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Rational Generating Functions of Numerical

Sequences

Abstract

If division is performed on a rational (non-integer) function, an infinite series is
obtained that is relatively easy to find. But the inverse problem can also be solved
and, given an infinite numerical sequence, the rational function that can generate
it can be found. In this article, different cases are studied in which this generating

function can be found in a more or less simple way.
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numbers; Extended Fibonacci numbers.

MSC2000: 11B39; 11B30

1 Introduction

In this section we will review some concepts that we will need in the prepara-

tion of this article.
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1.1 Generating function of a numerical sequence

f(z) is said to be the generating function of the numerical sequence {u,} if,

by developing f(x) in power series, we obtain f(z) = Z Uy 2",
n=0

The series expansion of a function can be obtained by means of the Taylor

(n
formula f(z) =) / n('a) (z — a)™ and where f("(a) is the value at x = a of

n=0

the derivative of order n of the function f(z). It is usually simpler if a = 0
(Maclaurin series).

This is a process that is generally complicated, but is greatly simplified if f(x)

N(z
D(z)"

is a rational function f(x) = In this case, it is enough to divide N(z)
by D(zx), placing both polynomials in increasing powers. Moreover, all the
coeficients are integer and the constant term of the denominator must be 1,

otherwise, the generated sequence would not be integer.

For this reason, the rational generating functions to which this article is de-

dicated are specifically studied.

. , 1+ .
Example 1 For example, given the function f(x) = 17962, dividing 1+
—r—z

by 1 —x—2? gives the quotient 1 +2x+3 22 +523+8 2" +---. The coefficients

of " are the Fibonacci numbers F,, through Fy so f(x) = Z Foiox".
n=0
1.2 k—Fibonacci and k—Lucas numbers

In [Falcon and Plaza(2006)], the k-Fibonacci numbers Fj,, are defined by
mean of the recurrence relation Fj,,, = k Fj, ,_1 + F}, ,—2 with the initial condi-

tions F o = 0, Fj1 = 1. These numbers can be calculated by the Binet Identity
of — oy kEE+vVk?+4
2

Fyn = with 015 = . Moreover, also the negative num-

01 — 02
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bers are defined as Fy,_, = (—1)""'Fy,. Finally, the generating function of
x

the k—Fibonacci sequence is f(k,x) = R R——
—kx—x

The k—Lucas numbers are defined by the same recurrence relation but with
the initial conditions Ly ¢ = 2, Ly ; = k. In this case, Binet Identity takes the
form Ly, = of + 05 and both numbers are related as Ly, = Fn—1 + Fnt1-

From Binet Identity it is easy to prove that Ly, = (—1)"Lg,. Its generating
2—kx

function is I(k, z) = 1T hr_2?

1.3 FExtended Fibonacci numbers

Falcon defines the extended (k, t)-Fibonacci numbers T'(k, t,n) in [Falcon(2024)]
by mean of the recurrence relation T'(k,t,n) = kT'(k,t,n—1)+T(k,t,n—2)+t
with the iniitial conditions , T'(k,t,0) = 1, T'(k,t,1) = 1. The sequence gen-
erated is

{T(k,t,n)} = {1, Lk+(t+1),2+{E+Dk+ @+ 1), + @+ 1+ (t+
Dk+ (2t +1),...}

The extended (k,t)-Fibonacci numbers are related to the k—Fibonacci num-
(k+1)(Fin + Fin1) —t
k

bers by the formula T'(k,t,n) =

If k =1, this sequence takes the form

{1,1,24t,342t,5+4t,8+7t, 13+ 12t,21 + 20¢, .. .} which can be considered
a generalization of Leonardo sequence and it is indicated as {Len(t)}.

Later, if ¢ = 1, the classical Leonardo sequence appears:

{Le,} = {1,1,3,5,9,15,25,41,67,109,177.. .}
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2 Sum, product and derivative of generating functions

In this section we will study the nuimerical sequences generated by sum or

product of generating functions.

e Sum. If u, is a linear combination of other sequences, its generating function
is the same linear combination of the generating functions of the respective
numerical sequences.

Exercise 1 Find the generating function of the extended Fibonacci num-

bers.

