On some stochastic parabolic systems drivenby new fractional
Brownian motions

Abstract

Vector-valued functions of new fractional Brownian motions are considered. The concept
of stochastic integrals are generalized. Formulas of Ito are also generalized. Some
stochastic parabolic systems driven by new fractional Brownian motions are studied.
Uniqueness and existence theorems are proved.These findings have potential applications
in fields such as financial mathematics, where modeling with fractional Brownian motion is
relevant.
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1-Introduction
Let (Q, 2, P) be a probability space,
(Qisaset,Aisao— algebra of subsets of Q,P:A -
[0.1] is a probability measure).
According to our previous results, [1], [2], we say that-a random variable X: 2 — R has a
fractional Gaussian (or fractional normal) distribution, if X has.a probability density
function f defined by:
—(x—m)?

_(o_1
f(x) - f() RTt*e (ﬂ(e) exp (_ 2t%9 )de <

WhereR is the set of all real numbers,0'< a < 15{,(8) is the stable probability density
function.The properties of the function (@) can be founded in [2]. Itis clear that X has

. t* g . . .
meanm and varlancem , where I'() is the gamma function. In this case we write

X is Ny (m, ﬁ)(see [2-5]).

Again according to our previous results, [1], we call a real valued stochastic process W, (.)
a fractional Brownian motion ifithe following conditions are satisfied:

i-W,(0)=0

i-w,(t) — wyls) is Nu(O,%), forall0 <s <t

iii-forall times -0 < t; < :-- < t,, the random variables

W, (ty) Wi(t)— W,(ty),.. W,(t,) — W,(t,_1) are independent, (with
independent increments).

Itiseasy to:seethat:

E(W,(t)) = 0, EW(t)) =

sa
r(a+1) '

ta

<
I'(a+1) t

E(Wo ()W, (s)) =

WhereE(X) is the expectation of X.
Let £2(0,T) be the space of all real-valued, progressively measurable stochastic processes

G(.) such that E(f; G2dt) < oo
The fractional stochastic integral fOT GdW , is defined in [1].
Itis proved that:

T _wim T
fO We dW, = 2 2r(a+1) ’

d@w,) = tdw, + W dt,
[, @G+ bH)AW, = a [, GAW, + b [, HAW,,,




E(f, GdW,) = 0.
T T _ 1 T o1
E( [, GdW, [, HAW ;) = o EC Jo t* 1GHdt),

for all H,Ge £?(0,T) and all real numbers a, b.

2-Vectors of fractional Brownian motions

Let £1(0,T) be the space of all real-valued, progressively measurable stochastic processes
F such that E[f) |F|dt] < .

Suppose that W, (.) = (WL(),..., W™(.)) is an m-dimensional fractional Brownian
motion. We say that Z™*™-valued stochastic processG = (G) belongs to £2,,,(0, T) if

GYeL£?(0,T).An R™-valued stochastic process F(.) = (F1 (). F*( ))belongs to.LL(0,T)
ifFi() e£(0,T7),i=1,.,nj=1,.. m

If G belongs to £2,,,(0,T) , then fOT GdW ,is an R™-valued random variable, whose i — th
component isy, 4 fOT G"de{',c i=1,.n

If G € £2,,,(0,T),then by using our results in [1], we can write:

EL[" GaW,] = 0. E[l [ GdW,|] = ELf, S l6lPdtewhere |G1* = 3", 37, |GV 2

(a

IfX() = (X(),..,X"())isan R™ —valued stochastic process such that:

For some Fe £L(0,T), G € £%,,(0,T) , wesay thatX(.) has the fractional stochastic
differential:

This means that:

Let u: R%X[0,T]* R be continuous, with continuous partial derivatives

dudu 0% . . o . L
a—t,ﬁ,ﬁ ,i,j,=1,...,n, then a direct generalization of our formula in [1] is given by
i 10Xj

. Ou n U St on *u v it je
du(X(t).t)= acdt Li=1 ax; axt+ 2T (a) “0J=1 gx;0x; 2r=1 GUG°,
Where the argument of the partial derivatives of u is (X(¢), t). (R is the set of all real
numbers, R™ is the n —dimensional Euclidean space), see [3-8].

3- New fractional stochastic parabolic systems
Let W, (.) be an k-dimensional fractional Brownian. We will henceforth take

The o — algebra generated by the history of the fractional Wiener process up to (and
including time t).
Consider the following fractional stochastic differential system



du(x,t) = [Xiqjc2m Aq(x, t)D9ulx, t) + f(x, t, uldt + g(x, t,u)dWi(t),t >0, (3.1)
With the initial condition
u(x,0) = ¢(x), 3.2)

(where x € R" ,{A4 , |q| < 2m} is a family of square matrices of order k ,whose elements
are sufficiently smooth functions on R"x[0,T1,q = (q4, ... ¢;-) is a multi-index, |q| = g, +

w+qp,DT=D* .. D} D= % j=1,..,r.f, » € R*, gisasquare matrix of order
J
k.
The elements of ¢ are continuous bounded deterministic functions on R".
Let us suppose that the real parts of theA — roots of the equation

Satisfy the inequality

ReX(x,t,0) < —5|a|*™,

CER" |ol>?=02+-+0?09= alql .. 8 is a positive constant and | is the unit
matrix of order n.

