
SMARANDACHE CURVES OF NATURAL CURVES PAIR
ACCORDING TO FRENET FRAME

Abstract. In this paper, we investigate the Smarandache curves obtained by the
vector of the Natural mate curve and their Frenet apparatus is calculated and ex-
pressed depending of the Natural curve. Moreover, we illustrate example with our
main results.
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1. Introduction

A starting point in the study of differential geometry is the analysis of curves in
space. By introducing special geometric properties, it is possible to produce new curves
from a given curve. In this context, there are some special curves such as Bertrand,
Mannheim, Natural mate, Smarandache, involute, evolute, and pedal curves.

For any given unit speed curve α in E3 there is a unique unit speed curve ᾱ whose
tangent vector coincides with the principal normal vector of α, called principal-direction
curve or Natural mate curve [8]. Some authors have studied this class of curves: Abdel-
Baky and Naghi [1] study sweeping surfaces with Natural mate curves, Deshmukh et
al [9] prove some relationships between a Frenet curve and its natural mate, Camci et
al [6] extend the natural mate ᾱ to sequential natural mates {α1, α2, · · · , αnα} with
α1 = ᾱ, Mak [10] introduce the natural mate curves in a three dimensional Lie group
with bi-invariant metric and give some relationships between a Frenet curve and its
natural mate in this group.

In differential geometry, the Smarandache geometry has a significant role in the
theory of relativity and parallel universes [3]. In Smarandache geometry, regular curves
that are defined as having the position vector being a combination of the tangent,
normal and binormal vectors of another regular curve are called Smarandache curves.
Special Smarandache curves have been studied by some authors. Savas et al studied
special Smarandache curves according to the Sabban frame in hyperbolic space and new
Smarandache partners in de Sitter space [13], Ali studied some special Smarandache
curves in the Euclidean space [2], Şenyurt studied the Smarandache curves of Bertrand
curves pair according to Frenet frame and expresses its curvature and torsion in terms
of the curvature and torsion of the bertrand curve [14]. These curves have been also
studied widely [16, 4, 5, 7].

In this paper, we start by mentioning the Frenet apparatus of any regular curve
parametrized by arc-length in Euclidean space E3. Then, we give the definitions of
the tn, tb, nb, tnb−Smarandache curves in E3 for Natural mate curves and calculate the
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Frenet apparatus of these curves using the unit Darboux vector. We close with an
example.

2. Preliminaries

Consider the Euclidean space E3 with inner product

⟨·, ·⟩ = dx2 + dy2 + dz2

where (x, y, z) ∈ E3 is a rectangular coordinate system. Let α : I → E3 be a differ-
entiable curve in the Euclidean space defined on an open interval I, parametrized by
arc-length and let {t = α′, n, b} be Frenet frame satisfying [11] t′ = κn,

n′ = −κt+ τb,
b′ = −τn,

(2.1)

where κ e τ are differentiable functions on I called the curvature and the torsion of
α, respectively, t is the tangent vector, n is the principal normal vector and b is the
binormal vector of α. The 5-uple (t, n, b, κ, τ) is called a Frenet apparatus.

Definition 2.1. A curve ᾱ : J → E3 is called Natural mate curve of α : I → E3 if ᾱ(s̄)
is the integral curve of the principal normal vector of α(s∗), and the pair (α(s∗), ᾱ(s̄))
is called the Natural pair [9].

The existence of Natural mate curves is guaranteed by existence theorem for differ-
ential equation and ᾱ is given by ᾱ =

∫
nds∗. It can be also shown that the arc-lenght

parameters of the curve ᾱ can be the same of α, that is, s∗ = s̄ [12].
The relations between the Frenet frames {t, n, b} and {t̄, n̄, b̄} are given by [1] t̄ = n,

n̄ = − cosψt+ sinψb,
b̄ = sinψt+ cosψb,

(2.2)

where ψ = ∠(b̄, b) is

cosψ =
κ√

κ2 + τ 2
and sinψ =

τ√
κ2 + τ 2

. (2.3)

Let the Darboux vector defined by

W = τt+ κb.