(k+t)(Frm + Fp) — t
k

the other hand, the generating function of {Fj,} is fi(k,z) = m

1_1kxk_x$2; and that {1} is f3(z) = 1:75

Consequently, the generating function of the extended (k, t)-Fibonacci num-

.On

In Introduction we have seen that T'(k,t,n) =
so that of {Fj 1} is fo(k,z) =

bers is

1 T 1—-%kzx 1
g(k’t’x):k<<k+t><1—kx—x2+1—kx—x2)> _tl—x>

l—kx—(1—t—k)a?
(1 —kx—2?)(1 —2)

e Product. The convolution of the sequences A = {a,} and B = {b,} is
defined as the sequence Ax B = ¢ > a;jb,_; ¢ [Umar and Yushau(2007)].
=0

In fact, the convolution coincides with the sequence of coefficients of the

product of two infinite polynomials {Z an, x"} and {Z by, x”}
Convolution verifies commutative, na:s(;ociative, and nd:i(;tributive proper-

ties:

AxB=B*A Ax(BxC)=(AxB)«C, Ax(B+C)=AxB+ AxC.

The unit element is the sequence {1,0,0,0,...}, but the inverse sequence,

if exists, is not integer.
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Theorem 1 If f(x) and g(z) are the respective generating functions of the
sequences A = {a,} and B = {b,}, then f(x)-g(x) is the generating function

of the convolution sequence A x B

Proof 1 Proof is easy because A(x Za]x] and B(x Z bz’ , then
Jj=0 j>0
A(z)-B(z) =) (Z abj_ Z) x?, and the coefficients of A(x)- B(x) are the
7>0

elements of the convolution A x B.

Example 2 [t is well known that f(x) = 1s the generating function
x

of the sequence {a"} = {1,a,a? a*,...}. Then

1 n
1—:vH{l}:{l’l’l’l’l’m}:{(0)}

(1_1:,,;)2H{l}*{l}Z{l}@:{1,2,3,4,5,...}: {(’f)}

Linear numbers

(1—195)3 = {1}« {1}% = {1}¢ = {1,3,6,10,15,...} = {(”‘2”>} :
Triangular numbers
(1_11,)4 = {1 {130 = {1} = {1,4,10,20,35,.. } = {(" ;: 2)} :

Tetrahedral numbers

o {(1)

e Derivative.
Theorem 2 (Derivative of the generating function) If g(x) is the gen-
erating function of the sequence u,,, then - ¢ (x) is the generating function
of the sequence {nu,}
Proof 2 If g(z Z u, ", then g'( Z nu, "' and so
flx)y=xz-4( Z n-UpT
Exercise 2 Find the generating function of the sequence of squares {n}

It is well known that the generating function of the constant sequence {1} is
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T
(1—a2)*
And so, the generating function of the sequence of squares {n?} is f(z) =

ey a4 )
(g @) = F

1
g(x) = TR Then, the generating function of {n} is x - ¢'(z) =
—x

This is a very interesting example because, by repeating the process we

can find the generating function of the power sequences {n"}.

1+4 2
And so, the generating function of {n®} is f3(z) = ( —El * +)f ) x’ and that
—x

of {n} it is

(14 1lz+112® + %)z
f4($> - (1 _ .1')5
In short, if f(z) is the generating function of the sequence {u,}, then

, etc.

(x - D)" f(z) is the generating function of the sum sequence { >on' un}
n=0
Even though the integral of the generating function can be found to find
a new sequence, this trick is of no interest because the resulting numerical

sequence is not an integer.

3 Generating function and recurrence relation

Many times the recurrence relation verified by the terms of a numerical se-
quence is known. In this case, the process to follow is indicated in the following

theorem.

In order to simplify the calculations, let us assume that the recurrence relation

relates four consecutive terms of a sequence {u,,}.

Theorem 3 If the sequence {u,} verifies the recurrence relation u, = au, 1+

buy_o + cu,_3, its generating function g(x) is

up + (w1 — aug)r + (us — aug — bug)a?

g(z) =

l—azxz—0bx%2—cad
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Proof 3 (First form) Let g(x) be the generating function of the sequence

{un}. Then g(z) = > u,z" and
n=0

g(x) =ug+uz +upr® +usax® + gzt + -
arg(r)= auyr+au; 2’ + augr® +augazt + ---
ba? g(x)= bugx?® 4+ buy 2® + busz* + - - -
ca’g(r)= cugx® +cuy ot 4 -
(1—az—bax*— cas)g(x)
= up + (U1 — aug)x + (ug — auy — bug)z® (%)
o(z) = up + (uy — aug)r + (uy — auy — bug)z?

l—azx—bax?—ca3
(*) The remaining addends are all null due to the recurrence relation.

