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Hilbert Graceful Labeling on Complete Multipartite Graph 

 

Abstract:Let ܩ be a simple, finite, connected, undirected, non-trivial graph with ݌ vertices 

and ݍ edges. ܸ(ܩ) be the vertex set and (ܩ)ܧ be the edge set of ܩ.The ݊௧௛Hilbert  number is 

denoted by ܪ௡ and is defined by  ܪ௡ = 4(݊ − 1) + 1 where ݊ ≥ 1. A Hilbert  graceful  

labelingis an injective function ℋ from the vertex set ܸ(ܩ)to a set of Hilbert number 

ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤  to(ܩ)ܧ which induces a bijective function ℋ∗from the set{ݍ2

the set of number {	1, 2, 3, 4, . . . 	ݒݑ where for each edge ,{ ݍ, ∈ ,ݑ with (ܩ)ܧ	 	ݒ ∈  (ܩ)ܸ	

applies ℋ∗(ݒݑ) 	= 	 ଵ
ସ

|ℋ(ݑ) − 	ℋ(ݒ)|.A graph with Hilbert graceful labeling is called a 

Hilbert graceful graph. This research aims to prove that some complete multipartite graphs 

are Hilbert gracefulby providing systematic proofs and clear constructions of the labeling 

functions. Our contributions include the identification and characterization of these graphs, 

expanding the class of graphs known to exhibit Hilbert graceful properties, and providing 

illustrative examples to support our findings. 
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1. Introduction 

“A graph ܩ consists of a finite set of vertices ܸ(ܩ) and a set of edges (ܩ)ܧ consisting of 

distinct, unordered pairs of vertices”[1]. “The graph discussed in this paper is a simple, 

undirected, and finite graph. |ܸ(ܩ)|represents the number of vertices on graph ܩ, and the 

number of edges on graph ܩ is represented by |(ܩ)ܧ|. Graph labeling has been studied since 

the 60s. Graph labeling is a branch of graph theory thathas continued to develop. Labeling on 

a graph is the assignment of an integer value to the elements of the graph, usually a positive 

integer. Alex Rosa first discovered graceful labeling in 1967”[2]. “Since this discovery, many 

researchers have been interested in looking for graceful labeling constructs and their 



 

 

variations. Several graphs with graceful labeling include tree graphs with vertices less or 

equal to 35, circle graph ܥ௡for ݊	 = 	݊ or (4	݀݋݉)0	 =  .and wheel graph ௡ܹ ,(4	݀݋݉)3	

Another class of graphs known to have graceful labeling can be seen in the survey conducted 

by Gallian”[3]. The following shows some relevant research: graceful labeling of paths [4], 

graceful labeling of pendant graphs [5, 6, 7], vertex graceful labeling of caterpillar graphs [8], 

graceful labeling on torch graph [9], counting graceful labelings of trees [10], and other 

results on super graceful labeling of graphs [11]. Motivated by the above articles, this paper 

introduces a new type of graceful labeling called Hilbert graceful labeling and studies Hilbert 

graceful labeling for some complete bipartite graphs” 

2. Definition 

Definition 2.1: The graph ܭଵ,௠,௡ is obtained by connecting all the vertices of complete 
bipartite graph ܭ௠,௡  to a vertex ݒ. 
 
Definition 2.2: The graph ܭଶ	,௠,௡ is obtained by connecting all the vertices of complete 
bipartite graph ܭ௠,௡  to a vertices ݑand ݒ. 
 
Definition 2.3: The graph ܭଵ,ଵ,௠,௡  is obtained by connecting all the vertices of complete 
bipartite graph ܭ௠,௡  to the end points of an edge ݒݑ. 
 
