SMARANDACHE CURVES OF NATURAL CURVES PAIR
ACCORDING TO FRENET FRAME

ABSTRACT. Smarandache curves play a significant role in differential geometry. They
extend conventional differential geometry concepts and help uncover novel geometric
properties. In this work, we define the Smarandache curves of the Natural mate of any
given curve « and calculate their Frenet apparatus. As a particular case, we present
the Frenet apparatus when « is a helix. Additionally, we illustrate an example for the
slant helix.
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1. INTRODUCTION

A starting point in the study of differential geometry is the analysis of curves in
space. By introducing special geometric properties, it is possible to produce new curves
from a given curve. In this context, there are some special curves such as Bertrand,
Mannheim, Natural mate, Smarandache, involute, evolute, and pedal curves which
have important applications ranging from physics to surface modeling in engineering
and computer graphics [15] 17, 12, 26] [7, 18| 22, 11]. For any given unit speed curve
a in E3 there is a unique unit speed curve @ whose tangent vector coincides with the
principal normal vector of «, called principal-direction curve or Natural mate curve [9].
Some authors have studied this class of curves: Abdel-Baky and Naghi [I] study sweep-
ing surfaces with Natural mate curves, Deshmukh et al [I0] prove some relationships
between a Frenet curve and its natural mate, Camci et al [6] extend the natural mate
@ to sequential natural mates {aq, s, -+ , . } with a3 = @, Mak [13] introduce the
natural mate curves in a three dimensional Lie group with bi-invariant metric and give
some relationships between a Frenet curve and its natural mate in this group.

In differential geometry, the Smarandache geometry has a significant role in the theory
of relativity and parallel universes [3]. In Smarandache geometry, regular curves that
are defined as having the position vector being a combination of the tangent, normal
and binormal vectors of another regular curve are called Smarandache curves.

Smarandache curves are used to expand traditional concepts of differential geometry
and discover new geometric properties. These curves allow for detailed analyses in areas
such as curve theory and surface theory. Their applications span various fields, includ-
ing physics, engineering, robotics, computer graphics, and biomechanics. In physics,
they are especially used in space-time geometry and general relativity theory [19]. In
engineering, they find application in materials science and structural analysis. In com-
puter graphics and robotics, they play a crucial role in motion planning and object

recognition.
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Special Smarandache curves have been studied by some authors. Savas et al [20] stud-
ied special Smarandache curves according to the Sabban frame in hyperbolic space and
new Smarandache partners in de Sitter space , Ali [2] studied some special Smarandache
curves in the Euclidean space , Senyurt et al [23] studied the Smarandache curves of
Bertrand curves pair according to Frenet frame and expresses its curvature and torsion
in terms of the curvature and torsion of the Bertrand curve and Senyurt and Kaya stud-
ied the NC- Samarandache curve and NW- Smarandache curve according to alternative
frame [21]. These curves have been also studied widely [25], 4] 5] 8].

In this paper, we start by mentioning the Frenet apparatus of any regular curve «
parametrized by arc-length in Euclidean space E3. Then, we relate the Frenet frame of
the Natural pair and we give the definitions of the tn, tb, nb, tnb—Smarandache curves
in E3 for Natural mate curves and calculate the Frenet apparatus of these curves using
the curvature, torsion, the unit Darboux vector and the function angle between the
Darboux vector and the binormal vector of a. We calculate the Frenet apparatus for
the case where « is a helix and close with an example where « is a slant helix.

2. PRELIMINARIES
Consider the Euclidean space E? with inner product
() = da* + dy? + d2?,
where (z,7,2) € E? is a rectangular coordinate system. Let o : I — E? be a differ-

entiable curve in the Euclidean space defined on an open interval I, parametrized by
arc-length and let {t = o/, n, b} be Frenet frame satisfying [14]

t' = kn,
n' = —kt + 7b, (2.1)
b =—mn,

where k and 7 are differentiable functions on I called the curvature and the torsion of
a, respectively, ¢ is the tangent vector, n is the principal normal vector and b is the
binormal vector of cv. The 5-uple (¢,n,b, k,7) is called a Frenet apparatus.