Exercise 3 The sequence of the squares of the k—Fibonacci numbers {F,fn}
verifies the recurrence relation F, = (K> + 1)F7, o+ (K> +1)FZ, o — F7, 5.

Find its f.g.

Then, if g(k, ) is its generating function , asa =k*+1,b=k*+1,c= —1

and ug = FZ, =0, uy = F?, =1 and uy = F2, = k?, it is

g+ (ur — aug)z + (ug —buy — cugp)a?

gk, x) = l—ax—0bx?2—ca3

JI—ZEQ

:1—(k2+1)x—(/€2+1)x2—|—1:3

In a second way, we will use the generating function itself to find its mathe-

matical expression.

Proof 4 (Second form) If g(z) = > u,2".
n=0
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9(1)2U0+ulx+u}752+u3m3+u4$4+...
=uy+urx +ugr? + (auy + buy + cug)x
+(aus + bug + cup)z* + (auy +bug + cug)z® + - -
=ug+ur T +ug 2 + alug ¥ +uzat +ug® + o)
+b(uy 2® +up 2t Fuzz® +---)
te(ugx® +uy 2t +ug2® 4 )
=g+ u T+ U 2® + ax(ug 2* +uzx® +ugat +---)
+ba?(uy o +up v Fuza® 4+ ---)
tex(ug +ur x +ugx® +---)
=up+ur T +us® +ax(g(x) —ug —uy x) + ba?(g(z) — ug) + cx’ g()
=ug+urx+upr’ 4 (ax 4+ bxy + ca)g(z) — ax(ug + up ) — b’ ug

g(@)1 —azx —ba* —ca®) =ug+ur 2+ ug * — aw(ug +uy ) — b’ ug
2

3

up + U T+ up % — ax(ug + up ) — by

l—ax—ba?2—cad

g()

Exercise 4 In [Falcon(2024)] it is proven that the extended (k,t)-Fibonacci
numbers T'(k,t,n) verify the recurrence relation T (k,t,n) = (k+1) T(k,t,n—

D+ —-k)T(k,t,n—2)—T(k,t,n—3). Find its g.f.

In this case a = k+ 1, b=1—k, and ¢ = —1, so, applying Equation (1), the

generating function of this sequence is [Falcon(2024)]
1—k k—14t)2?
Flk.t,2) = /L
1—(k+D)z+(k—1)22+a?

Remark. In general, to find the generating function knowing the recurrence
relation, it is usually more practical to follow the entire theoretical process

with the data provided by the statement of the problem.

Exercise 5 If u, = 2k u, 1 + (2 — k?) w9 — 2k Uup_3 — uy_4 and initial con-
ditions are ug = 0, uy = 0, us = 1, ug = k, find the generating function of

the sequence {u,}.

We follow the first method. If f(k,x) is the generating function
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flk,2)=ug+u oz +ugx® +uga® +uga* +---
2k x flk, ) =2k u, x + 2k uy 2% + 2k ug 2° + 2k ugz* + - -
2k fk,2)=2 -k upx® + (2 — k) u 2® + (2 — k) ugz* + -
—2k 23 f(k,x)= —2kugx® — 2k uy 2t — - -
—a* f(k,x) = —ugxt 4 - -

Adding these equations according to the recurrence relation and taking into

account the initial conditions,

(1—2kx — (2 —k*)2® +2ka® +2*) f(k, 2)
=g + (ug — 2k up)w + (uy — 2k uy — (2 — k?) ug)z?
+(uz — 2k uy — (2 — k?) uy + 2k ug)x® = 2°
2

Xz
k pu—
R Rl W gy gy ) g S g g

Remark This is the generating function of the derivative of the k—Fibonacci

sequernce.

3.1 Recurrence relation

In the previous section we have seen how to find the generating function of
a numerical sequence if we know the recurrence relation verified by its terms.
But there is also the reciprocal problem: given the generating function of a
sequence, find the recurrence relation of its elements. This is the problem that

will be solved in this section.

