APPLICATION OF LAPLACE TRANSFORM TO DERIVE
EXPONENTIATED LOGISTIC AND INVERSE GAUSSIAN
DISTRIBUTIONS.

Abstract

Raising a cumulative distribution function (cdf) or survival function to a power
is a method of generalizing a distribution, known as exponentiated distribution.
[1] summarized various generalizations of the logistic distribution. This work
constructs the generalized exponentiated distributions for the logistic distribution
using a beta generated distribution. Specifically, we introduce two new distribu-
tions: the Generalized Exponentiated Logistic Type I and Type II. The cdf and pdf
of the standard logistic are shown as special cases of these exponentiated distribu-
tions. Additionally, we express these exponentiated distributions in terms of the
Laplace transform. We derive the Laplace transform for the Generalized Inverse
Gaussian (GIG), Inverse Gaussian (IG), and Gamma distributions, demonstrating
that the reciprocal Inverse Gaussian is a special case of the GIG when \ = % We
also explore the behavior of the shapes of these new distributions with varying
parameter values, highlighting their flexibility and applicability in modeling sta-
tistical data. Generalizing makes the logistic distribution flexible and tractable to
be used in analysis of quantal response data and probit analysis. Since the gener-
alized distributions have a wide range of skewness and kurtosis, they can be easily
applied in studying robustness tests. [2][showed the application of generalized lo-
gistic distributions to modeling extreme movement of stock market data making
it suitable for investors assessing high risk portfolio.

Key words:
Cumulative distribution function, Generalized Exponentiated Logistic, Laplace
Transform.
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1 Introduction

Adding one or more parameters to a probability distribution is called generaliza-
tion. The purpose of generalization is to make a distribution more flexible and
tractable. It is well known, in general, that a generalized model is more flexible
than the ordinary model and it is preferred by many data analysts in analyzing
statistical data. [3] proposed a new method of introducing an extra parameter to
a family of distributions for more flexibility. [4] discusses various generaliza-
tions of the logistic distribution. One method of generalizing a distribution is to
raise a cumulative distribution function (cdf) or a survival function to a power.
The raised function is said to be exponentiated. [5]] introduced a skewness param-
eter in generalization of logistic so that the generalized distribution can be used
to model data exhibiting a unimodal density function. [6] introduced the Expo-
nentiated Weibull (EW) distribution that allowed for a non-monotone hazard rate.
[7] studied exponentiated exponential (EE) distribution which they named Gen-
eralized Exponential distribution. [8] summarizes 8 well known generators for
distributions. The generalized distributions nest various sub-families of distribu-
tions.

The concept of EXPONENTIATION was applied by [9] when solving a differ-
entiation equation in cdf. The cdfs obtained were raised to powers. Out of the 12
cdf s obtained, 9 were raised to powers. The three cdfs not raised to powers and
the other raised ones are known as Burr I, Burr 11, Burr III up-to Burr XII.
Exponentiated distributions can be obtained as special cases of a beta generated
distribution introduced by [[10]. [L1] investigated the shapes of density and haz-
ard rate functions for the exponentiated half logistic family of distributions. [12]
applied the type I generalized logistic distribution to engineering data using the
Bayesian approach. [13] modified the Weibull distribution and showed that it’s
flexibility increased with increase in number of parameters. modified the
Laplace distribution using the exponentiation approach.

The objective of this study is to: derive generalized exponentiated logistic distri-
butions from the beta generator and show explicitly the Laplace transform of the
exponentiated standard logistic, generalized inverse Gaussian, inverse Gaussian
and Gamma distributions respectively.

The paper is organized as follows; Section two shows how an exponentiated dis-
tribution is deduced from a beta generated distribution and applied to the logistic
distribution. Section three shows how an exponentiated mixture is expressed in
terms of Laplace transform of a mixing distributions. In section four the Laplace
transforms of the generalized inverse Gaussian, inverse Gaussian and Gamma dis-
tributions are derived. The concluding remarks are in section five.
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2 Generalized Exponentiated Distributions.