The Darboux vector represents the Frenet frame’s angular momentum. Its direction
determines the frame’s momentary axis of motion (its centroid) and its length the
angular speed, ∥ W ∥=

√
κ2 + τ 2.

If we consider the normalization of the Darboux C =
1

∥ W ∥
W we have,

sinφ =
τ

∥ W ∥
=

τ√
κ2 + τ 2

and cosφ =
κ

∥ W ∥
=

κ√
κ2 + τ 2

, (2.4)

where φ = ∠(W, b). Thus, by the equations (2.3) and (2.4), we have ψ = φ+2nπ, n ∈ N.
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From equation (2.4), we obtain

φ′ =
κτ ′ − κ′τ

∥ W ∥2
. (2.5)

3. Smarandache Curves of Natural Curves Pair According to Frenet
Frame

In this section, we investigate the Smarandache curves of Natural pair according to
Frenet frame in Euclidean 3-space and we give the Frenet apparatus for these curves.

Definition 3.2. A regular curve in Minkowski space-time, whose position vector is
composed by Frenet frame vectors on another regular curve, is called a Smarandache
curve [17].

In the light of the above definition, Ali adapt it to regular curves in the Euclidean
space the definition of Smarandache curves [2]. For Natural pair we have

Definition 3.3. Let (α, ᾱ) be a Natural pair in E3 and {t̄, n̄, b̄} be the Frenet frame of
the Natural mate curve ᾱ. The t̄n̄−Smarandache curve is defined by

β1(s) =
1√
2
(t̄(s̄) + n̄(s̄)). (3.6)

Theorem 3.1. The Frenet apparatus of the t̄n̄−Smarandache curve is given by:

Tβ1 =
(φ′ sinφ− κ)t− ∥ W ∥ n+ (φ′ cosφ+ τ)b√

(φ′)2 + 2 ∥ W ∥2
(3.7)

Nβ1 =
λ1t+ λ2n+ λ3b√
λ21 + λ22 + λ23

(3.8)

Bβ1 =
σ1t+ σ2n+ σ3b√

(λ21 + λ22 + λ23)((φ
′)2 + 2 ∥ W ∥2)

(3.9)

κβ1 =

√
2(λ21 + λ22 + λ23)

[(φ′)2 + 2 ∥ W ∥2]2
(3.10)

τβ1 =

√
2[(φ′)2 + 2 ∥ W ∥2](σ1η1 + σ2η2 + σ3η3)

λ21 + λ22 + λ23
(3.11)

where W = τt+ κb and the coefficients are given by

λ1 = ((φ′)2 cosφ− κ′ + κ ∥ W ∥)[(φ′)2 + 2 ∥ W ∥2] + 2φ′′ ∥ W ∥ τ
+ κ(φ′φ′′ + 2 ∥ W ∥∥ W ∥′),

λ2 = − ∥ W ∥2 [(φ′)2 + 2 ∥ W ∥2] + φ′(∥ W ∥ φ′′− ∥ W ∥′ φ′),

λ3 = (−(φ′)2 sinφ+ τ ′ − τ ∥ W ∥)[(φ′)2 + 2 ∥ W ∥2] + 2φ′′ ∥ W ∥ κ
− τ(φ′φ′′ + 2 ∥ W ∥∥ W ∥′),

σ1 = −λ2(φ′ cosφ+ τ)− λ3 ∥ W ∥,
σ2 = λ1(φ

′ cosφ+ τ)− λ3(φ
′ sinφ− κ),

σ3 = λ1 ∥ W ∥ +λ2(φ
′ sinφ− κ),
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η1 =

(
λ1

[(φ′)2 + 2 ∥ W ∥2]2

)′

− κλ2
[(φ′)2 + 2 ∥ W ∥2]2

,

η2 =

(
λ2

[(φ′)2 + 2 ∥ W ∥2]2

)′

+
κλ1 − τλ3

[(φ′)2 + 2 ∥ W ∥2]2
,

η3 =

(
λ3

[(φ′)2 + 2 ∥ W ∥2]2

)′

+
τλ2

[(φ′)2 + 2 ∥ W ∥2]2
.