Definition 2.1. A curve & : J — E3 is called Natural mate curve of o : I — E3 if &
is the integral curve of the principal normal vector of a(s*), and the pair (a(s*), a(
is called the Natural pair [10].

f a(s)
5))

The existence of Natural mate curves is guaranteed by existence theorem for differ-
ential equation and & is given by & = [ nds*. It can be also shown that the arc-lenght
parameters of the curve & can be the same of «, that is, s* = 5 [10].

The relations between the Frenet frames {t,n,b} and {f,7,b} are given by [l

~ |

—= 7’L7
n = —cosiyt+sinyb, (2.2)
b = sinyt+ cosb,
where 1) = Z(b,b) ,
cos ) = B and siny = 7 (2.3)
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Let the Darboux vector defined by
W = 1t + kb.

The Darboux vector represents the Frenet frame’s angular momentum. Its direction
determines the frame’s momentary axis of motion (its centroid) and its length the

angular speed, || W ||= VKk2 + 2.

If we consider the normalization of the Darboux C' = W we have,

1
W
T K

T K
W~ Viesr W1~ Vs

where ¢ = Z(W,b). Therefore, by the equations and , we have 1 = ¢, and
consequently, the binormal vector of the Natural mate curve & is equal to the Darboux
vector of the curve a.

From equation ([2.4)), we obtain

sin p = and  cosp = (2.4)

, kT — KT (7')’ i
| W2 | W2

P
Remark 2.1. A regular curve « is called a helix if the tangent lines of the curve make
a constant angle with a fived direction and a helix is characterized by the property that

v - : : :
— 15 constant. From equation , we have in this case ¢ = constant.
K

3. SMARANDACHE CURVES OF NATURAL CURVES PAIR ACCORDING TO FRENET
FRAME

In this section, we investigate the Smarandache curves of Natural pair according to
Frenet frame in Euclidean 3-space and we give the Frenet apparatus for these curves.

Definition 3.2. A regular curve in Minkowski space-time, whose position vector is
composed by Frenet frame vectors on another regular curve, is called a Smarandache
curve [27].

In the light of the above definition, Ali adapt it to regular curves in the Euclidean
space the definition of Smarandache curves [2]. For Natural pair we have

Definition 3.3. Let (o, @) be a Natural pair in E3 and {t,n,b} be the Frenet frame of
the Natural mate curve &. The th—Smarandache curve is defined by

Bi(s) = —=(t(35) + n(3)). (3.6)

5l
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Theorem 3.1. The Frenet apparatus of the th—Smarandache curve is given by

O'sing —k)t— || W || n+ (¢ cosp + 7)b
1, - ! ﬂz | _ , (3.7)
VIg»E+2 W

)\1t + )\277/ + )\3[)

Ny, = : 3.8
’ N+ (38)
Bﬁl _ O'lt + o2M + 0'3b (39)

VOT+XR+ (@2 +2[W [P
- V2(A2 + A2+ \2) | (3.10)
()2 +2[ W |?]
- V2((@)? + 2 | W |P)(orm + oams + 03773)7
A2+ 03+ A3
where W = 7t + kb and the coefficients are given by
Moo= (@) eoso -k + R W] (@) +2 I W] +2¢" [ W] 7
K"+ 2 (| Wl W),
Ay — WP @)+ 2 WP+ (W "= [TW "),
Ay = (@) sing 7 =T [ W) +2 | W 7] + 20" | W || s
T+ 2| W W),

(3.11)

+

o = —X(¢'cosp+7)—N3|| W,
oy = M(¢@' cosp+T)— A3(¢ sinp — k),
o3 = M || W || +ha(¢'sing — k),

n _ >\1 . /i)\Q
1 (@) +2 | W |?2 [(@)? +2 | W |IP]

/\2 1 li)\l —7')\3
(@2 +2 W22 ) (e +2 WP

2 =
/
)\3 ’7')\2

TS \@E e IWE) @2 W e

Proof. Substituting the equation ({2.2]) into equation ([3.6]), we obtain
— cos ot +n + sin pb

V2

Taking the derivative of the equation (3.12)) with respect to s, we get

B = (3.12)

ds  (¢'sing —k)t— || W || n+ (¢ cosp+7)b

Ta —
61d8 \/§
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Thus

T, — (¢'sing — r)t— || W || n+ (¢ cosp + T)b’ (3.13)

1 Vier+2wip

where

ds _ @ T2[W
ds V2 '

Taking the derivative of the equation (3.13]) with respect to s and use (3.14)), we obtain