The derivation of Exponentiated generalized logistic distributions follows;
Let the cdf and probability density function (pdf) of the logistic distribution be
defined as:

S(m)zlieﬂ’ —00<x <00 (2.1)
e_l'
S(.’lf)zm, —oo<r<oo (2.2)
[10]] considered a cdf of the classical beta distribution as;
T wa—l(l o w)b—l
T[S = d 2.3
St~ [ @3
Since 0 < x < 1, [10] replaced it by a cdf S(z). Thus we have;
S(x) wafl(l o w)bfl
=T = d <zx<l1 2.4
V(z) = T[S(2)] /0 S 0 < 2.4)
Using equation (2.4), put b = 1 in (2.3) we obtain;
S(z) a|S(z)
Vi(z) :/ aw™ dw = L2
0 @ o
=[S(z)]" (2.5)
Differentiating (2.5) we obtain;
a—1
vi(z) = s(z)a (S(z)) ,a>0, —o0o <z <00 (2.6)

when values of the parameter a are varied Equations (2.5)and (2.6) are exponen-
tiated generators. They can be used to generate new distributions with S(z) as the
parent cdf. Substituting equations (2.1) and (2.2) in equations (2.5) and (2.6) we
obtain;

%(m)-(l—i—e‘r) ,a>0, —o00<x <00 (2.7)

ae (1 +e™)”
(1+e®)3
which is the GENERALIZED EXPONENTIATED TYPE I LOGISTIC distri-

bution. When a = 1in (2.7) and (2.8) we obtain (2.1) and (2.2) as special cases.
Using (2.3), when a = 1, we obtain;

vi(z) = ,a>0, —oo<x <00 (2.8)

S(x)
Vo(z) = / b(1 — w)* dw (2.9)
0

3
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Put
y=1—-w = dy=—dw

Therefore, we proceed as follows:

1-S(z)
Va(a) = / by (—dw)
1

byt 115
[
=’ 1
1-5(z)
=1—[1—S(x)° (2.10)
1= Va(a) =[1 = () b
v () :b(l - S(az)) s(x) (2.11)

Using the (2.1) and (2.2) in (2.10) and (2.11), we obtain the Generalized Expo-
nentiated Type II Logistic as shown below;

b

Vo(z) =1 — [1+€_m b>0,—00 <z <00 (2.12)
be—mb
UQ(ZE) :W, b > 0,—oc0o <z <0 (2.13)

[15] called (2.12) the Generalized logistic type I. [16] in his Phd thesis sum-
marized five different methods of constructing the Generalized logistic type 1.
When b = 11in (2.12), (2.1) is obtained as a special case.

2.1 Graph of the Exponentiated Generator

When varying parameters of a and b are plotted against the density, the graph of
the exponentiated generator as shown in equation (2.6) is monotonically increas-
ing resulting in a j- shape as shown below;
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Figure 1:

2.2 Graph of the cdf of the standard logistic distribution

When varying parameters of a and b from equation (2.7) are plotted against the
cdf, the graph of the cdf of standard logistic distribution is almost symmetrical
with sharp peak indicating a higher concentration of data values hence the data is
leptokurtic as shown in figure (2));

cdf of standard logistic distribution

Cumulative distribution function
[ ]




2.3 Graph of the pdf of the standard logistic distribution

When a = 1 from equation (2.8) is plotted against the density, the graph of the
pdf of standard logistic distribution is symmetrical as expected and is shown in

figure (3));
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Figure 3:

3 Laplace Transform of Exponentiated Distributions.

Let G(z) be a cdf of a random variable X . It’s power is denoted by [G(x)]? where
6 is varying parameter. Then a continuous mixture of the raised cdf is given by;

F(z) = /Ooo [G(x)] g(6)d6 (3.1)

where ¢(0) is a continuous mixing distribution. Equation (3.1) can be expressed
as a Laplace transform of a mixing distribution as shown below;

F(r) = /OOO (G(x)] g(0)do (3.2)
_ / " exp(In[G(2)]")g(6)d
_ / " exp(010(G(x)))g(0)d0



:E[e—e(— In G(w))]
—Lo[— InG(2)] (3.3)

which is the Laplace transform of the mixing random variable 6 evaluated at
—In(G(z)). Substituting (2.1) in (3.3) we obtain;

F(z) = Lo[In(1 + ¢™*)] (3.4)

which is the Laplace transform of the logistic with the mixing random variable 6.

4 Laplace Transform of The Generalized Inverse Gaus-
sian, Inverse Gaussian and Gamma Distributions.

We now wish to consider Laplace transform of generalized inverse Gaussian dis-
tribution and Gamma distribution.