Proof. Substituting the equation (2.2) into equation (3.6), we obtain

β1 =
− cosφt+ n+ sinφb√

2
. (3.12)

Taking the derivative of the equation (3.12) with respect to s̄, we get

Tβ1

ds

ds̄
=

(φ′ sinφ− κ)t− ∥ W ∥ n+ (φ′ cosφ+ τ)b√
2

.

Thus

Tβ1 =
(φ′ sinφ− κ)t− ∥ W ∥ n+ (φ′ cosφ+ τ)b√

(φ′)2 + 2 ∥ W ∥2
, (3.13)

where

ds

ds̄
=

√
(φ′)2 + 2 ∥ W ∥2√

2
. (3.14)

Taking the derivative of the equation (3.13) with respect to s̄ and use (3.14), we obtain

T ′
β1

=

√
2(λ1t+ λ2n+ λ3b)

[(φ′)2 + 2 ∥ W ∥2]2
,

where

λ1 = ((φ′)2 cosφ− κ′ + κ ∥ W ∥)[(φ′)2 + 2 ∥ W ∥2] + 2φ′′ ∥ W ∥ τ
+ κ(φ′φ′′ + 2 ∥ W ∥∥ W ∥′),

λ2 = − ∥ W ∥2 [(φ′)2 + 2 ∥ W ∥2] + φ′(∥ W ∥ φ′′− ∥ W ∥′ φ′),

λ3 = (−(φ′)2 sinφ+ τ ′ − τ ∥ W ∥)[(φ′)2 + 2 ∥ W ∥2] + 2φ′′ ∥ W ∥ κ
− τ(φ′φ′′ + 2 ∥ W ∥∥ W ∥′),

Therefore, the curvature, the principal normal vector and the binormal vector of the
curve β1 are given by

κβ1 =

√
2(λ21 + λ22 + λ23)

[(φ′)2 + 2 ∥ W ∥2]2
, Nβ1 =

λ1t+ λ2n+ λ3b√
λ21 + λ22 + λ23

,

Bβ1 = Tβ1 ×Nβ1

=
σ1t+ σ2n+ σ3b√

(λ21 + λ22 + λ23)((φ
′)2 + 2 ∥ W ∥2)

,
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where

σ1 = −λ2(φ′ cosφ+ τ)− λ3 ∥ W ∥,
σ2 = λ1(φ

′ cosφ+ τ)− λ3(φ
′ sinφ− κ),

σ3 = λ1 ∥ W ∥ +λ2(φ
′ sinφ− κ).

The torsion of curve β1 is given by

τβ1 =
det(β′

1, β
′′
1 , β

′′′
1 )

∥ β′
1 × β′′

1 ∥2
=

√
2[(φ′)2 + 2 ∥ W ∥2](σ1η1 + σ2η2 + σ3η3)

λ21 + λ22 + λ23
,

where

η1 =

(
λ1

[(φ′)2 + 2 ∥ W ∥2]2

)′

− κλ2
[(φ′)2 + 2 ∥ W ∥2]2

,

η2 =

(
λ2

[(φ′)2 + 2 ∥ W ∥2]2

)′

+
κλ1 − τλ3

[(φ′)2 + 2 ∥ W ∥2]2
,

η3 =

(
λ3

[(φ′)2 + 2 ∥ W ∥2]2

)′

+
τλ2

[(φ′)2 + 2 ∥ W ∥2]2
.