(3.14)

\/5()\175 + )\Qn + )\3[))
(22 W2

!
Ty =

where

>
2
I

() cosp—w'+ x| WD) +2 | W]+ 20" | W | 7
Rl +2 | W I W ),

Ao o= — [ WL +2 WP+ UIW "= I W),

Ay = (=) sinp+ 7 =7 | W DIV +2 | W [P]+2¢" | W[ s
T 2 | W Il W,

+

Therefore, the curvature, the principal normal vector and the binormal vector of the
curve [3; are given by

V2002 + A2+ )2) A1t + Aam + Azb

K - bl N - b]
. ()2 +2 W |72 SN/ vy v

Bﬁl = Tpg XNB1
01t+02n+036
VIR )@+ 2 [W )

where

o = —X(¢'cosp+T1)= N3 || W |,
oy = (¢ cosp+T)— A3(¢ sinp — k),
o3 = M || W || +Aa2(¢' sing — k).

The torsion of curve f; is given by

oo det(B B BY) V2[(")? + 2 | W [P](o1m + o2mz + a3115)
” IEEYAE IYESYEDY ’
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where
/

n o )\1 . H)\Q

: (@) +2 [ W [P ()2 +2 [ W]
1 . /\2 ,+ /i)\l —7')\3

’ (@) +2 [ W [P (@) +2 | W]
n . )\3 /+ T>\2

’ (@) +2 | W []2]2 ()2 +2 [ W]

From Remark (2.1) and Theorem (3.1)), we get

Corollary 3.1. If « is a heliz, then the Frenet apparatus of the tn—Smarandache curve
of its Nalural mate curve is given by

7 SO SR G SR U PR SO G
N T RN RN 7 R N To AN BN 75
C 1
Bg, = ?t—l— Ub, kg, =1, 718 =0,
1 1

where T C = constant and C, = /1 + C2.
K

Definition 3.4. Let (o, @) be a Natural pair in E* and {¢,71,b} be the Frenet frame of
the Natural mate curve &. The nb—Smarandache curve is defined by

1,
Ba(s) = E(n(s) +b(3)). (3.15)

Theorem 3.2. The Frenet apparatus of the nb—Smarandache curve is given by

7, - O (sinp +cosp)t— || W || n+ ¢'(cosp — singo)b7 (3.16)

V20 W

Mt 4 dan + Agh
Ny = 2 EA (3.17)
A+ A3+ A3
Bs, = _ th+52n+agb , (3.18)
VAT A3+ 23)(2(0)2+ [ W [12)

V203 + X3+ A
Kg, = , 3.19
= R [WRPR (3.19)

2[2 2 w 2
7_62 — \/_[ (QD ) + || 5 || ](20-1771 ;_ 0-2772 + 03773) , (320)
A2 4+ A2+ A2
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where W = 1t + kb and the coefficients are given by

Moo= ((¢)(cosp —sing) + k|| W D[2(¢)*+ | W [[7]

+ (| Wl (sing +cosp)(¢" | W =" | W),
Y= GUWIRE+HTWIPT+26" | W = | W),
Az = —((¢)(sing +cosp) + 7 || W [D2(&)*+ || W |7]

+ (| Wl (cosp —sing)(¢" | W || +&" | W),

o = —X@'(cosp —sing) — A3 || W ||,
gy = M@ (cosp —sing) — A3¢' (sin ¢ + cos p),
o3 = M || W +Xa¢(sinp + cos ),

n o )\1 . /<L)\2
' 2()2+ [ W [[2]2 2(¢")%+ | W 212
/\2 / li)\l —7')\3
2 = N2 e | T N2 2127
2(0)2+ || W [?] 2(0)2+ [| W [?]
/
A A
N3y = > + T

2(¢)+ | W |2 202+ | W [IP]*
Proof. The proof is similar to proof of Theorem O

Corollary 3.2. I] « is a heliz, then the Frenet apparatus o] the ib—Smarandache curve
of its Natural mate curve is given by

e, o1
LYy B oYYy
ot ettt

Kpy = \/57 T8y = 07

Tﬁz = —-n, Nﬁz =

where T C = constant and C, = /1 + C2.
K

Definition 3.5. Let (o, @) be a Natural pair in E* and {t,n,b} be the Frenet frame of
the Natural mate curve &. The tb—Smarandache curve is defined by

Pa(s) = —=(t(5) + b(s)). (3.21)
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Theorem 3.3. The Frenet apparatus of the tb—Smarandache curve is given by

/ _ t Al o b
1, - (feose =Rt (¢ sinpt b 5.2
= [T W

Mt | W (&' [ W [[)*n + Aob
Noy = ~m — —Z (3.23)
VA TR (= W )1+
' b
Bs, = Ot o L —, (3.24)
(= I W DV I+ WP (= [ W [D)* + A3)

2N W2 (o= [[W DT+ X3
o _ VEORETW P W) .