Following Edelman [14 ] we suppose that the elements of thecoefficients4,, |q| = 2m,
are continuous in t € [0, T], moreover , the continuity in ¢.is‘uniform with respect to

x € R".It is supposed also that these elements are deterministic ‘bounded on R"x[0, T]

and satisfy the Holder condition with respect to x.

Under these conditions there exists for the system:

a fundamental solution matrix Q (x, y, t;'s) satisfies the following conditions:

‘;—‘f, DIQ € C(R?*"x[0, T]x[0, T]), where C(S) is the set of all matrices with continuous
bounded element on a region S, also G satisfies the following inequality:

q Aq _ —Aglx—y|*™
[DIQ(x,t,y,5)| < T exph,t > s\ = ————

positive constants , 3= %(r +lgl). 19| < 2m, 1Q|* = XF;-,(m:))* G = (n:;).[14 ]

,|x|2 = x% + +x$ 1A11A2 are

Now the problem (3:1), (3.2) can be written in the form:
u(x, t)

= f Q(x,y,t,0)p(

RT
t
+! f Q(x,y.t,5)]

We say that an R¥ —valued stochastic process u(.,.) is a solution of the fractional
stochastic integral system (3.3) forx e R"0 <t < T, provided

(i) u(.,.) is progressively measurable with respect to F(.) for every fixed xeR"
(ii) (x, t,u) € LL(0,T), for every fixeax € R

(i) g (x,t, u) € £%,(0,T) , for every fixed xeR"

and u(x, t) satisfies equation (3.3).



Theorem. Suppose that f: R"x[0, T]xR¥ — R* and g: R"x[0, T]xR* — Z*** are continuous
and satisfy the following conditions:

() Ifetw) = flx,t,v)| < Llu—v|
lg(x, t,u) — g(x,t,v)| < Llu — |,
Forall0 <t < T,xeR",u,v € R¥

(i) 1f Gt w)] < L(L + [ul)

foral0<t<T,x €ER",u €R¥
for some positive constant L
Then there exists a unique stochastic solution u € £2(0, T), for every xeR", of the fractional
stochastic integral equation (3.3), (by unique solution , we mean that if u, u* € £Z(0,T), for
every x € R", with continuous sample paths almost surely , and both solves.equation
(3.3),then P(u(x,t) = u*(x,t), forallx ER",0<t<T) =1
Notice that hypothesis (i) says that f and g are uniformly Lipschitz«continuous in the
variable u. Notice also that hypothesis (ii) actually follows from. (i).
Proof. Let nus prove now the uniqueness. Suppose that u and v are solutionsiof (3.3).
Thenforallx e R" 0<t<T,

ulx, t) — v(x,

It is easy to get the following estimation

E{lu(x,t) — v(x,0)|?} <
¢ 2
2E{|fo Jor @y £ )G 80y, )),— £(.5,0((,5))] dyds| }+

ZE{ By L Qe 308, 9)[g (5, 16y, 5)) — g(3, 5, v(y, S))]dydwoc(s)lz}-

According to.ourresults in ;1 ] and the properties of the fundamental matrix solutionQ we
get by using Schwartz inequality and the Lipchitz condition (i) the following estimation:

SupxerrE{lu — vl

for someconstant K > 0andall0 <t <T.

Consequently
Suj
Forsomeconstant K* >0andall0 <t <T.
Thus according to fractional Gronwall lemma, we get u(x, t) = v(x, t) almost surely for
allx e R",0 <t < T.Asu and v have continuous sample paths almost surely,
P(|

To prove the existence, we define a sequence {u™(x, t)} by:



un+1(x’ t) = er Q(x,y, t, O)QU()’)dy + f(: fRT Q(x,y, t, S)f(y, S, u"(y, S)dyds +
fot er Q(Xl)’, fls)g(}’:S,u"(y, S)dydWa(S),

forn=0,1,..and x €ER",0 <t < T,u’(x, t) = ¢(x).Define also

Forn = 0, we have

do(x,t) <.