4.1 Generalized Inverse Gaussian distribution

Generalized inverse Gaussian distribution (GIG) distribution is based on modified
Bessel function of the third kind with index A evaluated at w denoted by K (w)
and defined as;

]_ & w1
Ky(w) = §/ A le 2 G gy (4.1)
0
For —oo < A < ocoandw > 0 [17] used the following parametrization
L
B
Therefore,
1 [ ———
K)\(H) = —/ e 226G dy (4.3)
BT 2o
And the transformation .
T =— 4.4)
L
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Substituting(4.4) in (4.3) we obtain;

1 [, 1 e
1) =g [ (e B

o
B %/ (21465 D,
o M

Therefore,
2
_ 1z p71
A A-1,73(5+ 5 2)

= (1)
= mE -

4.5)

(4.6)

4.7)

Thus the pdf of the Generalized Inverse Gaussian distribution according to [[17]

and transform is given by;

Forz>0;, —oco< A<\, u>0, >0
Substituting (4.5) for the denominator in (4.8) we obtain;

(4.8)

4.9)

(4.10)

4.11)
(4.12)
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1/00 A1 71+2BS(Z+ p2 )
— —_ z e 23 1+28s zdz
Ki(5)2 Jo
Let
PR L P —
V1+208s V1+203s
Therefore,

(") H 1 /oO A1 — 4o /TF2Bs(t+1)
Ly(s) = S % Dt
2(5) K\ \VIT28s) 2 Jo ¢
)

:%jé(ngmﬁ)yﬁ(%vl+”%>

_/\K)\ H\/l 20s
:(\/1—1-255) (/BKA(;—) Ps)

B B (uBTY(1+285)):
=(1+28s) Kx(pB —1)

which is the Laplace transform of the GIG.

(4.13)

(4.14)

(4.15)

4.2 Laplace Transform of the Inverse Gaussian Distribution

The Laplace transform of inverse Gaussian distribution is obtained by putting

1
A=)
Therefore,
5K (pBH (1 +28s)%)
L.(s) = \/1+2ﬁ3) :
() ( K_1(up™)
Therefore,

—
[NIE

(vIFEm) || e 2!

2u8-1(14285)2

L.(s)= 1

(%g* ) T

(4.16)

(4.17)



Therefore,

La(s) =erd ™ - (420}
t [1-vrrm]

=€

_ 4 [viFems] (4.18)

4.3 Laplace transform of Gamma distribution

Using equation (4.15)i.e. the Laplace transform of GIG, we have

NS

A 2
fooo <l> A leT28dz
n
 (14289)
Jo 2 e T dz

— = —
fo 7 le7 28z

56V <7)A

(4.19)

:( % )A (4.20)
s—l—% '

which is the Laplace transform of a gamma distribution with parameters A and %

4.4 Laplace Transform of The Inverse Gaussian
The Laplace transform of reciprocal inverse Gaussian distribution is obtained by
putting A = 3 in equation (4.15) as follows;

Ky (B~ (1+285)%)

4.21)
K1 up-1)

D=

L.(s) =(v/1+28s)"

10



1
_1 ﬂ 2 B! 3
_(\/1—1—253) 2 [—2“571( 5| © uB= V1425
(uﬁﬁfl)%e_“ﬁfl
L s VIF2s 1]

V1+23s

1

— 1 26711145_(\/14*2,8871) (422)
142085

Thus the Laplace transform of reciprocal inverse Gaussian distribution is the prod-

uct of a Laplace transform of a gamma distribution with parameters % and % and

the Laplace transform of inverse Gaussian distribution.

5 Conclusion

In this work, we explicitly derived the generalized Exponentiated logistic type I
and II distributions. We also showed how the logistic distribution can be obtained
as a special case from the generalized distribution. If the cdf of a distribution is
known, it’s exponentiated distributions can be obtained. The generalized logistic
type I of Johnson 1995 has been derived and shown as the Exponentiated logistic
type II. The graphs of the exponentiated generators are symmetrical and have a
sharp peak Further work can be done on generalizations by control the location
and scale parameters. The generalized distributions obtained can also be applied
to data.

We have also shown that, the Laplace transform of reciprocal inverse Gaussian
distribution is the product of a Laplace transform of a gamma distribution with
parameters %and % and the Laplace transform of inverse Gaussian distribution.
Therefore the generalized inverse Gaussian distribution nests other distributions
which are obtained as special cases.
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