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Abstract

£ is introduced where S is the meet
Also, it is shown that the prime ideal of £ is an S-prime ideal of

£ and studied with suitable examples. Further, the S=prime ideal 5z of S-meet
semilattice 3 is'introduced! Finally, a new graph called S-prime graph of S-meet

semilattice is defined and their topological measures are generalized.
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1 Introduction

In 1961, Gratzer and Schmidt [1] defined a standard ideal in £ and Noor and Latif [2] introduced
and discussed about the standard n-ideal of £. In 1994, . n-ideals in £ were introduced by Latif
and Noor [3]. After that, they studied finitely generated n-ideals of £ [4]. In 2000, the properties of
standard n-ideal of £ were discussed by Noor and Latif [5].

In 2015, Meenakshi P and Karuna T [6], introduced the 2-absorbing and weakly 2-absorbing ideals
of £ which was from [7 - 8]. A proper ideal I of £ is called a 2-absorbing ideal if a A b A cisin I for
a,b,cisin £ then either @B OF @A EOF B E 8 in 1. Also, they défified the triple zero in lattices and
given some results related to triple zero. In 2021, Ali Akbar and Toktam Haghdadi [9], introduced the
n-absorbing ideals in £ which is from [10]. Many authors i@V€ introduced and studied different ideals
in a lattice, SUGA'@S! semiprime n-ideal of £ [11], modular n-ideals of £ [12] and so on.

In 2019, Ahmed Hamed and Achraf Malek [13] defined S-prime ideals of 8. A proper ideal I of % is
called an S-prime ideal I, of R if z, y is in R and zy is in I, then sz or sy is in I, for some s € S where
S is the multiplicative subset of % The multiplicative subset is the complement of the prime ideal of
aring B
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Recently, Kalamani and Mythily [14] introduced a graph €alled"S=prime ideal graph’in which the
elements of

vertices of the graph are ;R and they are connected iff sa € I, or sb € I forsome s € S
whenever ab € T where a,b € R and the set S is disjoint from I,. Some of the properties of the S-
prime ideal I of R are discussed in [15] and they [16] studied the interplay of the semilattice theoretic
properties of a poset with the ring theoretic properties.

I§ and some

In this article, the M is defined B
results are discussed. Also; a new graph called S-prime graph and their topological

measures are generalized. Refer [17 - 19] for background research related to the indices.

Throughout this paper, the first and second Zagreb indices and the Randi’c index of &(J,) are
denoted M; (&(Js)), M2(6(Js)) and R(&(J5)) respectively.

This article is organized as follows} Section 2 f&gall§ some basic notions and definitions of lattice
theory and topological indices of a graph. In section 3, the definitions of - and S-prime
ideal of a lattice are given with suitable examples. In section 4, the

are introduced. Also, a new graph called . S-prime graph of S-meet semilattice is introduced with

suitable examples. Some topological measures of the S-prime graph are discussed in sections 5, 6
and 7.

2 Preliminaries
In this section, the necessary definitions are recalled from [17 - 20].

Definition 2.1. A relation R on a set A is said to be partial order relation if the relation R is reflexive,
antisymmetric and transitive which may be described as follows: 1) Reflexivity: a ~ a foralla € A. 2)
Antisymmetry: If a ~ b and b ~ a then a = b. 3) Transitivity: If a ~ b; b ~ c then a ~ c. A set together
with the partial order relation R is called poset.

Definition 2.2. A lattice & is a poset in which every a, b in & hasimeet (%) and join (\/)! Itis denoted
as (2,7, V).

Definition 2.3. Let (£, A, V) be a lattice and M C £. Then (M, A, V) is a sublattice of (£, A, V) iff
M is closed under A and V.

Definition 2.4. The SUblatticé\! of < is an ideal of & ifa i € I foreveryi g1 anda g £

Definition 2.5. The Stiblatticé\! of < is prime ideal'of @ i\ & € 1 implies & & I or b & I forevery
abeL.

Definition 2.6. The topological measures of the graph & are defined as follows:

The first Zagreb index of a graph & is

My (6) = Z;ev(es) o(x)%

The second Zagreb index of a graph & is

M (&) = Z;ggg(c) 2(x)o(n).