Definition 2.4: A graph ܩ	with the vertex set ܸ(ܩ) = :௜ݑ} 1 ≤ ݅ ≤ ݉} ∪	൛ݒ௝: 1 ≤ ݆ ≤ ݊ൟ ∪
:௞ݓ} 1 ≤ ݇ ≤ ݈} and the edge set (ܩ)ܧ = ൛ݑ௜ݒ௝: 1 ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊ൟ ∪ 	൛ݒ௝	ݓ௞: 1 ≤ ݆ ≤
݊, 1 ≤ ݇ ≤ ݈} such that |ܸ(ܩ)| = ݉ + ݊ + ݈ and |(ܩ)ܧ| = ݉(݊ + ݈) is denoted by ܭ௠,௡,௟ . 

 

3. Main Result 

Theorem 3.1: The graph ܭଵ,௠,௡ admits Hilbert graceful labeling. 

Proof:Let ܩ be a ܭଵ,௠,௡  graph. 

(ܩ)ܸ = 	 :௜ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ ∪  and {ݒ}

(ܩ)ܧ = 	 ൛ݑ௜ݒ௝: 1	 ≤ ݅ ≤ ݉; 	1	 ≤ ݆ ≤ ݊ൟ ∪ :௜ݑ	ݒ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ	ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ. 

|(ܩ)ܸ| = ݉ + ݊ + 1 and |(ܩ)ܧ| = ݉	݊ + ݉ + ݊ 

We define a function	ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤  {ݍ2

The vertex labeling is as follows: 

ℋ(ݑ௜) = 	4[݅] + 1      1 ≤ ݅ ≤ ݉ 



 

 

ℋ൫ݒ௝൯ = 	4[݉ + (݉ + 1)	݆] + 1    1 ≤ ݆ ≤ ݊ 

ℋ(ݒ) = 	1       1	≤ ݇ ≤ ݈ 

By above labeling pattern, we observed that function 

ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤ is 1 {ݍ2 − 1. 

From the induced function ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . . ,  .we get the edge labels as follows ,{ݍ

Table 1: Edge labels of the graphܭଵ,௠,௡  

ℋ∗ Edge Labels Value of ݅, ݆ and ݇ 

หℋ(ݑ௜)−ℋ൫ݒ௝൯ห ݉ − ݅ + (݉ + 1)݆ 1 ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊ 

|ℋ(ݑ௜)−ℋ(ݒ)| ݅ 1	 ≤ ݅ ≤ ݉ 

หℋ൫ݒ௝൯ − ℋ(ݒ)ห ݉ + (݉ + 1)݆ 1 ≤ ݆ ≤ ݊ 

 

From the above table 1, we observe that ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . .  defined by {ݍ,

ℋ∗(ݒݑ) 	= 	 ଵ
ସ

|ℋ(ݑ) − 	ℋ(ݒ)| is a bijective. Hence, ℋ is Hilbert graceful labeling and the 

graph ܭଵ,௠,௡is Hilbert graceful graph.  

Example 3.1: Hilbert graceful labeling of the graph ܭଵ,ଷ,ସ 
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Theorem 3.2: The graph ܭଶ,௠,௡ admits Hilbert graceful labeling. 

Proof:Let ܩ be a ܭଶ,௠,௡graph. 

(ܩ)ܸ = 	 :௜ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ ∪ ,ݑ}  and {ݒ

(ܩ)ܧ = 	 ൛ݑ௜ݒ௝: 1	 ≤ ݅ ≤ ݉; 	1	 ≤ ݆ ≤ ݊ൟ ∪ :௜ݑ	ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݑ	ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ 

∪ :௜ݑ	ݒ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ	ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ. 

|(ܩ)ܸ| = ݉ + ݊ + 2 and |(ܩ)ܧ| = ݉	݊ + 2݉ + 2݊ 

We define a function	ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤  {ݍ2

The vertex labeling is as follows: 

ℋ(ݑ௜) = 	4݅ + 1      1 ≤ ݅ ≤ ݉ 

ℋ(ݒଵ) = 	1 

ℋ൫ݒ௝൯ = 	4[(݉ + 2)݆ − 2] + 1    2 ≤ ݆ ≤ ݊ 

ℋ(ݑ) = 		4[݉݊ + 2݉ + 2݊] + 1  

ℋ(ݒ) = 		4[݉݊ + ݉ + 2݊ − 1] + 1   

By above labeling pattern, we observed that function 

ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤ is 1 {ݍ2 − 1. 

