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S-Prime Graph of S-meet Semilattice

Abstract

Let £ be a lattice and I be the proper ideal of a lattice £ and the set S be the
multiplicative subset of £. In this paper, S-prime ideal in £ is introduced. Also it is
shown that the prime ideal of £ is an S-prime ideal of £ studied with suitable
examples. Further, multiplicative subset S and the S-prime ideal J; of an S-
meet semilattice are introduced. Finally, a new graph called S-prime graph of
S-prime ideal of S-meet semilattice is defined and their topological measures are
generalized.
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1 Introduction

In 1961, Gratzer and Schmidt [1] defined a standard ideal in £ and Noor and Latif [2] introduced
and discussed about the standard n-ideal of £. In 1994, n-ideals in £ were introduced by Latif and
Noor [3]. After that they studied finitely generated n-ideals of £ [4]. In 2000, the properties of standard
n-ideal of £ were discussed by Noor and Latif [5].

In 2015, Meenakshi P and Karuna T [6], introduced the 2-absorbing and weakly 2-absorbing ideals of
£ which was from [7 - 8]. A proper ideal I of £ is called a 2-absorbing ideal if a AbA cisin I fora,b,c
is in £ then either a« meet b or a meet c or b meet ¢ in I. Also, they define the triple zero in lattices
and given some results related triple zero. In 2021, Ali Akbar and Toktam Haghdadi [9], introduced
the n-absorbing ideals in L which is from [10]. Many authors introduced and studied different ideals
in a lattice, they are: semiprime n-ideal of £ [11], modular n-ideals of £ [12] and so on.

In 2019, Ahmed Hamed and Achraf Malek [13], defined S-prime ideals of R. A proper ideal I of R is
called an S-prime ideal I of R if z,yisin R and xy is in I, then sz or sy isin I for some s € S where
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S is the multiplicative subset of R. The multiplicative subset is the complement of the prime ideal of
aring R.

Recently, Kalamani and Mythily [14] introduced a graph, the vertices of the graph are from R and they
are connected iff sa € I, or sb € I, for some s € S whenever ab € I where a,b € R and the set S'is
disjoint from I,. Some of the properties of the I of R are discussed in [15] and they [16] studied the
interplay of the semilattice theoretic properties of a poset with the ring theoretic properties.

In this article, the concept of I, of R is defined in £, S-meet semilattice and some results are
discussed. Also defined a new graph called S-prime graph and their topological measures are
generalized. Refer [17 - 19] for background research related to the indices.

Throughout, this paper first (FZ) and second Zagreb (SZ) indices of &(J,) are denoted as M1(®(Js))
and M (6(J,)), first (FZ) and second Zagreb (SZ) coindices of &(J) are denoted as M;(&(Js)) and
M>(6(Js)), Randi’c index (RI) of &(Js) denoted as R(&(J,)).

This article is organized as follows. Section 2, recall some basic notions and definitions of lattice
theory and topological indices of a graph. In section 3, the definitions of S-prime ideal of a lattice
are given with the suitable examples. In section 4, the S-prime ideal and multiplicative subset of a
lattice are introduced. In section 5, the S-prime ideal and multiplicative subset of S-meet semilattice
are introduced. Also, a new graph called S-prime graph of S-prime ideal of S-meet semilattice is
introduced with suitable examples. Some topological measures of the S-prime graph are discussed
in sections 5, 6 and 7.

2 Preliminaries

In this section some primary definitions are recalled from [20], some topological indices of the graph
definitions are given here.

Definition 2.1. A relation R on a set A is said to be partial order relation if the relation R is reflexive,
antisymmetric and transitive which may be described as follows: 1) Reflexivity: a ~ a for alla € A. 2)
Antisymmetry: Ifa ~ b and b ~ a then a = b. 3) Transitivity: If a ~ b; b ~ c then a ~ c. A set together
with the partial order relation R is called poset.

Definition 2.2. A lattice is a poset £ in which every a,b has N\ and V.

Definition 2.3. Let (£, A, V) be a lattice and M C £. Then (M, A, V) is a sublattice of (£, A, V) iff M
is closed under A and V.