The first Zagreb coindex of a graph ¢ is

Mi(8) = X g0 [0(F) +2(0)].
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1
R(®) =3 cso) NOOHOR

3 S-prime ideal of a lattice

In this section, the S-prime ideal of £ is defined with an example @NdSome of its fesults are discussed!
Definition 3.1. LetS C £. Then the set S is called ffieetsubset of cfifa A b € IS forall ay € S

Definition 3.2. Let I be a proper ideal of a lattice £. The ideal I is said to be an S-prime ideal of £ if
xAyinlthens Az orsAyisinl foranyz,y € £ and for some s € S, where S is the meet subset
of a lattice £ which is disjoint from I of £. The S-prime ideal of £ is denoted by I

Example 3.3. Consider £ = {0,u,v,w,z,y,z,1} be a lattice whose Hasse diagram is given in
Figit! The Sprimelideal 1. of & = {0,u,v,w,z,y,z,1} are, from Fighty I, = {0}, I = {0,u}, s =
{0,u,v}, Is = {0,u,w}, Is = {0,u,z}, I = {0,u,y} and Ir = {0,u,v,w,z,y, z}. The_
of a lattice are S1 = {1},52 = {1,u}, Sz = {1,v},S: = {1,w},Ss = {1,2},S¢ = {1,y},S7 =
{1,z2},Ss = {1,v,2},Se = {1,v, z}, S10 = {1, v, 2}

Fig:1: Hasse diagram of €
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Theorem 3.4. Every prime ideal P of £ is an S-prime ideal of £.

Proof. Let P be the prime ideal of £.

I, of &. O

Example 3.5. Let us consider the example which is shown in [Figifs Let I, = {0,u} be the S3pFime
ideal of £ = {0,u,v,w,z,y,2 1} and the [meet subset of £ as [Si= (&Y} Now, let v,w € £ if

v Aw =u € I, which implies thatv ¢ I, and w ¢ I,. Thus I, is not the prime ideal of £.

Theorem 3.6. Let P be the prime ideal of £. Then £ — P is the meet subset of 2.

Proof. Let £ be the lattice @hd P

Thus, the set £ — P is the of a lattice £.

4 S-prime Graph of an S-meet Semilattice

In this section,

Definition 4.1. Let I be the proper ideal of Ls. The ideal I is said to be an S-prime ideal 3 of L if
foranyu,v € Ly, uhv € J, then3 s € S such that s ANu or s Av inJs forsome s € S, where S is the
meet subset of Ls and SN Js = .

Definition 4.2. Let (L., A, C) be the S-meet semilattice where L is the collection of all S-prime
ideals of . The set of all elements of L, are considered to be the vertices of the graph, the vertices
r and vy are adjacent ift ANy € J,, where J, is the S-prime ideal of L. It is an undirected graph called
S-prime graph of the S-prime ideal 3, denoted by & 1., (J.), simply &(Js).

Let % be a ring of order p’q. The S-prime graph &(J,) of J, is (i) a complete graph if the S-prime
ideals Js of L are | p,| g and | pq, (1) a star graph if the S-prime ideal Js of L is | p’q and (4ii) a
connected graph if the S-prime ideal J, of L. is | p"q, k < t.
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Example 4.3. Let W= Zag and the S-prime graphs &(3J.) are shown in Fig.2. The elements of L,
are<2>,<3>,<6>,<12>,<24 > and < 48 >.

<2> <3 > <Z> < 3>
<48>@<6> <48>@<6>
< 24 > <12 > < 24 > <12 >
(i) (i)

<2> <38>

<2> < 3>
<48>@<6><48> <6>
<24> <12>

<24> <12>

(iii) (iv)
<2> <8> <2> <8>
< 48> <6><48>< o< 6 >
< 24> <12> < 24> <12>
(v) (vi)

Fig. 2: S-prime graph of the S-prime ideal (i) | 2 (iz) | 3 (iii) L 6 (iv) | 12
(v) L 24 (vi) |48

Let 2R be a ring of order pgr. Then the S-prime graph &(J,) is a complete graph if the S-prime
idealsof Lsare LpU l ¢, L pUlr,lqulrlipqUlprulgr,lpUlgr,lquUlprand]rulpq.

There are 3 distinct connected S-prime graphs & (3,), 82 (7,) and &) (7,) where &) (J,) is the
S-prime graph for the S-prime ideals | p, L ¢, L7, L pg Ul pr, L pgU | qr, | pruUl qr, 83 (3,)is
the S-prime graph for the ideals | pg, | pr, | gr and &® (3,) for the S-prime ideal | pgr.
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Example 4.4. Let W= Zso and the S-prime graph of S-meet semilattice is shown in Fig.8 whose
vertex set is

V(B(T:)={<2>,<3><5><6><10>,<15>,<30>}.

