
  
  

  
 

On some stochastic parabolic systems drivenby new fractional 
Brownian motions 

 
 

Abstract 
Vector-valued functions of new fractional Brownian motions are considered. The concept 
of stochastic integrals are generalized. Formulas of Ito are also generalized. Some 
stochastic parabolic systems driven by new fractional Brownian motions are studied. 
Uniqueness and existence theorems are proved.These findings have potential applications 
in fields such as financial mathematics, where modeling with fractional Brownian motion is 
relevant. 
Keywords: Fractional normal distribution- Riemann stochastic integrals- Vectors of 
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1-Introduction 
Let (Ω,ि,ܲ) be a probability space, 
(Ω	݅ݏ	ܽ	ݐ݁ݏ,ि	݅ݏ	ܽ	ߪ − ि:ܲ,ߗ	݂݋	ݏݐ݁ݏܾݑݏ	݂݋	ܽݎܾ݈݁݃ܽ →
 	.(݁ݎݑݏܽ݁݉	ݕݐ݈ܾܾ݅݅ܽ݋ݎ݌	ܽ	ݏ݅	[0.1]
According to our previous results, [1], [2], we say that a random variable ܺ:	ࢹ → ܴ has a 
fractional Gaussian (or fractional normal) distribution, if ܺ has a probability density 
function ݂ defined by: 

(࢞)ࢌ = ∫ ૚
√૛࢚࣊ࣂࢻ

ஶ(ࣂ)ࢻࣀ
૙ ૛(࢓ି࢞)ି−)	࢖࢞ࢋ	

૛࢚ࣂࢻ
 .	ࣂࢊ(

Whereܴ is the set of all real numbers,0 < ߙ ≤  is the stable probability density (ࣂ)ࢻࣀ	و1
has  ࢄIt is clear that  . ]can be founded in [2 (ࣂ)ࢻࣀThe properties of the function .function

mean࢓ and variance ࢻ࢚

ડ(ࢻା૚)
 , where ડ(.  In this case we write .࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢓࢓ࢇࢍ	ࢋࢎ࢚	࢙࢏	(

,࢓)ࢻࡺ is ࢄ ࢻ࢚

ડ(ࢻା૚))(see [2-5]). 
Again according to our previous results, [1], we call a real valued stochastic process ఈܹ(. ) 
a fractional Brownian motion if the following conditions are satisfied: 
i- ∝ܹ(0) = 0 
ii-−(࢚)ࢻࢃ	(࢙)ࢻ࢝	࢙࢏		ࢻࡺ(૙, ࢚

ࢻ࢙ିࢻ

ડ(હା૚)
), for all ૙ < ݏ <  ,ݐ

iii-forall times  ૙ < ࢚૚ < ⋯ < ࢔࢚  the random variables 
,	(૚࢚)ࢻࢃ		−(૛࢚)ࢻࢃ,	(૚࢚)ࢻࢃ …  are independent, (with (૚ି࢔࢚)ࢻࢃ	−(࢔࢚)ࢻࢃ,
independent increments). 
It is easy to see that: 
൯(࢚)ࢻࢃ൫ࡱ = ૙,ࢻࢃ)ࡱ

૛(࢚)) = 	 ࢻ࢚

ડ(ࢻା૚)
൯(࢙)ࢻࢃ(࢚)ࢻࢃ൫ࡱ,  = 	 ࢻ࢙

ડ(ࢻା૚)
	 , ࢙ ≤ ࢚. 

 
Where(ࢄ)ࡱ is the expectation of ࢄ. 
Let  ख૛(૙,ࢀ) be the space of all real-valued, progressively measurable stochastic processes 
G(.) such that ࡱ(∫ (࢚ࢊ૛ࡳ 	< ࢀ∞

૙  . 

The fractional stochastic integral  ∫ ࢻࢃࢊࡳ
ࢀ
૙  is defined in [1]. 