Definition 2.4. The (M,A,V) =1 of £ is anideal iffi € I and for any a is in £ imply thata Ai isinI.
Definition 2.5. The (M, A,V) = I of £ is prime iffa,bisin £ andaAbisinI implythata € I orb e I.

Definition 2.6. The topological measures are defined as,
The FZI of & is,

My (&) = Z;ev(@) o(r).

The SZI of & is,

M (&) = Zmeg(c) 2(x)a(n).

The FZc of & is,
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Mi(8) = X yge (e [0(x) +2(v)].

The SZc of & is,

M (®) = ngg(@) 2(x)a(n).
The Rl of & is,

1
R(®) = aneS(ej) W

3 S-prime ideal of a lattice
In this section, the S-prime ideal of £ is defined with an example.

Definition 3.1. LetS C £. Then the set S is called multiplicative subset of L if it contains 1)1 € S
2anbeSVabels

Definition 3.2. Let I be a proper ideal of a lattice £. The ideal I is said to be an S-prime ideal of £
ifforany z,y € £, x ANyinlthensAxorsAyisinl forsomes € S, where S is the multiplicative
subset of a lattice £ which is disjoint from I of £. The S-prime ideal of £ is denoted by I,

Example 3.3. Consider £ = {0,u,v,w,z,y, 2,1} be a lattice whose Hasse diagram is given in the
Figure 1. The Is of £+ = {0,u,v,w,x,y, 2,1} are, from Figure 1, I, = {0},I = {0,u},Is =
{0,u,v}, Is = {0,u,w}, Is = {0,u,z},Is = {0,u,y} and I = {0,u,v,w,z,y, z}. The multiplicative
subset of a lattice are S1 = {1}, S. = {1,u},Ss = {1,v}, 5S4 = {1,w},Ss = {1,2},S6 = {1,y},S7 =
{1,z},Ss = {1,v,2},Sy = {1,v,2} and Sio = {1, v, z}.

Figure 1: Hasse diagram of L

Theorem 3.4. Every prime ideal P of £ is an S-prime ideal of £.
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Proof. Let P be the prime ideal of £ and z,y € £ 5 x Ay € P which implies that either z or y € P.
Let S be the multiplicative subset of £ which is disjoint from P of £. Thatis, P NS = (). Since the set
S contains the multiplicative identity 1, 1 Az € Por 1 Ay € P. Therefore, s Az € PorsAy € P for
some s € S. Thus, Pis I, of £. O

The converse of the Theorem 3.4 is not true. The following example provides confirmation of the
converse.

Example 3.5. Let us consider the example which is shown in Figure 1. Let I = {0,u} be the I
of £ = {0,u,v,w,z,y, 2,1} and the multiplicative subset of £ as S = {b, f,1}. Now, let v,w € £ if
v Aw =u € I, which implies thatv ¢ I, andw ¢ I. Thus I, is need not to be the prime ideal of £.

Theorem 3.6. LetI = P of £. Then £ — I is the multiplicative subset of £.

Proof. Let £ be the lattice, every pair of elements has v and A. Assumethatz Ay € £and I = P
of £. Need to prove that, the set £ — I is a multiplicative subset of £. Thatis, 1in £ —Tand xz Ay in
L—IVz,ef—1

If suppose 1 ¢ £ — I then 1 isin I and the ideal I becomes the improper ideal of a lattice £. i.e.,
I = ¢£. Itcontradicts to I is P of £.

LetzAyin—ITwherexz,yc Landz Ay e LVaAnye L Also, zAy ¢ £— I whichimplies
thatz ¢ I'andy ¢ I. Therefore, z,y € £ — I. Thus, the set £ — I is the multiplicative subset of £. O

Corollary 3.7. LetI,.J be the ideals of £ and P be the prime ideal of £. IfINJ C P thens A I or
s ANY C P for some s in S, where S is the multiplicative subset of £ disjoint from P.

4 S-prime Graph of a S-meet Semilattice

In this section, multiplicative subset S and the S-prime ideal 3, of a S-meet semilattice are defined.
Also, a new graph called S-prime graph of the S-prime ideal J; of L, is defined where the vertices
are the elements of the S-meet semilattice (L, A, C).

Definition 4.1. Let S C L, . Then the set S is called multiplicative subset of a S-meet semilattice L
ifunveSYuveS.