<2> <2>
< 30> <38>
<15 25>
<10 6>
(i) (ii)
<2> <2>
< 30> <3> < 30> <3>
<15 <5> <15> 5>
<10 6> <10> < 6>
(iii) (iv)

Fig. 3: S-prime graph of the S-primeideal (i) L 2U | 3 (i) | 2 (i4) L 6 (iv) | 30

In the following sections, the topological measures M (&(3s)), M2(&(Js)), M1(6(Js)), M2(&(35)),6(Ts)
and R(®(Js)) of the connected S-prime graph of the S-prime ideals J, are studied.
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5 First and Second Zagreb Indices of S-prime Graph

Let 2t be aring of order p“q. The S-prime graph &(J,) is connected if the S-prime ideal J; is the down-
set of p*q where k < t. Let = and 9 be the order of the graph &(J,) and the ideal J, respectively.

Theorem 5.1. Let &(Js) be the S-prime graph of the S-prime ideal 3 of Ls then
My (8(3)) = ﬁ[(w —1)% 4 (@ — 19)19].

Proof. Let ¢ be a vertex of &(J).
If ¢ is an element of the S-prime ideal J5;thent Ay € T, Vy € L.
If ¢ is not an element of 35 thenx Ay € T only if y € TJs.

Therefore, 0(z) is given as follows:

w—11if r€Js

o) = { (5.1)

¥ otherwise.

Then, M1(&(Js)) = de\j(@(js)) o(x)?

= e, 007 + Xy, 2(0)?
=I(w — 1) + (w — 9)9?

:ﬁ[(w—1)2+(w—q9)19]. O
Theorem 5.2. Let &(J,) be the S-prime graph of the S-prime ideal 3 of Ls then
¥ -1
My(8(35)) = O(w — 1) [(27)(12 1)+ I — 19)].

Proof. Let £(&(J,)) be the edge set of &(J,) of the S-prime ideal J, of L. Let ty € £[&(Ts)].
This implies that either ¢ or y is in J; and a(x) and 9(y) are defined in (5.1). Then,

Ms(8(3s)) = X ryee(o(aq)) 2®(0)
= Z;ejs,ggjs o(z)o(y) + Z;ejs,ggjg o(z)o(v)
(- 1)

=9 3 (

w— 1)+ 9w —9)(w — 1)

_1)

(w71)+19(w719)]. O
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Let )R be a ring of order pgr. There are 3 distinct S-prime connected graphs of J, namely

W (3,), 83 (3,) and ) (7,) Which'are explained earlier!

Theorem 5.3. LetfR be a ring of order pqr. Then,
() Mi(8(30)) = 9| (w = 1) + 9(w - 9)].
(i) My (&P (3,)) = ﬂ[(w 124 19)] + (0 +2)2

(i) My (87 (3.)) = 9w — 1) + (=~ 4)[(0 +1)° + (9 + 3)°]
Proof. (i) Let 6Y)(3,) be the S-prime graph of J, of L.. Then,

My (Qj(l)(jﬁ)) = ZIEV(QS(U(:}S)) ()
= ies, 00)% + Xgs, 2(0)°

How — 1) 4 (w — 9)9?

ﬂ[(w — 1)+ 9w — 19)].

(ii) Let ) (7,) be the S-prime graph of J, of L.

In this case, the non-ideal elements are adjacent to all the ideal elements and some non-ideal

elements. Here, the S-prime ideals are | pq, | pr and | gr.

Consider the S-prime ideal J; =] pq and d(z) in & (3,) is as follows:

w—1i4f rt€7Ts
W) =49 if r=r

¥+ 2 otherwise.

Then,
@) _ 2
Ml (68 (I)) - Z;EV(®(2)(35)) a(;)
= Cees, 00+ X 00 + oy 0007
= 9(w — 1)2 + 9° + (0 + 2)?

:19[(w—1)2+19) +(9+2)%

(iii) Let ) (7,) be the S-prime graph of J, of L.

(5.2)

In this case, the S-prime ideal is | pgr. The maximal elements of L are p, ¢, r and they are denoted
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as My, k = 1,2,3 and o(x) in ) (3,) is as follows:
w—1if rt€7Ts
) =9+ 1 if r=9my (5.3)

¥+ 3 otherwise.
Then,

M8 (35)) = X eere )3,y 2F)°
= s, 007 + s, 20 + Yo, 2(8)?
=w—1)2 + (w—4) @+ 1) + (w — 4)(9 + 3)*
:ﬁ(w—1)2+(w—4)[(19+1)2+(19+3)2]. O

Theorem 5.4. LetfR be a ring of order pgr. Then,
() Ma(&D(3,)) = (w — 1) [(w —1)% + 02 (w — 19)] .
(i) Ma(8(3)) = (@ = 1) (@ = 1) + 8] + (9 + 2)[809 = 1) + (9 + 2)7].