The process to follow is the following. Let f(z) = ]1\)[8 be the generating
function of the sequence {u,}. The denominator D(x) is a polynomial of degree
r. Cancelling the denominator and setting 2 = w,_, gives the recurrence
relation sought, which will take the form u,, = i Qp—j Up—j.

j=1

n initial conditions are needed which can be found either by following the
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formula found previously, or by choosing the first n coefficients of the quotient
of N(x) by D(z) in increasing powers.
1 —x+ 22

143z + 22 — 223
sequence {u,}, find its recurrence relation.

Exercise 6 If f(x) = is the generating function of the

In this case, D(z) = 1+3x+ 2% —22% =0 — Uy + 3Up_1 + Uy — 2U, 3 = 0,
so the recurrence relation is u,, = —3U,—1 — Up—2 + 2 Uyp_3
Dividing N(z) by D(z) gives 1 — 4z + 122% — 302 + - - - so the three initial

conditions are ug = 1, u; = —4 and uz = 12.

The initial conditions can also be found by solving the system wug + (u; —

aug)r + (ug —au; —bug)r?* =1—x + 2?, witha=-3,b=—1.

3.2 Sequence of partial sums

Let U = {ug, uy,us, ...} be the sequence generated by the function f(z). The
convolution of this sequence and the constant sequence 1 = {1,1,1,1,...}

n
is U * 1* = {ug, ug + uy, up + uy + u2,...,2uj, ...} that is the sequence of
=0

partial sums. Taking into account that is the generating function of

f ()

1 is the generating function of the
-

1
the sequence 1, then T f(x)
—x

sequence of partial sums {Z un}

=0
Exercise 7 Find the generating function of the sequence of partial sums of

the 3—Fibonacci sequence.

The generating function of the sequence F3 = {0, 1,3, 10, 33,109, 360, ...} is
flz) =

TR y—— so, the generating function of the partial sums of 3—
—3r—=x

10
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T T
(1—2)(1 -3z —22) 1 —dx+ 222+ 3

Fibonaccci sequence is

4 Alternated sequences

In this section we will study the sequences that change sign alternatively in

each term.

Theorem 4 If g(x) is the generating function of the sequence {u,}, then

g(—x) is the generating function of the alternated sequence {(—1)" u,}

Proof 5 If g(x) is the generating function of the sequence {u,}, then
=Y upa" =up+ur T +usr® +uza’ 4+ so

9<—$):Uo—u1x+u2x2—u3x3+...:Z(_

Exercise 8 Given the generating function of { Z F,?n} (Ezxercise 3), find
n=0

the generating function of the alternated sequence {Z(—l)”F,?n}
j=0

—x— 2

Its generating function is f(k,z) = g(k, — z) = R P R

Corollary 1 If f(xz) is the generating function of the sequence {u,}, then

f(x)—l—2f(—:c) is the generating function of the terms of even order, the re-
maining ones being zero. And f(x)—zf(—x) generates only the odd terms, the

even ones being zero.

Proof 6
(x): 0+U1$+UQ:E —|—u3x —}-u4x + ..
f( :E): _U1$+U2$2—u3x —|—u4x 4+
f(x)+f( x)ZQ(U0+U2{L‘2+u4;p4+...)
(f)—f( $)=2(u1x+u3x3—|—u5m5+...)

11
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Example 3 f(k,z) = % is the generating function of the k—Fibonacci
—kr—ux
_ 2
numbers. Then f(k,z) + f(k, —2) = ki is the gen-
2 (1—kzx—2?)(1+kax—x?)

erating function of the sequence {0,0,k,0,2k + k3,0, 3k + 4k + k°,0,4k +

10k + 6K° + £7,0,...}

5 Generating functions of displaced sequences

In this section we will study the generating function of different sequences

obtained from {u,}.

Theorem 5 (Sequence with r — 1 null terms) If f(z) is the generating
function of the sequence {u,}, then f(x") is the generating function of the

same sequence but with the successive terms separated with r — 1 null terms.

Proof 7

f@)=up+uz+upa® +uga® + -

f@ ) =ug +ur 2" +up 2®" +uz2®" + -+

and therefore the coefficients of ™ are zero if n is not a multiple of r.