Definition 4.2. Let I C L,. The ideal I is said to be an S-prime ideal 3, of Ls if for any u,v €
Ls,uAv € J;thend s € S suchthats AuorsAvinJs forsomes € S, where S is the multiplicative
subsetof Ly and SN Js = 0.

Definition 4.3. Let (Ls, A, C) be the S-meet semilattice where L, is the collection of all S-prime
ideals of R. The set of all elements of L, are considered to be the vertices of the graph, the vertices
r and vy are adjacent ift Ay € Js, where J, is the S-prime ideal of L. It is an undirected graph called
S-prime graph of the S-prime ideal J,, denoted by &1, (J,), simply &(3Js).

Let 91 be a ring of order p’q. The S-prime graph &(J,) of J, is (i) a complete graph if the S-prime
ideals J; of Ls are | p, | q and | pq, (ii) a star graph if the S-prime ideal J, of L is | p’q and (iii) a
connected graph if the S-prime ideal J, of L. is | p"q, k < t.

Example 4.4. Let R be a ring of order 48 and the S-prime graphs ®(3s) are shown in Figure 3. The
elementsof Ly are <2 >,<3>,<6>,<12>,<24 > and < 48 >.
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< 2> < 3> < 2> < 3>
<48>@<6> <48>@<6>
<24> <12> < 24> <12 >
(%) (ii)
< 2> < 3> < 2 > < 3>
<48>@<6><48>< } i } 7.<6>
<24> 12>
<24 > <12 >
(i) (iv)
<2> <3> <2> <3>
< 48> <6><48>< o< 6 >
<24> <12> <24> <12 >
(v) (vi)

Figure 2: S-prime graph of the S-prime ideal (:) | 2 (i3) | 3 (iti) | 6 (iv) |
12 (v) | 24 (vi) | 48

Let R be a ring of order pgr. Then the S-prime graph &(3J,) is a complete graph if the S-prime
idealsof Lsare L pU | ¢, lpUlrlqUlrlpgUlprUlagr,lpUlgr,dquUlprand]ruU]pg.

There are 3 distinct connected S-prime graphs & (3,), @ (3,) and ¢ (3,) where & (7,) is the
S-prime graph for the S-prime ideals | p, | ¢, L v, L pgU L pr, L pgU L qr, | pruU | qr, 8@ (3,)is
the S-prime graph for the ideals | pq, | pr, | qr and ®<3)(35) for the S-prime ideal | pgr.

Example 4.5. Let R be a ring of order 30 then the S-prime graph of S-meet semilattice is shown in
Figure 4 whose vertex set is
V(B(Ts) ={<2>,<3>,<5><6><10>,<15>,<30>}.

In the following sections, the topological measures M (6(3s)), M2(&(Js)), M1(6(Js)), M2(&(35)),8(Ts)
and R(®(Js)) of the connected S-prime graph of the S-prime ideals J, are studied.
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<2> <2>
< 30> <3>
< 15> 5>
<10> <6 >
(i)
<2> <2>
<30> <3> <30> <3>
<15 R5> <153 25>
<10> <6> <10> <6>
(iii) (iv)

Figure 3: S-prime graph of the S-primeideal (i) | 2U | 3 (i) L 2 (iii) | 6 (iv) ]
30

5 First and Second Zagreb Indices of S-prime Graph

Let % be a ring of order p‘q. The S-prime graph &(3J,) is connected if the S-prime ideal J, is the down-
set of p"q where k < t. Let = and ¥ be the order of the graph &(J,) and the ideal J respectively.

Theorem 5.1. Let &(J.) be the S-prime graph of the S-prime ideal 3 of L then
Mi(8(3,)) = ﬁ[(w —1)2 + (@ — 19)19].

Proof. Let ¢ be a vertex of &(J).

If £ is an element of the S-prime ideal J; thenz Ay € J, Vy € L,.

If r is not an elements of J; thenxt Ay € Js only if y € T,.

Therefore, 0(z) is given as follows:
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Then, M1(8(3s)) = X cy(o(a,)) 00)°

= P een, 007 + s, 2()?

=9Y(w —1)> + (w — 9)?