It is proved that: 

∫ ࢻࢃ ࢻࢃࢊ	 = ࢻࢃ	
૛ (ࢀ)
૛

ࢀ
૙ −	 ࢻࢀ

૛ડ(ࢻା૚)
 , 

(ࢻࢃ࢚)ࢊ = ࢻࢃࢊ࢚ +  ,࢚ࢊࢻࢃ
∫ +ࡳࢇ) ࢻࢃࢊ(ࡴ࢈ = ∫ࢇ ࢻࢃࢊࡳ + ∫࢈ ࢻࢃࢊࡴ

ࢀ
૙

ࢀ
૙

ࢀ
૙  , 



  
  

  
 

∫)ࡱ (ࢻࢃࢊࡳ = ૙ࢀ
૙ .  

 
∫		)ࡱ ࢻࢃࢊࡳ ∫ (ࢻࢃࢊࡴ = 	 ૚

∫)ࡱ(ࢻ)ࢣ ࢀ࢚ࢊࡴࡳ૚ିࢻ࢚
૙

ࢀ
૙

ࢀ
૙ ) ,  

  
for all ࣕࡳ,ࡴ	ख૛(૙,ࢀ)		and all real numbers ࢈,ࢇ. 

 
2-Vectors of fractional Brownian motions 

 
Let ख૚(0,ࢀ) be the space of all real-valued, progressively measurable stochastic processes 
∫]ࡱ	 such that ࡲ [࢚ࢊ|ࡲ| 	< ࢀ∞

૙ .  
Suppose that ࢻࢃ(. ) = ࢻࢃ)

૚(. ), … ࢻࢃ,
.)࢓ )) is an m-dimensional fractional Brownian 

motion. We say that ࢓࢞࢔ࢆ-valued stochastic processࡳ = ૛࢓࢞࢔belongs to ख (࢐࢏ࡳ) (૙,ࢀ) if 
.)ࡲ valued stochastic process-࢔ࡾ An.(ࢀ,૙)࢐ࣕख૛࢏ࡳ ) = ቀࡲ૚(. ), … .)࢔ࡲ, )ቁbelongs to ख࢔૚(૙,ࢀ) 
if ࢏ࡲ(. )	 	ࣕख૚(૙,ࢀ), ࢏ = ૚, … ,࢔, ࢐ = ૚, …  .࢓,
If ࡳ belongs to	ख࢓࢞࢔૛ (૙,ࢀ) , then ∫ ࢻࢃࢊࡳ

ࢀ
૙ is an ࢔ࡾ-valued random variable, whose ࢏ −  ࢎ࢚

component is∑ ∫ ∝ࢃࢊ࢐࢏ࡳ
ࢀ࢐

૙ 	 ࢓,
࢐ୀ૚ ࢏	 = ૚,  .࢔…

:by using our results in [1], we can write ,thenࡳ ∈ ख࢓࢞࢔૛ (૙,ࢀ)If  

E[∫ GdW∝] = 0,			E[|∫ GdW∝|୘
଴

ଶ
] = E[∫ ୲∝షభ

୻(஑)
|G|ଶdt,୘

଴ 	where	୘
଴ |G|ଶ = ∑ ∑ |G୧୨|ଶ.୬

୧ୀଵ
୫
୨ୀଵ 

  
If ࢄ(. ) = .)૚ࢄ) ), … .)࢔ࢄ, )) is an ࢔ࡾ −valued stochastic process such that:  

  

  
For some F∈ ख࢔૚(૙,ࢀ), ࡳ ∈ ख࢓࢞࢔૛ (૙,ࢀ)	, we say that ܺ (. ) has the fractional stochastic 
differential: 

This means that: 
 

 
Let ݑ:ܴ௡ܺ[0,ܶ] → ܴ be continuous, with continuous partial derivatives 
డ௨
డ௧

, డ௨
డ௫೔

, డమ௨
డ௫೔డ௫ೕ

, ݅, ݆ = 1, … ,݊, then a direct generalization of our formula in [1] is given by 

,(ݐ)ܺ)ݑ݀ (ݐ = డ௨
డ௧
ݐ݀ + ∑ డ௨

డ௫೔
݀ܺ௜ + ௧ഀషభ

ଶ୻(ఈ)
∑ డమ௨

డ௫೔డ௫ೕ
∑ ௝ℓ௠ܩ௜ℓܩ
ℓୀଵ

௡
௜,௝ୀଵ

௡
௜ୀଵ  , 

Where the argument of the partial derivatives of ݑ	ݏ݅	(ݐ)ܺ), .(ݐ (ܴ	is the set of all real 
numbers, ܴ௡  is the ݊ −dimensional Euclidean space), see [3-8]. 