2—x

[Rr—— 1s the generating function of the classical
—r—=x

2 3
Lucas numbers {2,1,3,4,7,11,18,29,...}. Then f(2*) = 173966 is the
—ad—x

generating function ot the sequence {2,0,0,1,0,0,3,0,0,4,0,0,7,0,0,11,...}

Example 4 f(z) =

5.1  On the sequence starting at .,

Theorem 6 (Sequence {u,1}) If f(x) is the generating function of the se-
f(z) —ug
T

quence {u,} = {ug,uq,uz, ...}, then g(z) = is the generating func-

12
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tion of the sequence {u,11} = {u1,us,us, ...}

Proof 8 If g(x) is the generating function of {u,i1}, then
1

1 1
o) = Xt = 2 e = L ¥ e = L 5() o

being uy = f(0).
1+ 5z

T 1+ 37— 222

{un} = {uo, ur,ug, ...}, find the generating function of {u,1} = {u1, us, us, ...}

Exercise 9 If f(z) 15 the generating function of a sequence

As ug = f(0) = 1, the generating function of {u, 1} is

_f(a:)—f(O)_l 1+5z N\ 2+ 2z
9(x) = x _93<1+3:17—2:B2 )_1+3a:—23:2

It is {u,} = {1,2, —4,16, =56, 200, ... while {u,+1} = {2, —4, 16, —56, 200, =712 . ..

This method can be applied iteratively and so, the generating function of
f(@) = (ur +u @)
22

{ug,u1}, it is enough to divide 1 + 5z between 1 + 3z — 222

the sequence {u, 2} = {ug, us, uy,...} is g(z) = . To find

Corollary 2 The generating function of the sequence {tu,,} is

o) = = () - Zu )

xT

This method is important not only in itself but can be applied to solve more

complex problems, as shown in the following exercise.

Exercise 10 Find the generating function of the sequence of sums { Z Fk7n+3}

n=o

The generating function of the sequence of the k—Fibonacci numbers is f(k, z) =
x
1—kx—a2?

last formula, is

For the sequence whose first element is £y, ,, 43, according to this

13
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(f(k’, £L‘) — (Fk70 —f- Fk71[E + Fk72$2))

x B 2\  1+E +kz
x <1—/€:1:—a:2 (I+kx)>_1—km—x2

And taking into account Theorem 2, the generating function of the sum se-

quence it is

1 1+ Kk +ka

h(k?,l‘) = mg(kvx) = (1 _ 3;)(1 —kx— 932)

In the displaced sequence {u,,}, it may happen that r is a negative integer.
In this case, the process to follow is the same as the one followed previously

as indicated below.

Theorem 7 If f(z) is the generating function of the sequence {u,} and u_; is

known, h(z) = u_y +x f(x) is the generating function of the sequence {u,_1}

In this case

h(x)zzun—lxn:U_1+U0$+u1$2+u2x3+...

n=0
=u_+a(ug+urr+usr® Fusa .. ) =u_q +x Zunaz”
n=0
=u_y +z f()

Corollary 3 By reiterating the above process, we can find that the generating
n—1

function of the sequence w,_, is h(z,r) = > u,_,a" " + 1" f(z), where the
r=0

Up_y, are known.,

Exercise 11 Find the generating function of the sequence of displaced k-

Lucas numbers Ly, ,—o

From the above formula and taking into account that L, o = (—1)2 Lis =

)

]{?2 + 2 and Lk7_1 = (_1)1Lk‘,1 = —k’,

14
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2—kx
l—kx—2?
?(2—kz) (K*+2)—3kx—k?2?

kK +2)—k =
(k" +2) x—i_l—k::z:—x? 1—kax— a2

n—1
h(z) = Z Liy—n ot l(k,x) = Ly 2+ Ly 10+ 7
r=0

Of course, the sequence generated begins in Lj _» and is

{24+ K% =k, 2,k, 2+ k% 3k + k3,2 + 4k* + k4, 5k + 5k3 + K>, ...}

Conclusions

In this article we have studied the generating functions of numerical sequences
of different types, not only those of the general form {u, }. We have also stud-
ied sequences that do not start at n = 0 but at any term w,,,, where p is a
positive or negative integer.
We have also studied the generating functions of alternating sequences and
those whose first r terms are zero or which have an infinite number of inter-
calated zeros. We have solved the reciprocal problem of finding the recurrence
relation of a sequence whose generating function is known.
Another application has been to calculate the form of the generating function
of the sequence of partial sums { zn: uj}.
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