:19[(w—1)2+(w—19)79]. O

Theorem 5.2. Let &(J,) be the S-prime graph of the S-prime ideal 3 of Ls then
_ 1)

(w — 1)+19(w—19)].

Proof. Let £(6(Js)) be the edge set of &(J;) of the S-prime ideal J; of L. Let ry € £[&(Ts)].
This implies that either ¢ or y is in J; and the 2(r) and () are defined in Theorem 5.1. Then,
Ms(8(3s)) = X ryee(o(3q)) 2®0(0)

=D reramen, 2M) + Fies, gz, 2X)3(0)

(@-1)

=9 3

(o — 12 4+ d(w —9)(w — 1)¥

:ﬁ(w—n[L;l)(w—l)Jrﬁ(w—ﬁ)]. O

Let )R be a ring of order pgr. There are 3 distinct S-prime connected graphs of J, namely
&M (3,), 63 (3,) and ) (7,) defined earlier.

Theorem 5.3. Let % be a ring of order pqr. Then,
(i) My (6D (3,)) = ﬂ[(w —1)? 4+ 9w — 19)].
(i) Mi (8 (35)) = 9[(@ = 1)* + 9)| + (0 +2)°.
(iii) M1 (&P (3,)) = 0w — 1)? + (w0 — 4) [(19 F1)24 (94 3)2].
Proof. (i) Let Y)(7,) be the S-prime graph of J, of L.. Then,
Mi (61 (3:) = Xevom a,)) 20
= P een, 017 + s, 2()?
=9 w —1)* + (w — 9)9*
- 0[(w —1)% +9(w —19)].

(ii) Let 6 (7,) be the S-prime graph of J, of L.

In this case, the non-ideal elements are adjacent to all the ideal elements and some non-ideal
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elements. Here, the S-prime ideals are | pq, | pr and | gr.
Consider the S-prime ideal J; =] pq and d(z) in &? (3,) is as follows:
w—11if x€Jq
Ap) =Y if z=7r

Y42 if x#£r
Then,

M(BP (1) = s (3,9, 2(1)?

= Yer, 00 + e 20 + X, 20)°
= (w —1)* + 0% + (9 + 2)°

=9[(@ - 1)+ 9)] + (@ +2)%

(iii) Let ®(7,) be the S-prime graph of J, of L.

In this case, the S-prime ideal is | pgr. The maximal elements of L, are p, ¢, r and they are denoted
as My, k =1,2,3and o(x) in 84)(7,) is as follows:

w—11if r €T,
W) =<K 9+1 if r=M

Y+ 3 if r# M.
Then,

Mi(6®(3:)) = X cpio 30y 20)

= s, 007 + s, 20 + Yo, 2(1)?

=9 (w — 1)+ (w—4) (9 +1)* + (w — 4) (9 + 3)?

= (@ = 1)* + (@ = ) [0+ 1) + (9 +3)°]. O

Theorem 5.4. Let‘R be a ring of order pqr. Then,

() Ma(&D(3,)) = (w — 1) [(w —1)% 4+ 02(w — 19)].
(i) Ma (&P (3,)) = (@ — 1) [(w 1)+ 192] L (W+2) [8(19 )0+ 2)2].
(i) M2 (&P (36)) = 2(w — 4) (@ — 1)(n = 4) + (9 + 3)(= +2)].

Proof. (i) Let £[&™(3,)] be the edge set of &) (J,) of the S-prime ideal J, of L,. Lety €
(6™ (3:)).

This implies that either ¢ or y is in J; and the degree of the vertices ¢ and y are defined in (i) of
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Theorem 5. 3. Then,

M2(®<1)(35)) = Z;neé}(@(l)(js)) 2(x)d(n)

ER) Js

=(w—1(w—-1)?+9w—9)(w—1)9
= (@ - D|(@ -1+ 8*(= - ).

(ii) Let E[6®(3,)] be the edge set of &2 (3,) of the S-prime ideal J, of L.

