On some stochastic parabolic systems driven
by new fractional Brownian motions

Abstract

Vector-valued functions of new fractional Brownian motions are considered. The concept
of stochastic integrals are generalized. Formulas of Ito are also generalized. Some
stochastic parabolic systems driven by new fractional Brownian motions are studied.
Uniqueness and existence theorems are proved.
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1-Introduction

Let (Q, 2, P) be a probability space,

(Qisaset,Aisao— algebra of subsets of Q,P:A -

[0.1] is a probability measure).

According to our previous results, [1], [2], we say that a randem variable X: 2 — R has a
fractional Gaussian (or fractional normal) distribution, if X has a probability density
function f defined by:

—(x—m)>?

© 1
f(x) = fo m(ﬂ(e) exp (_ 2t20 )de .
WhereR is the set of all real numbers,0 < o< 13 (,x(e) is the stable probability density
function. It is clear that X has meanm and variance

, where

F(ar1)’
I'(.) is the gamma function. In this case' we write X is Na(m,ﬁ)(see [2-5]).
Again according to our previous.results, [1], we.call a real valued stochastic process W, (.)
a fractional Brownian motion if the following conditions are satisfied:
i- Woc(o) -
i-W,(t) — wy(s) is Nu(O )
iii-forall times 0 < ty.< -.- < t,, the random variables
Wo(t) Wo(ty)= W(ty), .. W(t,) — Wu(t,_,) are independent, (with
independent inerements).
Itis easy to see that:

E(W8)) = 0, E(Wi(¢)) =

)forall0<s<t

EW (W, (s)) =

I'(a +1) F(a+1) ss

WhereE (X) is the expectation of X.
Let £2(0,T) be the space of all real-valued, progressively measurable stochastic processes
G(.) such that E(f, G2dt) < oo
The fractional stochastic integral fOT GdW , is defined in [1].
Itis proved that:
T _wim T
fo WqdW, = 2 2r(a+1) '
d@tw,) = tdw, + W dt,
[, @G+ bH)AW, = a [, GAW, + b [, HAW,,,

E(f; GAW,) =0,

T T 1 T . _
E( [, GdW, [, HAW,) = @ EC Jo t* 1GHdt),



for all H,Ge £?(0,T) and all real numbers a, b.

2-Vectors of fractional Brownian motions

Let £1(0,T) be the space of all real-valued, progressively measurable stochastic processes
F such that E[[) |F|dt] < oo.

Suppose that W, (.) = (WL(),..., Wwm(.)) is an m-dimensional fractional Brownian
motion. We say that Z™™-valued stochastic processG = (G¥) belongs to £2,,,(0,T) if

GYeL£?(0,T).An R™-valued stochastic process F(.) = (F1 (). F*( ))belongs to £1(0,T)
if Fi() e£(0,T),i=1,..,nj=1,.. m

If G belongs to £2,,,(0,T) , then fOT GdW ,is an R™-valued random variable, whose i — th
component isy 4 fOT G"de{',c i=1,.n

If G € £2,,,(0,T),then:

E[ f Gdu

IfX() = (X(),..,X"())isan R™ —valued stochasti¢ process such that:

For some Fe £L(0,T), G € £%,,,(0,T) , we say thatX(.) has the fractional stochastic
differential:

This means that:

Let u:R™"X[O, T] = R be continuous, with continuous partial derivatives

du_du @%u .. . . o . L
a—t,%,ﬁ .1,j = 1,...,n, then a direct generalization of our formulain [1] is given by
i 10Xj

__0u n U st on %u wm it je
du(X(tt) = acdt Li=1 ax; axt+ 2T (a) “0J=1 gx;0x; 2p=1 GUGT,
Where the argument of the partial derivatives of u is (X(¢), t). (R is the set of all real
numbers, R™ is the n —dimensional Euclidean space), see [3-8].

3- New fractional stochastic parabolic systems
Let W, (.) be an k-dimensional fractional Brownian. We will henceforth take

The o — algebra generated by the history of the fractional Wiener process up to (and
including) time t.
Consider the following fractional stochastic differential system

du(x,t) = [Xq)c2m Aq(x, t)Dulx, t) + f(x, t, uldt + g(x, t,u)dWi(t),t >0, (3.1)



With the initial condition
u(x,0) = o(x), (3.2)

(where x € R" ,{Aq , |q| < 2m} is a family of square matrices of order k ,whose elements
are sufficiently smooth functions on R"x[0,T1,q = (q4, ... ¢;-) is a multi-index, |g| = g, +
w+qp,DT=D* .. DI D= % j=1,..,r.f, » € R*, gisasquare matrix of order
k. J
The elements of ¢ are continuous bounded deterministic functions on R".

Let us suppose that the real parts of theA — roots of the equation

Satisfy the inequality

ReX(x,t,0) < —5|a|*™,

G ER" |ol?=0+-+0209= alql .0 8 is a positive constant.and | is the unit
matrix of order n.