Thus we can find a constant K > 0 such that:

d°(x,t) <K

t
['(a+1)

Itis easy to get by induction

for some constant K > 0.
According to the Martingale inequality

we get

T(n+1)a
E[Maxoce<r[u™t(eit) = u"(x. £)[?] < k™1

al(r(a+1))"

Applying Borel-Cantelli lemma, we deduce that for every w € Q

Converges uniformly on R”x[0, T] to a stochastic process u(x, t).
We pass to limits in the definition of u™(x, t), to prove

ulx,



ForallxeR",0 <t <T.

Let us prove now that the considered stochastic solution wu is an element of £Z (0, T).
We can find a constant K > 0 such that:

E[|un+1(.

Using condition (ii) and the properties of Q(x, y, t, s), we get by induction:

E{lun+
Forall x € R",0 <t < T.Taking the limit as n tends to infinity we get the required
result.

4-Conclussion

New fractional Brownian motion isconstructed. Some.results of Ito about vectors of
fractional Brownian motion are generalized. Parabolic systems driven by new vectors of
fractionalBrownian motion are studied, see [8-16].

Disclaimer (Artificial intelligence)

Author(s) hereby declare that NO generative Al technologies such as Large Language Models
(ChatGPT, COPILOT, etc) and text-to-image generators have been used during writing or
editing of manuscripts.

Acknowledgments

The authors would like to thank the editors and the referees for valiable comments and
suggestions on this paper.

References

[1] Mahmoud M. El-Borai.and Khairia El-Said EI-Nadi, On the construction of fractional
normal distribution and a related fractional Brownian motion, Global Scientific Journals,
Vol. 12, Issue3,:March 2024, 1125-1131.

[2}:Mahmoud M. EI-Borai , Some probability densities and fundamental solution of
fractional evolution equations , Chaos, Soliton and Fractals 14 (2002),433-440.

[3] Mahmoud M. El-Borai, Khairia El-Said EI-Nadi, H. M. Ahmed, H. M. EI-Owaidy, A. S.
Ghanem & R. Sakthivel, Existence and stability for fractional parabolic integro-partial
differential equations with fractional Brownian motion and nonlocal condition, Cogent
Mathematics & Statistics, Vol.5, 2018, Issuel.

[4] Hamdy M Ahmed, Mahmoud M El-Borai, Hassan M EI-Owaidy, Ahmed S Ghanem,
Existence Solutions and Controllability of Sobolev Type Delay Nonlinear Fractional Integro-
Differential Systems, Mathematics, MDPI, 2019, 7, 79;d0i:10.3390/math7010079 January
2019, 1-14.

[5] Mahmoud M. El-Borai, Khairia El-Said EI-Nadi, The parabolic transform and some
singular integral evolution equations, Mathematics and Statistics 8(4), 2020, 410-415.



[6] Mahmoud M. El-Borai and Khairia El-Said El-Nadi, Stochastic fractional models of the
diffusion of covid-19, Advances in Mathematics: Scientific Journal 9 (2020), no.12, 10267-
10280.

[7] Z. Arab and Mahmoud M. El-Borai, Wellposedness and stability of fractional stochastic
nonlinear heat equation in Hilbert space, Fractional Calculus and Applied Analysis, 2022,
25(5), 2020-20309.

[8] C. Bander, An Ito formula for generalized functional of fractional Brownian motion with
arbitrary Hurst parameter. Stoch. Proc. And Appl. 104, 2003, 81-106

[9] R. Elliott and J. Van Der Hock, A general fractional white noise theory and applications
to finance, Math. Finance 13, 2003, 301-330.

[10] Mahmoud M. El-Borai, Khairia El-Said El-Nadi, On the stable probability distributions
and some abstract nonlinear fractional integral equations with respect to functions,
Turkish Journal of Physiotherapy and Rehabilitations; 32(3), 2022, 32858-32863.

[11] Hamdy M. Ahmed, Mahmoud M. El-Borai, Wagdy El-Sayed and Alaa Elbadrawi, Null
Controllability of Hilfer Fractional Stochastic Differential Inclusions, Fractal and Fractional.
2022, 6, 721.

[12] A. G. Malliaris, Ito Calculus in fractional decision making, SITAM Review 25 (1983), 481-
496.

[13] R. Paley, N. Wiener and A. Zigmond, Notes on.random functions, Math. Z. 37 (1959),
647-668.

[14] Mahmoud M. El-Borai and Khairia El-Said El-Nadi , On some fractional parabolic
equations driven by fractional Gaussian noise, Special Issue SCIENCE and Mathematics
with Applications International Journal of Research and reviews in Applied Sciences 6(3).
February 2011, 236-241.

[15] Mahmoud M. El-Borai, and Khairia El-Said EI-Nadi, On some stochastic nonlinear
equations and the fractional Brownian motion, Caspian Journal of Computational &
Mathematical Engineering, 2017, No.1, 20-33.

[16] A. G.:‘Malliaris, 1to Calculus in fractional decision making, SIAM Review 25 (1983), 481-
496.