Consider the S-prime ideal J, =| pg and 2(x),2(y) of 8 (3,) are defined in (i) of Theorem 5.3.
Then,

Ma(.(32)) = Xy o ay 20(0)
= ZL\JEJE 2(r)o(n) + Z;eJE,ngjs o(x)o(y) + Z;,Ugjs o(x)o(n)
—(w—1)%+ [(w —1)9% + 8(w — 1)(0 + 2)] + (0 +2)3

- (w—l)[(w—1)+192] +(19+2)[8(w— 1)+(19+2)2].

(iii) Let £[6®)(7,)] be the edge set of &® (3,) of the S-prime ideal J, of L.
Consider the S-prime ideal is | pgr and 2(x), 9(y) of &) (7,) are defined in (iii) of Theorem 5.3. Then,

M (8™ (3:)) = 3, cero® (3, 2®)2(0)

= Drerengreowatn) T Lirnga, ()

= [@-DE-5)@ -9+ (@ - 1)@ -3)(@ -]+ [0+ 1)@ +3)(@ - 1)+ (0 +3)*(= - 4)
= (@ = (@ — 4)(2w — 8) + (@ — (I + 3)(2w + 4)

=2(w —1)(w —4)* + 2(w — 4) (¥ + 3) (= + 2)

:2(17—4)[(@—1)(w—4)+(19+3)(w+2)]. O

6 First and Second Zagreb Coindex of S-prime Graph

The M1(®(3,)) and M2 (®(J,)) of the S-prime graph are generalized in this section.

Theorem 6.1. Let R be a ring of order p'q. Then,

Mi(6(3,)) = 9(w — 9)(w — 9 — 1).

Proof. Lety € £(6(Js)) be the edge set of &(J,) of the S-prime ideal J, of L,. If ry is an edge of
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&(3Js), then at least one of the end points of ryy must be in the ideal J;. Then,
Mi(8(3:)) = X yge(s(a.)) ) +2(0)]

In this, there is no edge between the non-ideal elements ¢, y. Thus,
Mi(6(35)) = X, yga, (@ = 9)(@ =9 = 1)9

L ML (6(3:)) = 9w — 9) (@ — 9 — 1). O

Theorem 6.2. Let R be a ring of order p'q. Then,

Proof. Let &(J,) be the S-prime graph. Then,

M(&(3s)) = Lmge(e (e 2®)0().

=Y pga, (@~ ﬁ)ww

_ (w—N(w—-—9-1)

2
5 RV

= [19(w — ) (w -9 — 1)}

[NIRSY

Hence, M2(&(J,)) = M,

A‘
G
—
(R
B
[JESS

Theorem 6.3. LetfR be a ring of order pqr. Then,

(i) My (61 (35)) = 2(w — 3)(w — 4).
(i) (8P (3,)) = (w — 3) [3@9 —1)+ w] .

(iii) M1 (63 (3,)) = 2[(19 F1)(w—4) + (w— 1)@ +2)].

Proof. (i) Let M (3,) be the S-prime graph. Then,
Mi(81(3:) = Xy 000 3, RE) +0(0)]

= Dt nga, () +2(y)]

= [@-3)+@-3)|@-1

=2(w — 3)(w — 4).

(i) Let 3 (7,) be the S-prime graph. Consider the S-prime ideal J, =] pq and 2(x),2(y) are is
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defined in (ii) of Theorem 5.3. Then,
Mi(62(35)) = Tz (0 3, 0() +0(9)]

=2 mea, [0() +0(n)]

=2 iy 0(®) F0(0)] + 20, o, [0(2) +2(v)]

- (wa)[ﬂ+(w73)] +19[(w73)+(w73)]

= (@-3)BW-1+=|.

(iii) Let 8 (7,) be the S-prime graph. Consider the S-prime ideal is | pgr and d(¢), 9(1) are defined
in (iii) of Theorem 5.3. Then,

Mi(6® () = X ppge(e® 3.9 0E) + ()]

=2 e nea, [0(2) +0(x)]

= Yo P 0] + X, o, P(E) + 2(v)

:2(19“)(@74)+(w71)[19+1+(19+3)]

=20 + 1) (= — 4) + (@ — 1)(20 + 4)

=209 + 1)(w@ — 4) + 2(w — 1)(¥ + 2)