□

Definition 3.4. Let (α, ᾱ) be a Natural pair in E3 and {t̄, n̄, b̄} be the Frenet frame of
the Natural mate curve ᾱ. The n̄b̄−Smarandache curve is defined by

β2(s) =
1√
2
(n̄(s̄) + b̄(s̄)). (3.15)

Theorem 3.2. The Frenet apparatus of the n̄b̄−Smarandache curve is given by:

Tβ2 =
φ′(sinφ+ cosφ)t− ∥ W ∥ n+ φ′(cosφ− sinφ)b√

2(φ′)2+ ∥ W ∥2
(3.16)

Nβ2 =
λ1t+ λ2n+ λ3b√
λ21 + λ22 + λ23

(3.17)

Bβ2 =
σ1t+ σ2n+ σ3b√

(λ21 + λ22 + λ23)(2(φ
′)2+ ∥ W ∥2)

(3.18)

κβ2 =

√
2(λ21 + λ22 + λ23)

[2(φ′)2+ ∥ W ∥2]2
(3.19)

τβ2 =

√
2[2(φ′)2+ ∥ W ∥2](σ1η1 + σ2η2 + σ3η3)

λ21 + λ22 + λ23
(3.20)
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where W = τt+ κb and the coefficients are given by

λ1 = ((φ′)2(cosφ− sinφ) + κ ∥ W ∥)[2(φ′)2+ ∥ W ∥2]
+ ∥ W ∥ (sinφ+ cosφ)(φ′′ ∥ W ∥ −φ′ ∥ W ∥′),

λ2 = φ′(∥ W ∥ [2(φ′)2+ ∥ W ∥2] + 2(φ′′ ∥ W ∥ −φ′ ∥ W ∥′)),
λ3 = −((φ′)2(sinφ+ cosφ) + τ ∥ W ∥)[2(φ′)2+ ∥ W ∥2]

+ ∥ W ∥ (cosφ− sinφ)(φ′′ ∥ W ∥ +φ′ ∥ W ∥′),

σ1 = −λ2φ′(cosφ− sinφ)− λ3 ∥ W ∥,
σ2 = λ1φ

′(cosφ− sinφ)− λ3φ
′(sinφ+ cosφ),

σ3 = λ1 ∥ W ∥ +λ2φ
′(sinφ+ cosφ),

η1 =

(
λ1

[2(φ′)2+ ∥ W ∥2]2

)′

− κλ2
[2(φ′)2+ ∥ W ∥2]2

,

η2 =

(
λ2

[2(φ′)2+ ∥ W ∥2]2

)′

+
κλ1 − τλ3

[2(φ′)2+ ∥ W ∥2]2
,

η3 =

(
λ3

[2(φ′)2+ ∥ W ∥2]2

)′

+
τλ2

[2(φ′)2+ ∥ W ∥2]2
.

Proof. The proof is similar to proof of Theorem 3.1. □

Definition 3.5. Let (α, ᾱ) be a Natural pair in E3 and {t̄, n̄, b̄} be the Frenet frame of
the Natural mate curve ᾱ. The t̄b̄−Smarandache curve is defined by

β3(s) =
1√
2
(t̄(s̄) + b̄(s̄)). (3.21)

Theorem 3.3. The Frenet apparatus of the t̄b̄−Smarandache curve is given by:

Tβ3 =
(φ′ cosφ− κ)t+ (−φ′ sinφ+ τ)b

φ′− ∥ W ∥
(3.22)

Nβ3 =
λ1t+ ∥ W ∥ (φ′− ∥ W ∥)2n+ λ2b√
λ21+ ∥ W ∥2 (φ′− ∥ W ∥)4 + λ22

(3.23)

Bβ3 =
σ1t+ σ2n+ σ3b

(φ′− ∥ W ∥)
√

(λ21+ ∥ W ∥2 (φ′− ∥ W ∥)4 + λ22)
(3.24)

κβ3 =

√
2(λ21+ ∥ W ∥2 (φ′− ∥ W ∥)4 + λ22)

