1)
< rilemnwl)
- I'2a—n+1)

Lh*T(a—n+1)
'2a—n+1)

sp I i ()7 |r (4 ) — £ (40 s |
= o [ (O] (O] artwm) - (o tam) |

IN

IN

| A7y — A Mg |y

J
) || ur —uz2 ||v (according to the recurrence hypothesis).

We can therefore use Weissinger's theorem with o; = A7 where

Lh*T(a—n+1)
A= """, A
( I'(2a—n+1) ) (3.19)
400
Now let’s prove that the series Z «; is convergent.
7=0

Using the definition of h, we have:

1
= Fra—n+1)\>  Lh*T(a—n+1)
—_ —_—= < L. 2
h<h<(F(a—n+1)L> T2a—n+1) (3-20)
+oo
Therefore A < 1. This justifies the convergence of the series » _ a;.

j=0
Consequently, an application of the fixed-point theorem guarantees the existence and uniqueness of
the solution of the Volterra integral equation (3.5).

4 Applications

In this section we propose the application of the SBA method to some fractional equations in the
Hadamard sense. The method is described below, but for convergence we refer the reader to (10).
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4.1 Description in the general case

Solve the following fractional equation in Hadamard’s sense:

{HDgu =—Ru)—N@),0<a<t<T
(4.1)

(6™ AT =2y)(a) = bj, 5 =1,2...,m,
in a Banach space V where: R and N are linear and non-linear operators respectively in V; u € V the
unknown function; D2 w the fractional derivative of order a of u in Hadamard’s sense; m = [a] + 1,

[] is the integer part of « and § = ti. Using the method of successive approximations, the above
problem (4.1) can be approximated by the following iterative scheme:

Apoyk = —R(®) = N(w*™), 0<a<t<T
Jk>1 4.2)
(6™~ HT=2y*)(a) = b;,j = 1,2...,m.
Solving the scheme (4.2) by the method of approximations consists in determining at each iteration

(k = 1,2...) approximate solutions !, ..., u* which are series. And the solution « sought for the
problem (4.1), if it exists, is obtained by v = klilf u*, if the sequence (u*) is convergent in V.
— oo

Indeed, with the choice of operators L(.) = #D3(.), and L='(.) = #Z2(.), where L~" the inverse
of L in the Adomian sense; the problem (4.2) can be written as:

= = (R(uk)) — L'N@FY, (4.3)
. k __ £ bj z aij g —1 . .
with 9% = ; Ta—i+D) In = and the condition that the operator L™ R is contracting,
because: _
17 k k < bj AV k k
= — P — pd = — 0. 4.4
LML (8) = o (1) ;F(a—j—i—l) {m(a)] uF(t) — 0 (4.4)

“+oo
Then posing u* = " uy;, we derive the following SBA algorithm for a fixed k:

n=0

) Sl S k> 1 45
{u;z“ =L (R()) a0 T2 (4.5)

The development of the algorithm (4.5) consists in calculating the series u*, k > 1.

Explicitly, for each fixed k, we calculate the terms of the series (u%),,,n € N and deduce «"*. For the
first iteration, £ = 1, we choose u° such that Nu® = 0, calculate the terms u}, ul, ul, ul...ul of the
series (un)n and deduce

—+oo
ul = Z up; (4.6)
n=0

Then we evaluate Nu'.
If Nu' = 0 then u is the general solution of the problem.
Otherwise, we have two alternatives:

« or, if possible, we replace the initial problem by an equivalent transformation, with Wlhe new
non-linear term, so that by repeating the algorithm, the new " that we find can verify Nu* = 0;
« or we calculate v?,v?,u?, ..., u" and deduce lim u".
k—+

oo
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4.2 Ordinary fractional non-linear differential equation in Hadamard’s sense

Example 4.1. : Consider the following fractional-time model:

(D2u(t))? + TDIu(t) — u?(t) + u(t) = 0
(6 712 *u)(a) = 0 (4.7
(FZ2u)(a) = B,

where0 <a<t<bl<a<?2fandf € R, uc C¢(asb)]), s = t% Hpe(.) derivative in

Hadamard’s sense, 7Z2(.) the integral in Hadamard’s sense.
Posing: L(.) = "D¢();L7Y() = "I2();Ru = —u; Nu = u?(t) — (HDgu(t))2; where L™ the
inverse of L Adomian sense, we then derive the following SBA algorithm:

b 0 ¢ a—1 ﬁ t a—2 -1 k—1
{“Ozr()[l”(a)] Py MEPTHITWVET) o g

ub(0) = gy i ()7 4 gy i ()
(6 =~y [0 (D1~ g =gy [ (]
u3(0) = ey B + FgaT [ (B @9)