:2[(19+1)(w—4)+(w—1)(19+2)]. O

Theorem 6.4. Let R be a ring of order pgr. Then,

() Ma(6D (3.)) = (@ — 4)9°.
(ii) Ma (&P (35)) = 29(9 + 2)°.
(i) M (&P (36)) = (9 + D[ (0 + 1)(w — 4) + (9 + 3)(w — 1)].
Proof. (i) Let 6" (3,) be the S-prime graph. Then,
(6D (30)) = Spee (s, REM)]
= 1 g, RED()]
= (w — 4)90

= (w — 4)9%

(ii) Let 3@ (3,) be the S-prime graph. Consider the S-prime ideal J, =/ pg and 2(x), d(y) are defined
in (ii) of Theorem 5.3. Then,

M6 (3.)) = D@ (3, P (E)(D)]
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=2 nga, PO

=Dty O] 4+ 22 2 P(X)0(v)]
=9(9 +2)( +2) + (9 + 2)(V +2)9

= 20(9 + 2)2.

(iii) Let ) (7,) be the S-prime graph. Consider the S-prime ideal is | pgr and d(¢), 9(1) are defined
in (i) of Theorem 5.3. Then,

T(6(3.) = X se(o (2 PEIO)]

= 3 e, D))

= Yo PR + X on, s, R(DR(D)]
=W+ +)(w—-4)+@+1)WI+3)(w—-1)

:(19+1)[(19+1)(w—4)+(19+3)(w—1)]. O

7 Randi’c index of S-prime Graph

In this section, R®(J,) of &(J,) of the S-prime ideals J.; are generalized.
Theorem 7.1. LetR be a ring of order p'q. Then,
- W-1) | (@-0)
R(&(3:))) =9 + .
(©0) =950 + 5T

Proof. Letry € £(6(Js)) be the edge set of the S-prime graph and their degrees are defined earlier
in Theorem 5.1. Then,

1
RO(0) = Lavceet) am00)
) 1

=3 e, WO + 2 cee nede NGO

_ 9w Y(w — D)
2/(@—-12 I (w-1)

. (¥-1) (w—1)

Thus, R(&(Js)) = ¢ + . O
(B(3:)) [2(7”_1) \/ﬁ(w—l)]

Theorem 7.2. LetfR be a ring of order pgr. Then,

; Wy =14 @=3(@—4)
RS =14 = T e=n T Je Do)

(i) (6 (3,)) = 3]

1 1 1 1
V(@ -1)@+1) - V(= 1)(¥ +3) - VO +1)(@+3) * (19+3)]'
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Proof. (i) Let 6Y)(7,) be the S-prime graph. Then,

- 1 -
s ) | e e
N ot N Gl o)
Viw-0w-1)  (@-1)9
N Gt At
V(w — 1)

(ii) Let & (3,) be the S-prime graph. Consider the S-prime ideal J, =| pq. Let tny € £(&@(J,)) be
the edge set of & (J,) and their degrees are defined earlier in (i) of Theoreem 5.3. Then,

- 1
RGP (3,)) = X cee®3.)) Voa(n)

= Zz.nea # + Z:eﬁc nEs # + Z; Vg, #
RRVAICLI()) T /a(n)o(n) T /(r)o()
1 v 8

:1+(w_1)+ \/19(w—1)+ V(@ =1 +2)

(iii) Let ) (J,) be the S-prime graph. Consider the S-prime ideal J, =| pgr. Let ry € £(&®)(3,))
be the edge set of &®)(J,) and their degrees are defined earlier in (jii) of Theoreem 5.3. Then,

- 1
RGP (3,)) = X cee®3.)) Voa()

=2 ters e NOGEO) T2, NOGEC))

[ 3 + > [+ 3 e |

VE-D0+D)  E-Do+9)  IrD0+3) | o+

= 3[ ! + ! + = o ]
V@ -D0+1)  J@m-D0+3) JOrD@+3 @+3)

8 Conclusion

In this paper, a new ideal called S-prime ideal in a lattice and S-meet semilattice are defined and it
is shown that the prime ideal of a lattice is also an S-prime ideal of a lattice L. Also, multiplicative
subset and S-prime ideal of S-meet semilattice are defined. Finally, a new graph from the S-meet
semilattice (Ls, A, C) is introduced with examples and their topological measures are generalized.
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