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Short Research Article

Independent Domination Topology of the Friendship
Graph and Its Line Graph

Abstract

The independent domination topology of a graph G, denoted by 7;(G) is the topology generated
by the family I of all independent dominating sets of G (11). In this paper, we explore the
independent domination topology induced by the friendship graph F'r,, and its corresponding line
graph L(F'r,). Moreover, we establish some properties of the independent domination topology on
Fr, and L(Fry)and its cardinality.
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1 Preliminaries

The field of graph theory can expand the concept of topology defined on a set by introducing graph
topologies, which involve considering a collection of subgraphs of a graph G that satisfy three condi-
tions similar to the axioms of point-set topology. Aniyan and Naduvath (2) discussed the basic
concepts of graph topology and introduced the concept of the closed graph and the closure of graph
topology in a graph topological space. This shows that topology and graph theory are connected
because a graph G can be seen as a topological space if paired with an appropriately defined
topology. Examining graph topology merges techniques and results in graph theory and topology to
explore the topological characteristics of graphs and utilize graph theory ideas to analyze topological
spaces (11). Hola (7) also studied the topological properties of the graph topology. There are studies
that transform graphs into topology like (1), and graphs constructed from a discrete topology as
seen in (8) and (9). This paper focuses on investigating domination topology within the context of
independent domination in the friendship graph and its corresponding line graph.
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A graph G = (V, E) is a finite nonempty set V' of elements called vertices, together with a set E of
two-element subsets of V' called edges. Let x and y be two vertices of a graph G. An x — y walk in
G is a finite alternating sequence of vertices and edges that begins with the vertex x and ends with
the vertex y. An x — y walk is closed if x = y. A closed walk with no repeated vertices (other than the
first and last) is called a cycle (5). The join G = G1 + G2 of graphs G and G- with disjoint point sets
V1 and V5 and edge sets X7 and X is the graph union G1 U G5 together with all the edges joining V3
and V» (12). Two vertices that are joined by an edge are said to be adjacent. If two vertices are not
joined by an edge, we say they are nonadjacent or independent. An edge between vertices v and v
is said to be incident with v (or with ») and v is said to dominate u (also, v dominates v) (5). A set S
of vertices in a graph G is an independent dominating set of G (1) if S is both an independent set
and a dominating set of G (3).

A topology T on a nonempty set X is a class of subsets of X that is closed under arbitrary union
and finite intersection, and X and @ belong to 7. The member of 7 is called an open set and the
pair (X, ) is called a topological space. The topology containing all the subsets of X is called the
discrete topology on X (10). Given any family ¥ = {A.|a € A} of subsets of X, there always exists
a unique, smallest topology 7(X) D X. The family 7(X) can be described as follows: It consists of
?, X, all finite intersections of A,, and all arbitrary unions of these finite intersections. X is called
Subbasis for (%), and 7(X) is said to be generated by X (11).

2 Independent Domination Topology Induced by the Friendship
Graph

This sectoin discussed the construction of independent domination topology generated from the
independent dominating sets of the friendship graph.

Definition 2.1. (11) Let G be a graph. The independent domination topology of GG, denoted by
71(QG) is the topology generated by the family I of all independent dominating sets (IDS) of G.

Example 2.1. Consider the graph in Figure 1 as shown below.

Figure 1: A Graph G
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G : {aid} G : {b’d}
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Figure 2: Independent Dominating Sets of Graph G
The set I¢ = {{c},{a,d},{b,d}} is the set of all independent dominating sets of graph G. By
Definition 2.1, the topology generated by the family I is,
71(G) = {0, V(@G), {c},{a,d}, {b,d},{d}, {c,a,d},{c,b,d},{c,d} {a,b,d}}
which, therefore, is the independent dominating topology of G.

Definition 2.2. (4) A graph Fr,, with 2n + 1 vertices and 3n edges is called a friendship graph.
Friendship graphs are constructed by taking the join graph of n copies of cycle Cs with a common
vertex, where n > 1.