 
3- New fractional stochastic parabolic systems 
Let ∝ܹ(. ) be an k-dimensional fractional Brownian. We will henceforth take 

The ߪ −  generated by the history  of the fractional Wiener process up to (and ܽݎܾ݈݁݃ܽ
including time t). 
Consider the following fractional stochastic differential  system  

 



  
  

  
 

,ݔ)ݑ݀ (ݐ = [∑ ,ݔ)௤ܣ ,ݔ)ݑ௤ܦ(ݐ (ݐ + ,ݔ)݂ ,ݐ ݐ݀[ݑ + ,ݔ)݃ ݀(ݑ,ݐ ௤|ஸଶ௠|(ݐ)ܹ∝ ݐ, > 0,    (3.1)  
With the initial condition 
,ݔ)ݑ 0) =   (3.2)                                                                                                                      ,(ݔ)߮

 
(where ݔ ∈ ܴ௥ 	, |ݍ| , ௤ܣ} ≤ 2݉} is a family of square matrices of order k ,whose elements 
are sufficiently smooth functions on ܴ௥ݍ,[ܶ,0]ݔ = ,ଵݍ) … |ݍ| ,௥) is a multi-indexݍ = ଵݍ +
⋯+ ௥ݍ ௤ܦ, = ଵܦ

௤భ , … ௥ܦ,
௤ೝ	,ܦ௝ = డ

డ௫ೕ
	 , ݆ = 1, … , ,	݂ ,ݎ ߮ ∈ ܴ௞ 	, ݃ is a square matrix of order 

k. 
The elements of ࣐ are continuous bounded deterministic functions on ࢘ࡾ. 

Let us suppose that the real parts of theλ −  of the equation ࢙࢚࢕࢕࢘

Satisfy the inequality 
ܴ݁λ(ݔ, (ߪ,ݐ ≤  ,ଶ௠|ߪ|ߜ−
σ ∈ ܴ௥ 	, ଶ|ߪ| = ଵଶߪ + ⋯+ ௤ߪ,௥ଶߪ = ଵߪ

௤భ ௥ߪ…
௤ೝ	,  and I is the unit ݐ݊ܽݐݏ݊݋ܿ	݁ݒ݅ݐ݅ݏ݋݌	ܽ	ݏ݅	ߜ

matrix of order n. 
Following Edelman [14  ] we suppose that the elements of thecoefficientsࢗ| ,ࢗ࡭| = ૛࢓, 
are continuous in ࢚ ∈ [૙,ࢀ],	moreover , the continuity in ࢚ is uniform with respect to 
࢞ ∈  [ࢀ,૙]࢞࢘ࡾ It is supposed also that these elements are deterministic  bounded on.࢘ࡾ
and satisfy the Holder condition with respect to x. 
Under these conditions there exists for the system: 

a fundamental solution matrix ܳ(ݕ,ݔ, ,ݐ  :satisfies the following conditions (ݏ
  
డொ
డ௧

௤ܳܦ, ∈  is the set of all matrices with continuous (ܵ)ܥ where ,([ܶ,0]ݔ[ܶ,0]ݔଶ௥ܴ)ܥ
bounded element on a region ܵ, also ܩ satisfies the following inequality: 
,ݔ)௤ܳܦ| ,ݕ,ݐ |(ݏ ≤ ஺భ

(௧ି௦)ഁ ,Λ݌ݔ݁ ݐ > Λ,ݏ = ି஺మ|௫ି௬|మ೘

௧ି௦
, ଶ|ݔ| = ଵଶݔ + ⋯+ ௥ଶݔ ଵܣ,	  are		ଶܣ,

positive constants , ߚ = ଵ
ଶ

ݎ) + ,(|ݍ| |ݍ| ≤ 2݉ , |ܳ|ଶ = ∑ ܩ			,ଶ(௜,௝ߟ) = ൫ߟ௜ ,௝൯,௞
௜ ,௝ୀଵ [ 14  ].  