(φ′− ∥ W ∥)3
(3.25)

τβ3 =

√
2(φ′− ∥ W ∥)(σ1η1 + σ2η2 + σ3η3)

λ21+ ∥ W ∥2 (φ′− ∥ W ∥)4 + λ22
(3.26)
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where W = τt+ κb and the coefficients are given by

λ1 = −(φ′)3 sinφ+ κ′(∥ W ∥ −φ′) + τ(φ′)2+ ∥ W ∥′ (φ′ cosφ− κ),

λ2 = −(φ′)3 cosφ− τ ′(∥ W ∥ −φ′) + κ(φ′)2− ∥ W ∥′ (φ′ sinφ− τ),

σ1 = − ∥ W ∥ (φ′− ∥ W ∥)2(−φ′ sinφ+ τ),

σ2 = λ1(−φ′ sinφ+ τ)− λ2(φ
′ cosφ− κ),

σ3 = ∥ W ∥ (φ′− ∥ W ∥)2(φ′ cosφ− κ),

η1 =

(
λ1

(φ′− ∥ W ∥)3

)′

− κ ∥ W ∥
φ′− ∥ W ∥

,

η2 =

(
∥ W ∥

φ′− ∥ W ∥

)′

+
κλ1 − τλ2

(φ′− ∥ W ∥)3
,

η3 =

(
λ2

(φ′− ∥ W ∥)3

)′

+
τ ∥ W ∥
φ′− ∥ W ∥

.

Proof. The proof is similar to proof of Theorem 3.1. □

Definition 3.6. Let (α, ᾱ) be a Natural pair in E3 and {t̄, n̄, b̄} be the Frenet frame of
the Natural mate curve ᾱ. The t̄n̄b̄−Smarandache curve is defined by

β4(s) =
1√
3
(t̄(s̄) + n̄(s̄) + b̄(s̄)). (3.27)

Theorem 3.4. The Frenet apparatus of the t̄n̄b̄−Smarandache curve is given by:

Tβ4 =
[φ′(cosφ+ sinφ)− κ]t− ∥ W ∥ n+ [φ′(cosφ− sinφ) + τ ]b√

(φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2
(3.28)

Nβ4 =
λ1t+ λ2n+ λ3b√
λ21 + λ22 + λ23

(3.29)

Bβ4 =
σ1t+ σ2n+ σ3b√

(λ21 + λ22 + λ23)[(φ
′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2]

(3.30)

κβ4 =

√
3(λ21 + λ22 + λ23)

[(φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2]2
(3.31)

τβ4 =

√
3[(φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2](σ1η1 + σ2η2 + σ3η3)

λ21 + λ22 + λ23
(3.32)
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where W = τt+ κb and the coefficients are given by

λ1 = (cosφ(φ′′ + (φ′)2) + sinφ(φ′′ − (φ′)2)− κ′ + κ ∥ W ∥)((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)
− (φ′(cosφ+ sinφ)− κ)(φ2+ ∥ W ∥2 −φ′ ∥ W ∥)′,

λ2 = [∥ W ∥ (φ′− ∥ W ∥)− ∥ W ∥′][(φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2]
+ ∥ W ∥ (φ2+ ∥ W ∥2 −φ′ ∥ W ∥)′,

λ3 = (cosφ(φ′′ − (φ′)2)− sinφ(φ′′ + (φ′)2) + τ ′ − τ ∥ W ∥)((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)
− (φ′(cosφ− sinφ) + τ)(φ2+ ∥ W ∥2 −φ′ ∥ W ∥)′,

σ1 = −λ2[φ′(cosφ− sinφ) + τ ]− λ3 ∥ W ∥,
σ2 = λ1[φ

′(cosφ− sinφ) + τ ]− λ3[φ
′(cosφ+ sinφ)− κ],

σ3 = λ1 ∥ W ∥ +λ2[φ
′(cosφ+ sinφ)− κ],

η1 =

(
λ1

(φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2

)′

− κλ2
((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2

,

η2 =

(
λ2

((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2

)′

+
κλ1 − τλ3

((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2
,

η3 =

(
λ3

((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2

)′

+
τλ2

((φ′)2+ ∥ W ∥2 +(φ′− ∥ W ∥)2)2
.