(@' = [T W DI

Y2 LW D (oum + oo + o31s) (3.26)
” M+ WP (=W It +A3 '

where W = 1t + kb and the coefficients are given by

Moo= —(¢)Psing + K (| W | =) +7() >+ [| W' (¢ cosp — k),
Xy = —(@)coso—7(| W[ =)+ k()= | W (¢'sing —7),
o = —[|W (= WI[)?*(—¢sing+71),
oy = M(—¢'sing+ 1) — (¢ cosp — k),

o3 = [|W (= W[)*(¢ cosp — k),
/
- A1 s W
1 — - )
(=W )3 o= | W
, Wi\ kA=A
2 = ;
o= | W (=W )3
!
N S WAL
(=W )3 o= | W
Proof. The proof is similar to proof of Theorem O

Corollary 3.3. If « is a heliz, then the Frenet apparatus of the tb—Smarandache curve
of its Nalural mate curve is given by

1 C C 1
T,BS = —at + ab, N53 =n, Bﬁs = ——1— —b,

where T_ C = constant and C; = /1 + C2.

R
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Definition 3.6. Let (o, @) be a Natural pair in E* and {t,n,b} be the Frenet frame of
the Natural mate curve &. The tnb—Smarandache curve is defined by

1 o =
Ba(s) = %(t(s) + n(5) + b(3)). (3.27)

Theorem 3.4. The Frenet apparatus of the thb—Smarandache curve is given by
(¢ (cosp +sinp) — klt— || W || n+ [¢/(cosp — sinp) + 7]b
TB4 = ~3 > = 5 , (328)
VP W2+ = W)

N54 _ )\1t + )\gn + )\31) (329)

NYESYEDYE
' VT X+ X))+ [ W2+ = W [)?]
3(A2+ A2+ N2
Kﬁ4 = 1\ 2 \/ ( 12+ 2;’_ 3) 2127 (331)
[+ W2 +( = [ W [])?]
— VB[ + | W2+ = | W D) (o1m + oams + o3ms) (3.32)
b 2242+ A2 ’ '
where W = 71t + kb and the coefficients are given by
Moo= feosp(@” +(9)?) Fsing(e” = (¢)?) = K+ w (| W] LG+ (| WP+ | W)
— (¢'(cosp +sing) —r)((EP+ W =" | W),
X = (IWIH =W D= W T[>+ I WP+ = | W 1)

+ W@+ I W= WY,

Ay = Jeosp(¢” = (¢)7) —sing(¢” + (¢)) + 7' =7 [ W] [(@)*+ | W II* +('= | W 1))
— (¢(cosp —sing) +7)( () + | W |> =" [| W]},
01 = —Ml/(cosg —sing) 1]~ Ay | W ||
gy = M| (cosp —sinp) + 7] — A3[¢'(cos p + sinp) — K],
o3 = M | W +Xaf¢(cosp + sinp) — k],
A1 / K2
T @ TWE A= TW IR )~ (@ TW = TW D2
Ao ' KA1 — TAg
@ TW P +He— W22 ) T @+ TW I +e— W P2
As ' o
S @IV P +He— W P2 ) T @+ W E+e— W PP

Proof. The proof is similar to proof of Theorem O
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Corollary 3.4. If a is a heliz, then the Frenet apparatus of the tnb—Smarandache
curve of its Natural mate curve is given by

Ty= oty p Ny=—tto L,y
TUoveer v2ovae T VaG VR Vae
c, 1 V3
Bs, = —t + —b, =Y =0
Ba — Cy + = C, Kg, \/§> T84 )
where = = C = constant and C1; = 1+ C2.
Example 1. Given the slant helix
(3 . cos(35) 3 . . sin(35) V3 _ _
a(s) = (Z_l cos(5) + 5 sin(5) + 5 5 cos(5) |, §€]0,2n].