1 0 (n+1)a—1

up(t) = (—1)"W [ln( )] + (-1

n IB (n 1)a2
"G a1

Therefore the approximate solution of the problem in the first step is given by :

u'(t) =

- f(r«nim) [l”(i)}Mal* e [ ()TW )
1§W+5[l”(2> o ”f( [in ($)]7)"

= OF na+a—1)

O e (B2 (O] 2 (B ]

I
RS
IS
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Let’s evaluate N (u'). We have:

N@'(t) = (ul(t))Q_(da;tla(t))2

I

<

g
/T~

= 0.

Therefore, the exact solution of the problem is
a—1 @ a—2 @
w=ofn (] eee ()5 (] e ()]
a a a a

4.3 Non-linear time fractional partial differential equations in Hadamard’s sense

Example 4.2. :

Consider the following fractional-time model:

Ox? dx?

(FZ 7 *u)(a, x) = cos(x),

2 2 3
Hpoy = )\g +ud+ (mg>
(4.10)

with0 <a <t <b0<a<l, XcR, uc Ciab]), "Ds(.) the derivative in Hadamard’s sense,
HTe () the integral in Hadamard’s sense.
2

2
Posing L() =" D();L7() = “I:()iRu = A5-4;

inverse of L Adomian sense, we obtain the following SBA algorithm:

3
Nu = u® + (x%) , where L~! is the

k _ cos(z) ty]e—1 —1 wk-1
{“0 = T(a) [ (D] + 270 (N ™) k> (4.11)
ub = L71 (R(ufb)) ,n>0
By developing the algorithm for & = 1, we obtain:
b = o) i ()]
cos(z)A \12a—1
ut = = [in (2)]
1 cos(z)\? £\713a—1
ud = 5 in (2)] (412
1 _ n_cos(z)A" ¢\](n+1)a—1
Un (_ ) P((TL-’-].)O() [l (E)]
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Therefore the approximate solution of the problem in the first step is given by :

“+oo
1 1
u = E Unp
n=0

N@') = (u1)3+<82“1>3

I
~~
Q
Q
&
PN
8
=
=
S
~

So the exact solution to the problem is

u = cos(s) {zn (t)}xa (—)\ [m (E)D ‘
Example 4.3. :

Consider the following fractional time model in dimension two (2) space:

2 82

IDgu = Uzallyy) — (zyusuy) —u

7“( _-—
Baly 920y (4.13)
(e HLr ) (a, z,y) = €, n = {1,...,m}

with0 < a <t <b;a>0;u(z,y) €R*uc Cl(a;b));m—1<a<m;d= ti' Hpe(.) derivative

dt’
in Hadamard’s sense; HI(?(A) the integral in Hadamard’s sense;
u=u(t,z,y);u =24 :%'u :&etu :@
PER T 9 Y T 9y T T Qa2 YT ay2”
9%u u

Posing L(.) = #D2();L7*(.) = "I3();Ru = —u; Nu =
obtain the following SBA plus algorithm:

m(uzzuyy) - %(wuzuy), we

= [ (5] -1 -1
b= ey + 7 (V)

uh =L (R(uy)) ,n >0

k> 1 (4.14)

Developing the algorithm for k£ = 1 gives.
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a3 [( n (4]

Fla—n+1)
m t)]Za n
zy
¢ ; 2a—n—|—1)
i [ ()] (4.15)
= 1F3a717+1)

1 _ n_xy - [ln (5)](n+1)0‘77’
un = (=1)% Zr((n+1)oz—n+1)'

n=1

So the approximate solution at the first iteration is

+oo
1 1
u = E Uy,

n=0
m a—n +oo In(t n
- o3 ([0 ()7 S el
e E (] e ()
n=1
Let’s evaluate N (u'). We have:
N = g;gy ()~ gmgy (ayutas)

ot el CY

n=1
= 0

o= ([ ()] " ([ (9]))

n=1

Therefore

5 Conclusion

In this article, we have studied the existence and uniqueness of solutions to fractional Hadamard
differential equations of Cauchy type. The theoretical result for the existence and uniqueness of
solutions was obtained by Weissinger’s fixed point theorem. Finally, we have used the SBA plus
method to determine the concrete solutions of some fractional time differential equations in the
Hadamard sense, to illustrate this theory. The results obtained also confirm the effectiveness of
the SBA plus method.
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