In view of Definition 2.2, we label the common vertex as wvo, the i** copy of Cs as Cs*, and the

vertices of the i*" copy of C3 as v;; where i = 1,...,n and j = 1,2. Also, we let [n] = {1,2,3,...}
forn € N.
Example 2.2.
V12 V22
Fry:
Vo
V11 V21

Figure 3: The Friendship Graph where n = 2

Theorem 2.3. For the friendship graph Fr, wheren > 2,
Irr, = {{vo}} U{{ur,uz, ... un} : us € V(C3") N {vo}}.
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Proof. Observe that {vo} is an IDS since it is a singleton and v;; is adjacent to v, for all ¢ € [n] and
j €2l

Let S = {u1,u2,...,un} C V(Fr,) where u; € V(C5") ~\ {vo} for each i € [n]. Note that for
each i, w; is either vi1 or w2 and w;, is not adjacent to w,, for i1 # i3, by definition of F'r,,. Thus, S'is
an independent set. Now, let v;; € V(C3°) such that v;; # u;. Then v;; is adjacent to ;. Also, vy is
adjacent to u; for all < € [n]. Hence, S is a dominating set. Consequently, S is an IDS.

Conversely, suppose that S C V(F'r,) suchthat S ¢ Ip,,.

Casel:vp €S
Ifvo € Sand S ¢ Ir,,, then there exists ¢ € [n],j € [2] such that v;; € S. But v;; is adjacent to
vo, by definition of F'r,,. Thus, S is not an IDS.

Case2:vy ¢ S

Ifvo ¢ Sand S ¢ Ip,,, then either of the following holds:
(7) There exists k € [n] such that vk1,vk2 € S;

(#¢) There exists k € [n] such that vg1, vk € S.

In (¢), S is not a dominating set since vy is the only vertex adjacent to both vx1 and vgs. Also, in
(1), S is not an independent set since v, and vk2 are adjacent. In both cases, S is not an IDS.

Thus, .
Trr, = {{vo}} U {{ur, uz, ..;un} : us € V(C5") ~ {vo}}.
O
Corollary 2.4. Forn > 2, |Ip,,|=2" + 1.
Proof. There are 2™ sets of the form u; € V(C5") \ {vo} seen in Theorem 2.3. Hence, with {vo},
[Ipp, | =2" +1.
O

Example 2.5. Consider the friendship graph Frs below.

V21 V22

V12 V31

F7"3:
Vo

V11 V32

Figure 4: The Friendship Graph where n = 3
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The IDS of Fr3is Irry = {{vo}, {vi1,v21,v31}, {vi1,va1, vs2}, {vi1, V22, 031}, {v11, v22, v32}, {12, v21, V31 },
{v12,v21,v32}, {v12,v22,v31}, {v12,v22,v33}}. As we can see,

[Iprg| =2"+1
=2°4+1
=9.

Theorem 2.6. Letn > 2. Then t;(F'ry) is the discrete topology on V (Fry,).

Proof. It is sufficient to show that {vo} € 7;/(F'r,) and for all v;; € V(Fry), {vi;} € 71(Frn). By
Theorem 2.2,

Ipy, = {{Uo}} U {{11,1,1127 L. ,un} U € V(Cgl) ~N {110}}.
Letx € V(Fry). If ¢ = vo, then {vo} € 77(Fry) by definition of 77 (Fry,). If  # vo, then there exists
i* € [n] and j* € [2] such that z = v;=;~. Now, let
Ol = {ul,uQ,...,ui*,...,un}
and
Oz = {uf,ug, ..., U, ..., un}

such that u; 7& u; for all 4 76 * and u;x = Vi j* . Then (91,02 S IFT‘W,- Thus, O1 N O3 = {ul*} =
{vi*j*}:{w} GT[(F’I'n). O

3 Independent Domination Topology Induced by the Line
Graph of the Friendship Graph

This section illustrates the line graph of F'r,, and discusses the construction of independent domination
topology generated from the independent dominating sets of the line graph.

Definition 3.1. (6) The line graph of G, denoted L(G), is the graph where the points (vertices) are
the lines (edges) of G, with two points adjacent whenever the corresponding lines of G are.