After simple computation, we get

3 ., sin(3s) 3 _ o
t = <_ 1 sin(5) — T cos(s) + RIS sm(s)),

n = ( _ */75 cos(25), —g $in(25), %)

b= (3(3 cos(5) — cos(33)), sin*(5), \/73 008(5)) ;
k= V3cos(5), T =+/3sin(3).

The Natural mate curve of « is the helix
3 3 5
a(s)=1| — £ sin(23), £(:03(25), s . §5€0,2n].
4 4 2
From equation , we get o(8) = §+ ¢o. If we choose pg = 0, we have that
_ 3 3 1
t= (— 5 0s(25), —g sin(2s), 2),
n= (sm (25), — cos(2s), 0)
_ 1 3
b= ( cos(25), 3 sin(2s), £> :
F=V3, 7=L1

2
tb, tnb— Smarandache curves are, respectively

1= (B () o (82 () e ().,
1 2
)

2
o (3) 0 (370) 3on (50 - (3 ).

(o () B

N | —

2
(55)5)
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is) + sin (i )’

o= (52

B\ 2

(A) Natural
curve o

FIGURE 1.

(A) tn—Smarandache
curve

(©)
tb—Smarandache
curve

—1 _ \/gsin <—2\/§ S
8 —2v/3

2v/3 8_12;/?/5
OS( 8—2\/§S>’ 2 >

(B) Natural mate
curve &

Natural Curves Pair (o, @)

nb—Smarandache
curve

(p)
tnb—Smarandache
curve



12 — HIAGO MENDONCA, JOSE ALAN AND RENATO TEIXEIRA

4. CONCLUSION

Smarandache curves have been receiving increasing attention from researchers due
to their utility in differential geometry and their applications in various fields such as
physics, engineering, robotics, computer graphics, and others. In this work, we study a
special class of curves called Smarandache curves of curves, which are the natural mate
of a curve «, according to the Frenet frame in three-dimensional Euclidean space. We
calculate the Frenet apparatus for these curves and provide as a corollary the Frenet
apparatus for the case where the curve « is a helix. Additionally, we present an example
in which we calculate the Smarandache curves of the natural mate for the case where
a is a slant helix. We hope that the results presented here contribute to the study of
these curves and to the development of their applications.

ACKNOWLEDGMENTS

We would like to thank the referees for their valuable comments and suggestions.

REFERENCES

[1] Abdel-Baky, R. A., Naghi, M. F., Sweeping surfaces with Natural mate curve of a spatial curve in
Euclidean 3-space, WSEAS Transactions on Mathematics, 19, 581-588, (2020).

[2] Ali, A. T., Smarandache Curves in the Fuclidean Space, International Journal of Mathematical
Combinatorics, 2, 30-36, (2010).

[3] Ashbacher, C., Smarandache geometries, Smarandache Notions Journal, 8, 13, 212-215, (1997).

[4] Caligkan, A., Senyurt, S., Smarandache Curves In Terms of Sabban Frame of Fized Pole Curve,
Boletim da Sociedade Paranaense de Matemética, 34, 2, 53-62, (2016).

[6] Caligkan, A., Senyurt, S., N*C*- Smarandache Curves of Mannheim Curve Couple According to
Frenet Frame, International J.Math. Combin. 1, 1-13, (2015).

[6] Camci, C., Chen, BY., Ilarslan, K., Ugum, A., Sequential natural mates of Frenet curves in Fu-
clidean 3-space, Journal of Geometry, 112, 46, (2021).

[7] Ceylan, A. Y., Turhan, T. and Tukel, G. O., On the geometry of rational Bézier curves, Honam
Mathematical Journal, 43(1), 88-99, (2021).

[8] Cetin, M., Tuncer, Y., Karacan, M. K., Smarandache Curves According to Bishop Frame in Fu-
clidean 3-Space, Gen. Math. Notes, 20, 2, 50-66, (2014).

[9] Choi, J., Kim, Y., Associated curves of a Frenet curve and their Applications, Applied Mathematics
and Computation, 218, 9116-9124, (2012).

[10] Deshmukh, S., Chen, B.Y. and Alghanemi, A. Natural mates of Frenet curves in Euclidean 3-
space, Turkish Journal of Mathematics, 42, 2826-2840, (2018).