Proof. The proof is similar to proof of Theorem 3.1. □

Example 1. Given the slant helix

α(s̄) =

(
3

4
cos(s̄) +

cos(3s̄)

12
,
3

4
sin(s̄) +

sin(3s̄)

12
,−

√
3

2
cos(s̄)

)
, s̄ ∈ [0, 2π].

After simple computation, we get

t =

(
− 3

4
sin(s̄)− sin(3s̄)

4
,
3

4
cos(s̄) +

cos(3s̄)

4
,

√
3

2
sin(s̄)

)
,

n =

(
−

√
3

2
cos(2s̄),−

√
3

2
sin(2s̄),

1

2

)
,

b =

(
1

4
(3 cos(s̄)− cos(3s̄)), sin3(s̄),

√
3

2
cos(s̄)

)
,

κ =
√
3 cos(s̄), τ =

√
3 sin(s̄).

The Natural mate curve of α is the helix

ᾱ(s̄) =

(
−

√
3

4
sin(2s̄),

√
3

4
cos(2s̄),

s̄

2

)
, s̄ ∈ [0, 2π].
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From equation (2.5), we get φ(s̄) = s̄+ φ0. If we choose φ0 = 0, we have that

t̄ =

(
−

√
3

2
cos(2s̄),−

√
3

2
sin(2s̄),

1

2

)
,

n̄ =

(
sin(2s̄),− cos(2s̄), 0

)
,

b̄ =

(
1

2
cos(2s̄),

1

2
sin(2s̄),

√
3

2

)
,

κ̄ =
√
3, τ̄ = 1.

The t̄n̄, n̄b̄, t̄b̄, t̄n̄b̄−Smarandache curves are, respectively

β1(s) =
1√
2

(
−
√
3

2
cos

(
2
√
2√
7
s

)
+sin

(
2
√
2√
7
s

)
,−

√
3

2
sin

(
2
√
2√
7
s

)
−cos

(
2
√
2√
7
s

)
,
1

2

)
,

β2(s) =
1√
2

(
1

2
cos

(
2
√
2√
5
s

)
+ sin

(
2
√
2√
5
s

)
,
1

2
sin

(
2
√
2√
5
s

)
− cos

(
2
√
2√
5
s

)
,

√
3

2

)
,

β3(s) =
1√
2

(√
3− 1

2
cos

(
2
√
2√

3− 1
s

)
,−

√
3− 1

2
sin

(
2
√
2√

3− 1
s

)
,

√
3 + 1

2

)
,

β4(s) =
1√
3

(
1−

√
3

2
cos

(
2
√
3√

8− 2
√
3
s

)
+ sin

(
2
√
3√

8− 2
√
3
s

)
,

1−
√
3

2
sin

(
2
√
3√

8− 2
√
3
s

)
− cos

(
2
√
3√

8− 2
√
3
s

)
,
1 +

√
3

2

)
.

(a) Natural curve α (b) Natural mate curve ᾱ

Figure 1. Natural Curves Pair (α, ᾱ)
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(a) t̄n̄−Smarandache curve (b) n̄b̄−Smarandache
curve

(c)
t̄b̄−Smarandache
curve

(d) t̄n̄b̄−Smarandache curve

4. Conclusion

In the present paper, we have studied special curves called Smarandache curves of
Natural mate curves pair according to Frenet frame in the Euclidean 3-space E3. These
curves are composed using Frenet frame vectors of Natural mate curve. Moreover,
the Frenet apparatus for the meaning curves are obtained. Finally, a computational
example is given and plotted.
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