(i) Ma(6)(3.)) = 2(= = 4) (@ = D)(n— 4) + (9 + 3)(= +2)].

Proof. (i) Let £[&(V)(7,)] be the edge set of &()(J,) of the S-prime ideal J, of L. Lety €
BN (3,)].

This implies that either ¢ or y is in J; and the degrees of the vertices ¢ and n are defined in (5.1).
Then,

Ma(6(32)) = Lppee(om a,)) AD20)
=D nea, 0@VM) + 2 a5, pea, 2(X)3(n)
= (w—-1(w—1)* +%w — ) (w — 1)¥
—(w—1) (w—1)2+192(w—19)].
(ii) Let E[6®(3,)] be the edge set of &?)(3,) of the S-prime ideal J, of L.
Consider the S-prime ideal J, =| pg and 2(x), 2(p) of & (J,) are defined in (5:2). Then,
M2(65(3s)) = Z;x]€£[®(2)(js)] 2(x)d(n)
= rwer. 0®0() + X cs, pea, 2@®AM) + 30, g5, (x)0(n)

= (@ -1+ [(@ - D9 +8(w — 1)@ +2)] + (9 +2)°

:(w—1)[(w—1)+02] +(19+2)[8(w—1)+(19+2)2].
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(iii) Let £[6®)(7,)] be the edge set of &* (3,) of the S-prime ideal J, of Ls.
Consider the S-prime ideal is | pgr and 2(x),d(p) of & (3,) are defined in [(5:8). Then,

Ma(8P (3.)) = X e 3, 2E(0)
= Drerwgaeamatm T g, 0E()
= [(@=D)(@-5)(@—1)+(@—1)(@-3)(@—14) |+ [+ 1) (9+3) (@) +(9+3)* (= —4)
= (@ = (@ — (2w — 8) + (= — (9 + 3)(2 +4)
=2(w — 1)(w —4)* + 2(w — 4) (9 + 3)(w + 2)

:2(w—4)[(w—1)(w—4)+(19—|—3)(w+2)]. O

6 First and Second Zagreb Coindex of S-prime Graph
The M, (6(J,)) and Ma(6(J,)) of the S-prime graph are generalized in this section.
Theorem 6.1. Let R be a ring of order p'q. Then,

M1 (6(3s)) = V(w — 9)(w — 9 — 1).

Proof. Lety € £(6(Js)) be the edge set of &(J,) of the S-prime ideal J, of L,. If ry is an edge of
&(J5), then at least one of the end points of ry must be in the ideal Js. Then,

Mi(6(35)) = Xpge o0y RF) +2(0)]

In this, there is no edge between the non-ideal elements ¢, 1. Thus,

Mi(8(3:)) = Xy g, (@ = 9)(w =9 = 1)9

L Mi(6(35) =9 (w — 9)(w — 9 — 1). O

Theorem 6.2. Let R be a ring of order p'q. Then,

My (6,(1)) = My (6(3s)).

Proof. Let &(J,) be the S-prime graph. Then,

M(&(3s)) = Lrge(e (e 2®)2()-

=Y e, (@ — ﬁ)wm
_ (1:}—19)(w—19—1)_192

2

- [ﬁ(w ) (w - — 1)}

IS

Hence, M2(&(Js)) = M1(6(3s)).~. O

[JRS
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Theorem 6.3. Let R be a ring of order pgr. Then,
() My (M (3,)) = 2(w — 3)(w — 4).
(i) ML(6P(3,)) = (w — 3) [3(19 —1)+ w] .

(iii) M (63 (3,)) = 2[(19 +1)(@w—4) + (w— DO +2)|.
Proof. (i) Let 6" (3,) be the S-prime graph. Then,
Mi(8M(3:)) = 3 heeo 3. 0E) + ()]

=D g3, 0@ +0(v)]
= [@-9+@=-3)|=-1
= 2(w — 3)(w — 4).