Following Edelman [ ] we suppose that the elements of thecoefficientsA,, lgql = 2m, are
continuous in t € [0, T], moreover , the continuity in t is uniform with respectito x € R" It
is supposed also that these elements are deterministic bounded on R"x[0,T] and satisfy
the Holder condition with respect to x.

Under these conditions there exists for the system:

a fundamental solution matrix Q (x, y, t, s).satisfies the following conditions:

‘;—f, DIQ € C(R? x[0, T]1x[0,T]), where C(S) is the set of all matrices with continuous
bounded element on a region S, also G satisfies the following inequality:

q Ay _ TAglx—ylPm
[DIQ(x,t,y,s)| < Y exph, £> s, A = ——

pOSitive constants 13 = %(T + |CI|): |CI| < 2m ) |Q|2 = i'(,j=1(77i,j)2: G = (Ui,j):[ ]

,|x|2 = x% + +x$ 1A11A2 are

Now the problem (3.1), (3:2) can be written in the form:
u(x, t)

= f Q(x,y,t,0)p(

i
t
" ! R[ Qx,y,t,5)j

We say that an R¥ —valued stochastic process u(.,.) is a solution of the fractional
stochastic integral system (3.3) forx e R"0 <t < T, provided

(i) u(.,.) is progressively measurable with respect to F(.) for every fixed xeR"

(ii) (x, t,u) € LL(0,T), for every fixedx € R"

Giii) g (x, t,u) € £2.,(0,T) , for every fixed xeR"

and u(x, t) satisfies equation (3.3).

Theorem. Suppose that f: R"x[0, T]xR¥ — R* and g: R"x[0, T]xR* — Z*** are continuous
and satisfy the following conditions:



() Ifetw) - flx,t,v)| < Llu—v|
lg(x,t,u) — g(x,t,v)| < Llu—v],
Forall0 <t < T,xeR",u,v € R¥

(i) 1f Gt w)] < L(L+ [ul)

foral0<t<T,x €ER",u €RR¥

for some positive constant L

Then there exists a unique stochastic solution u € £2(0, T), for every xeR", of the fractional
stochastic integral equation (3.3), (by unique solution , we mean that if u, u* € £L2(0,T), for
every x € R", with continuous sample paths almost surely , and both solves equation
(3.3),then P(u(x,t) = u*(x,t), forallx ER",0<t<T) =1

Notice that hypothesis (i) says that f and g are uniformly Lipschitz continuous in the
variable u. Notice also that hypothesis (ii) actually follows from (i).

Proof. Let nus prove now the uniqueness. Suppose that u and v are solutions,of (3.3).
Thenforallx e R" 0<t<T,

Itis easy to get the following estimation

E{lu(x, t) — v(x, )%} <
¢ 2
25{|f0 Jor QG y, £ (v, 5,40y, ) = f (3,5, v((7,5))] dyds| }+

ZE{ By Lo @Gy, 6. g5, u(s)) — g (v, s, v(y, S))]dydwoc(s)lz}-

According to our results in [ 1].and the properties of the fundamental matrix solutionQ we
get by using Schwartz inequality and the Lipchitz condition (i) the following estimation:

forsomeconstant K >0andall0 <t <T.
Consequently

Forsomeconstant K* >0andall0 <t <T.
Thus according to fractional Gronwall lemma, we get u(x, t) = v(x, t) almost surely for
allx e R",0 <t < T.Asu and v have continuous sample paths almost surely,

To prove the existence, we define a sequence {u™(x, t)} by:

u™1(x, t) = erQ(x,y, t,0)p(y)dy +f(: erQ(x,y, t,)f (v, s, u™(y, s)dyds +
fot er Q(Xl)’, fls)g(}’:S,u"(y, S)dydWa(S),

u(x,t) — v(x,

SupxerrE{lu — vl

Suj

F(]



forn=0,1,..and x € R",0 <t < T, u’(x, t) = ¢(x).Define also

Forn = 0, we have

do(x,t) <.
Thus we can find a constant K > 0 such that:
0 t
d(x,t) < Kr(a+1)'
Itis easy to get by induction
for some constant K > 0.
According to the Martingale inequality
we get
+1 2 41 THDe
E[Maxosrsrlu™(x, ) =u"(x. )] S K" ————.
n!(T(a+1))
Applying Borel-Cantelli lemma, we deduce that for every w € Q
Converges uniformly on R"x[0, T] to a stochastic process u(x, t).
We pass to'limits in the definition of u™(x, t), to prove
ulx,

ForallxeR",0 <t <T.

Let us prove now that the considered stochastic solution w is an element of £L2(0,T).



We can find a constant K > 0 such that:

E[lun+t(

Using condition (ii) and the properties of Q(x, y, t, s), we get by induction:

E{|lu™t
Forallx € R",0 <t < T.Taking the limit as n tends to infinity we get the required
result.

4-Conclussion

New fractional Brownian motion is studied. Some results of Ito about vectors,of fractional
Brownian motion are generalized. Parabolic systems driventby new vectors of
fractionalBrownian motion are studied, see [8-16].
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