Remark 3.1. Let G be the friendship graph Fr,. We label the edges not incident with vy as
a1, az, ..., an. Furthermore, we label the edges incident with vy and a; as b;; for i € [n] and j € [2].
By the definition of a line graph, we convert the edges of G to vertices and the vertices are adjacent if
and only if the corresponding edges of G have a vertex in common. Since every b;; is incident with vo,
the collection {b;; : ¢ € [n],j € [2]} induces a complete graph where for each i € [n], a; is adjacent
to b;, and b;,.

Example 3.1.
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b12 bao

L(Fry): az

b11 ba1
Figure 5: Line Graph of F'ry

The following theorem considers the labelling discussed in Remark 3.1.

Theorem 3.2. Letn > 2 and L(Fr,) be the line graph of the friendship graph Fr,. Then S C
V(L(Fry)) is an independent dominating set if and only if S takes one of the following forms:

(%) {a1,az2,...,an}

(42) {brj} U{ai:t #k} foreachk € [n] and j € [2].

Proof. Let S = {ai,a2,...,an}. Then Sis an IDS since it is independent by definition of L(Fr,) and
a; is adjacent to b; for every i € [n]. Next, let S = {bx;} U{a; : ¢ # k}. Since by, is a singleton, it is
an independent set. On the other hand, {a; : ¢ # k} is also an independent set by the definition of
L(Fry). Moreover, by; is only adjacent to a; for each i = k. Thus, S is also an independent set. Now,
letz € V(L(Fry)) N\ S. If x = a; for some ¢ = k, then z is adjacent to bx; € S by definition of L(Fry,).
If z = b;;,1 # k, then b;; is adjacent to a;, ¢ # k by definition of L(Fr,). Hence, S is a dominating
set. Consequently, S is an IDS.

Conversely, suppose that S C V(L(Fr,)) such that S cannot be expressed as in (i) or (ii). If
there exists k € [n] such that ar ¢ S, then by and bx2 are not dominated by S. Also, if there exist
k € [n] and I € [2] such that by U {a1,a2,...,a.} C S, then by, is adjacent to ax. Thus, S is not
an independent set. Furthermore, suppose that bx;,ar € S. Then by; and a; are adjacent. Also, if
there exist k1, k2 € [n] such that bx1,bk2 € S, then they are adjacent to each other. Hence, S is not
an independent set. So, in all cases, S is not an IDS. O

Corollary 3.3. Forn > 2, [Ip(pr,)| =2n + 1.

Proof. Since every a; is adjacent to exactly two vertices of the form b;; where i € [n],j € [2], there
are 2n sets of the form {bx;} U {a; : @ # k} for each k € [n] seen in Theorem 3.2. Hence, with
{a1, az, ..., an},

|[L(F1‘n,)‘ =2n + 1.

O

Remark 3.2. The independent domination topology of the line graph of a friendship graph L(Fry) is
not the discrete topology on V(L(F'r,)). To see this, for every ¢, j, {b;;} cannot be ;(L(F'r,))-open,
since for all k # 4, a € S1 N Sz where S, and Sy are any two IDS containing {b;;}.

Theorem 3.4. Foreachr € [n], {a,} € T1(L(Fry)).


Abdullah
Highlight


UNDER PEER REVI EW

Proof. Letr € [n]. Consider the sets S, = {br1} U {a; : i # k} for all k # r. Then a, € S, for all
k # r. Thus, a. € ﬂk# Si. Next, since for k, k* # r, by is distinct from b+, it follows that ﬂ,#r Sk
does not contain by, for all & # . Now, consider a;,7 = k. It follows that a,, ¢ Sk = {br1}U{a; : i # k}
for all k # r. This means that ax ¢ (., Sk Since k is arbitrary, (,_,. Sk = {ar}. O
Corollary 3.5. For every subset A C {a1,az,...,an}, Aisti(L(Fry,))-open.

Proof. Observe that {a,} € 7/(L(Fry)) for each r € [n] by Theorem 3.4. By construction of the

generated topology 77 (L(F'r»)) and since A =J, . {ar}, Ais 71(L(Fry))-open. O

4 CONCLUSIONS

The independent domination topology of the friendship graph as well as its line graph have been
presented in this paper. Both cardinalities of the topologies of the graphs and some characteristics
were also found. Further study could focus on expanding the concept of the independent domination
topology to independent domination topological graphs.
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