 
Now the problem (3.1), (3.2) can be written in the form: 

,ݔ)ݑ (ݐ

= න ,ݕ,ݔ)ܳ ,ݐ 0)߮(
ோೝ

+න න
,ݕ,ݔ)ܳ ,ݐ ݂(ݏ

ோೝ

௧

଴

 
 

We say that an ܴ௞  –valued stochastic process ݑ(. , . ) is a solution of the fractional 
stochastic integral system (3.3) forݔ ∈ ܴ௥0 ≤ ݐ ≤ ܶ ,  provided 
(i) ݑ(. , . ) is progressively measurable with respect to ℱ(. ) for every fixed ܴ߳ݔ௥ 
(ii) (ݔ, ,ݐ (ݑ ∈ ख࢑

૚(૙,ࢀ), for every fixed࢞ ∈  ࢘ࡾ
(iii) ࢍ(࢞, ࢚,࢛) ∈ ख࢑࢞࢑૛ (૙,ࢀ)	, for every fixed 	࢞ࣕ࢘ࡾ 

 .and 	࢛(࢞, ࢚) satisfies equation (3.3)  



  
  

  
 

Theorem. Suppose that ݂:ܴ௥ܴݔ[ܶ,0]ݔ௞ → ܴ௞  and ݃:ܴ௥ܴݔ[ܶ,0]ݔ௞ → ܼ௞௫௞  are continuous 
and satisfy the following conditions: 

 
(i)   |݂(ݔ, (ݑ,ݐ − ,ݔ)݂ ,ݐ |(ݒ ≤ ݑ|ܮ −  |ݒ
,ݔ)݃| (ݑ,ݐ − ,ݔ)݃ ,ݐ |(ݒ ≤ ݑ|ܮ −   ,|ݒ
For all 0 ≤ ݐ ≤ ܶ, ,ݑ,௥ܴ߳ݔ ݒ ∈ ܴ௞  

 
(ii)  |݂(ݔ, |(ݑ,ݐ ≤ 1)ܮ +  (|ݑ|

for all 0 ≤ ݐ ≤ ܶ, ݔ ∈ ܴ௥ ݑ, ∈ ܴ௞ 
for some positive constant ܮ 
Then there exists a unique stochastic solution	ݑ ∈ ℒ௞ଶ(0,ܶ), for every ܴ߳ݔ௥ , of the fractional 
stochastic integral equation (3.3), (by unique solution , we mean that if ݑ,ݑ∗ ∈ ℒ௞ଶ(0,ܶ), for 
every ݔ ∈ ܴ௥, with continuous sample paths almost surely , and both solves equation 
(3.3), then ܲ(ݔ)ݑ, (ݐ = ,ݔ)∗ݑ ,(ݐ ݔ	݈݈ܽ	ݎ݋݂ ∈ ܴ௥ , 0 ≤ ݐ ≤ ܶ) = 1.  
Notice that hypothesis (i) says that ݂	ܽ݊݀	݃ are uniformly Lipschitz continuous in the 
variable ݑ. Notice also that hypothesis (ii) actually follows from (i). 
Proof. Let nus prove now the uniqueness. Suppose that ݑ	݀݊ܽ	ݒ are solutions of (3.3). 
Then for all ݔ ∈ ܴ௥ 	, 0 ≤ ݐ ≤ ܶ, 

,ݔ)ݑ (ݐ − ,ݔ)ݒ

It is easy to get the following estimation 
 
,ݔ)ݑ|}ܧ −(ݐ ,ݔ)ݒ {ଶ|(ݐ ≤

ܧ2 ൜ቚ∫ ∫ ,ݕ,ݔ)ܳ ,ݐ ,ݕ൫݂](ݏ ,ݕ)ݑ,ݏ ൯(ݏ − ,ݕ)݂ ,ݏ ,ݕ)൫ݒ ൯]ோೝ(ݏ
௧
଴ ቚݏ݀ݕ݀

ଶ
ൠ +

ܧ2 ൜ ฬ ∫ ∫ ,ݕ,ݔ)ܳ ,ݐ ,ݕ൫݃ൣ(ݏ ,ݕ)ݑ,ݏ ൯(ݏ − ݃൫ݕ, ,ݏ ,ݕ)ݒ ݀ݕ൯൧݀(ݏ ோೝ|(ݏ)ܹ∝
௧
଴

ଶ
ൠ. 