(ii) Let 3 (3,) be the S-prime graph. Consider the S-prime ideal J, =/ pq and ?(x), d(y) are defined
in (5:2). Then,

(62 (3)) = Lo 3, D) + ()]
=D g, [0(2) +0(v)]
=D e 0@ FOM)] + 32, [0(x) +2(n)]
- (w—S)[19+(w—3)] +ﬂ[(w_3)+(w—3)]

= (@-3)[30-1) + =]

(iii) Let ®)(7,) be the S-prime graph. Consider the S-prime ideal is | pgr and 0(x), 2() are defined
in (6:8). Then,

M (6®(3,)) = Z;|,¢£(®(3>(35))[0(I) +2(n)]
= twga, [0(1) +2(1)]
= Z};,g:i}ﬁe () +2(n)] + E;:mhg;ésne [(x) +2(n)]

:2(19+1)(w—4)—|—(w—1)[19—!—1—!—(194—3)]

200 4 1) (@ — 4) + (@ — 1)(20 + 4)

200 + 1) (@ — 4) + 2(w — 1)(9 + 2)

2[(19+1)(w—4)+(w—1)(19+2)]. O


mythi
Highlight

mythi
Highlight


Theorem 6.4. Let R be a ring of order pgr. Then,
(i) Mz (&M (3,)) = (w — 4)92.
(i) Ma (6 (35)) = 29(9 + 2)2.

(i) Ma2(®P) (36)) = (9 + D[94+ 1) — 4) + (9 + 3)(ww — 1)].
Proof. (i) Let 6Y)(7,) be the S-prime graph. Then,
Mz(61(35)) = D rze(@M (3, [0(E)A(M)]

=2 g3, 0(©)0()]
= (w — 4)99

= (w — 4)9%

(ii) Let 3@ (3,) be the S-prime graph. Consider the S-prime ideal J, =/ pq and 2(x), d(y) are defined
in (6:2): Then,

My(8P(35)) = g6 (0 3, RO(D)]
=2 g2, P(©)(0)]
= ez PO+ 32, [P(®)(n)]
=09 +2)(9 +2) + (9 +2)(9 + 2)9
= 20(9 + 2)2.

(iii) Let 8 (7,) be the S-prime graph. Consider the S-prime ideal is | pgr and d(¢), 2() are defined
in (8:8). Then,

(6 (3)) = Y seqo @ RED)
= Y oee, DER(M)]
= Yo, PR + X g son, REEO(0)]
=W+ + ) w—-4)+W@+1)W+3)(w—-1)

:(19+1)[(19+1)(w—4)+(19+3)(w71)}. 0
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7 Randi’c index of S-prime Graph
In this section, R(&(J5)) of &(Js) of the S-prime ideals J, are generalized.

Theorem 7.1. LetR be a ring of order p'q. Then,

(¥ —1) (w—1) ]
HNw — 1)

Proof. Let ry € £(&(Js)) be the edge set of the S-prime graph and the degrees of the vertices are
defined in (8:1). Then,

N 1
R(8(3:)) = Xiyee(o o)) NCGHO)

1 1
aowmf+2m%”@5 2(x)o(n)

_ 90-1) B — 0)
2y/(@ 12 i@ 1)

= ZLUEJE

Thus, R(&(Js)) = ﬁ[g((iili) + (;(; 19)1)}' )

Theorem 7.2. Let*R be a ring of order pqr. Then,

(w—3)(w —4)

i (1) —
O ROV 0) = 1+ = 2

1 9 8

(i) R(&(Js)) =1+ (@—1) + V(@ —1) N Vm-1D)@+2)

(ii) R(&® (22)) = 3] . ! ! ]

Vi@ -0 +1) * V(@ = 1) +3) * VO F D)0 +3) W)

Proof. (i) Let M (3,) be the S-prime graph. Then,

- 1
R(W(35)) = Xres@m a0 NOGEO)
) I 1
2 et S )
__ ®-) (@m-3)m-9)
VE-D@-1)  V@-1)
_ ., (@=3)(w—4)
=1+ w1

(i) Let ) (3,) be the S-prime graph. Consider the S-prime ideal J. =] pq. Let ry € £(&?(3,)) be


mythi
Highlight

mythi
Highlight


the edge set of & (7,) and the degrees of the Vertices are defined in (5:2). Then,

1 1 1
= 2wt () T Al | aal)
SR J + -
T T @) e V@Dt

(iii) Let ) (3,) be the S-prime graph. Consider the S-prime ideal J, =| pqr. Let ry € £(6®)(3,))
be the edge set of ) (7,) and the degrees of the Vertices are defined in (5:8). Then,

RO(5) = S s

1 1

= Lecrong, oo e, s

[ 3 " 3 ] " [ 3 n 3 }
Ve -1D@+1) /(w-1)@+3) VO+D@+3) /(@ +3)2

1 1 1 1
3[\/(w—1)(19+1) * V(@ =)@ +3) * VO + 1)@ +3) * (19+3)]'

8 Conclusion

In this paper, the fi€et'SUBSet and a new ideal called S-prime ideal in a lattice and S-meet semilattice
are defined and it is shown that the prime ideal of a lattice is also an S-prime ideal of a lattice L.
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