[11] Gok, I., Uzunoglu,B., Yayli,Y., A New Approroach on Curves of Constant Precession, Applied Math-
ematics and Computation,275(1), 317-323 (2016).

[12] Litvin, F. L. and Fuentes, A., Gear Geometry and Applied Theory, Cambridge University Press,
(2004).

[13] Mak, M., Natural and Conjugate Mates of Frenet Curves in Three-Dimensinal Lie Group, Com-
munications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics, 70, 1,
522-540, (2021).

[14] do Carmo, M. P., Differential Geometry of Curves and Surfaces, Prentice-Hall, Englewood Cliffs,
NJ, (1976).

[15] Matsuda, H. and Yorozu, S., Notes on Bertrand curves, Yokohama Mathematical Journal, 47(1),
31-42, (2001).


SDI 1120
Sticky Note
fIG 2:


SMARANDACHE CURVES OF NATURAL CURVES PAIR ACCORDING TO FRENET FRAME 13

[16] Nurkan, S. K., Giiven, I. A., Karakan, M. K., Characterizations of Adjoint Curves in Euclidean
3-space, Proceedings of the National Academy of Sciences, India Section A: Physical Sciences, 89,
155-161, (2018).

[17] Ozdamar, E. and Kazaz, M., Mannheim partner curves in 3-dimensional Euclidean space, Interna-
tional Journal of Physical Sciences, 3(3), 139-144, (2008).

[18] Ozkan, T. G., Sahin, B. and Turhan, T., Certain curves along Riemannian submersions, Filomat,
37(3), 905-913, (2023).

[19] Rabouski, D., Smarandache, F. and Borisova, L. Neutrosophic Methods in General Relativity,
Phoenix: Hexis Publishers, 2005.

[20] Savas. M., Yakut, A. T., Tamirci, T., The Smarandache Curves on H3, Gazi University Journal
of Science, 29, 1, 69-77, (2016).

[21] Senyurt S., Kaya G., NC-Smarandache Curve and NW-Smarandache Curve According to Alternative
Frame, Proceedings of International Conference on Mathematics and Mathematics Education (ICMME
2018) Turk. J. Math. Comput. Sci. 10, 269-274,(2018).

[22] Senyurt, S., Caliskan, A., Curves and ruled surfaces according to alternative frame in dual space,
Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 69(1), 684-698, (2020).

[23] Senyurt, S., Caligkan, A., Celik, U., Smarandache Curves of Bertrand Curves Pair According to
Frenet Frame, Boletim da Sociedade Paranaense de Matemadtica, 39, 5, 163-173, (2021).

[24] Solouma, E. M., Wageeda, M. M., Special Smarandache Curves According to Bishop Frame in
Euclidean Spacetime, International Journal of Mathematical Combinatorics, 1, 01-09, (2017).

[25] Tasképrii, K., Tosun, M., Smarandache Curves According to Sabban Frame on S?, Boletim da
Sociedade Paranaense de Matematica, 32, 1, 51-59, (2014).

126] Turhan, T., Magnetic trajectories in three-dimensional Lie groups, Mathematical Methods in the Ap-

plied Sciences, 43(5), 2747-2758, (2020).

[27] Turgut, M., Yilmaz, S., Smarandache Curves in Minkowski Space-time, International Journal of

Mathematical Combinatorics, 3, 51-55, (2008).

(Thiago Mendonga) DEPARTAMENTO DE MATEMATICA, UFRPE, RUA MANOEL DE MEDEIROS,
s/N - Dors IRMAOS, RECIFE - PE, 52171-900.
Email address: thiago.mendonca@ufrpe.br

(José Alan) DEPARTAMENTO DE MATEMATICA, UFRPE, RUA MANOEL DE MEDEIROS, S/N -
Dois IrRMAOS, RECIFE - PE, 52171-900.
Email address: josealan.santosQufrpe.br

(Renato Teixeira) DEPARTAMENTO DE MATEMATICA, UFRPE, RUA MANOEL DE MEDEIROS, S/N
- Dois IRMAOS, RECIFE - PE, 52171-900.
Email address: renato.teixeira@ufrpe.br



	1. Introduction
	2. Preliminaries
	3. Smarandache Curves of Natural Curves Pair According to Frenet Frame
	4. Conclusion
	Acknowledgments
	References