 
According to our results in [ 1 ] and the properties of the fundamental matrix solutionܳ we 
get by using Schwartz inequality and the Lipchitz condition (i) the following estimation:  

 

ݑ|}ܧ௫ఢோೝ݌ݑܵ − ଶ|ݒ

for some constant ܭ > 0 and all 0 ≤ ݐ ≤ ܶ.  
Consequently 

݌ݑܵ

For some constant ܭ∗ > 0	and all 0 ≤ ݐ ≤ ܶ. 
Thus according to fractional ݈݈ܽݓ݊݋ݎܩ,݈݁݉݉ܽ, we get ݔ)ݑ, (ݐ = ,ݔ)ݒ  almost surely for (ݐ
all ݔ ∈ ܴ௥, 0 ≤ ݐ ≤ ܶ. As ݑ	݀݊ܽ	ݒ have continuous sample paths almost surely, 

 
ܲ(|

 
To prove the existence, we define a sequence {ݑ௡(ݔ,  :by {(ݐ

 



  
  

  
 

,ݔ)௡ାଵݑ (ݐ = ∫ ,ݕ,ݔ)ܳ ,ݐ ݕ݀(ݕ)߮(0 +ோೝ ∫ ∫ ,ݕ,ݔ)ܳ ,ݐ ,ݕ)݂(ݏ ,ݕ)௡ݑ,ݏ ݏ݀ݕ݀(ݏ +ோೝ
௧
଴

∫ ∫ ,ݕ,ݔ)ܳ ,ݐ ,ݕ)݃(ݏ ,ݕ)௡ݑ,ݏ ݀ݕ݀(ݏ ఈܹ(ݏ)ோೝ
௧
଴ , 

 
for ݊ = 0,1, … ݔ	݀݊ܽ ∈ ܴ௥ , 0 ≤ ݐ ≤ ,ݔ)଴ݑ ,ܶ (ݐ =  Define also.(ݔ)߮

 

 
 

For ݊ = 0, we have 
 

݀଴(ݔ, (ݐ ≤ 2

  
Thus we can find a constant ܭ > 0 such that: 

 
݀଴(ݔ, (ݐ ≤ ܭ ௧ഀ

୻(ఈାଵ)
. 

 
It is easy to get by induction 

 

 
for some constant ܭ > 0. 
According to the Martingale inequality 

 

 we get 

,ݔ)௡ାଵݑ|଴ஸ௧ஸ்ݔܽܯ]ܧ (ݐ − .ݔ)௡ݑ [ଶ|(ݐ ≤ ା૚࢔ࡷ ࢻ(శ૚࢔)ࢀ

൯(ା૚ࢻ)൫ડ!࢔
  .శ૚࢔

 
Applying Borel-Cantelli lemma, we deduce that for every ߱ ∈ Ω 

 

 
Converges uniformly on ܴ௥[ܶ,0]ݔ to a stochastic process ݔ)ݑ,  .(ݐ
We pass to limits in the definition of ݑ௡(ݔ,  to prove ,(ݐ

 

,ݔ)ݑ



  
  

  
 

For all ܴ߳ݔ௥ , 0 ≤ ݐ ≤ ܶ. 
 

Let us prove now that the considered stochastic solution  ݑ is an element of ℒ௞ଶ(0,ܶ). 
We can find a constant ܭ > 0 such that:  

 
ݔ)௡ାଵݑ|]ܧ

 
Using condition (ii) and the properties of ܳ(ݕ,ݔ, ,ݐ  :we get by induction ,(ݏ

 
௡ାଵݑ|}ܧ

For all ݔ ∈ ܴ௥ , 0 ≤ ݐ ≤  the required ݐ݁݃	݁ݓ	ݕݐ݂݅݊݅݊݅	݋ݐ	ݏ݀݊݁ݐ	݊	ݏܽ	ݐ݈݅݉݅	ℎ݁ݐ	݃݊݅݇ܽܶ.ܶ
result.  

 
4-Conclussion 

t vectors of Some results of Ito abou .constructedNew fractional Brownian motion is
fractional Brownian motion are generalized. Parabolic systems driven by new vectors of 
fractionalBrownian motion are studied, see [8-16]. 
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