From the induced function ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . . ,  .we get the edge labels as follows ,{ݍ

Table 2: Edge labels of the graphܭଶ,௠,௡  

ℋ∗ Edge Labels Value of ݅, ݆ and ݇ 

หℋ(ݑ௜)−ℋ൫ݒ௝൯ห ݅	 1 ≤ ݅ ≤ ݉, ݆ = 1 

หℋ(ݑ௜)−ℋ൫ݒ௝൯ห (݉ + 2)݆ − ݅ − 2 	2 ≤ ݆ ≤ ݊; 	1 ≤ ݅ ≤ ݉ 

|ℋ(ݑ௜)−ℋ(ݑ)| ݉݊ + 2݉ + 2݊ − ݅ 1 ≤ ݅ ≤ ݉ 

หℋ൫ݒ௝൯ −ℋ(ݑ)ห ݉	 ݆ = 1 



 

 

หℋ൫ݒ௝൯ −ℋ(ݑ)ห ݉݊ + 2݉ + 2݊ + 2 − (݉ + 2)݆ 2 ≤ ݆ ≤ ݊ 

|ℋ(ݑ௜)−ℋ(ݒ)| ݉݊ + ݉ + 2݊ − 1 − ݅ 1 ≤ ݅ ≤ ݉ 

หℋ൫ݒ௝൯ − ℋ(ݒ)ห ݉݊ + ݉ + 2݊ − 1 ݆ = 1 

หℋ൫ݒ௝൯ − ℋ(ݒ)ห ݉݊ + ݉ + 2݊ + 1− (݉ + 2)݆ 2 ≤ ݆ ≤ ݊ 

 

From the above table 2, we observe that ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . .  defined by {ݍ,

ℋ∗(ݒݑ) 	= 	 ଵ
ସ

|ℋ(ݑ) − 	ℋ(ݒ)| is a bijective. Hence, ℋ is Hilbert graceful labeling and the 

graph ܭଶ,௠,௡is Hilbert graceful graph.  

 

Example 3.2: Hilbert graceful labeling of the graph ܭଶ,௠,௡ 

 

 

 

 

 

 

 

 

 

Theorem 3.3: The graph ܭଵ,ଵ,௠,௡ admits Hilbert graceful labeling. 

Proof:Let ܩ be a ܭଵ,ଵ,௠,௡ graph. 

(ܩ)ܸ = 	 :௜ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ ∪ ,ݑ}  and {ݒ

(ܩ)ܧ = 	 ൛ݑ௜ݒ௝: 1	 ≤ ݅ ≤ ݉; 	1	 ≤ ݆ ≤ ݊ൟ ∪ :௜ݑ	ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݑ	ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ 

∪ :௜ݑ	ݒ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ	ݒ௝: 1	 ≤ ݆ ≤ ݊ൟ ∪  .{ݒ	ݑ}
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|(ܩ)ܸ| = ݉ + ݊ + 2 

|(ܩ)ܧ| = ݉	݊ + 2݉ + 2݊ + 1 

We define a function	ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤  {ݍ2

The vertex labeling is as follows: 

ℋ(ݑ௜) = 4݅	݀ + 1      1 ≤ ݅ ≤ ݉ 

ℋ൫ݒ௝൯ = 	4[݉ + (݉ + 2)݆] + 1    1 ≤ ݆ ≤ ݊ 

ℋ(ݑ) = 		4[݉݊ + 2݉ + 2݊ + 1] + 1  

ℋ(ݒ) = 		1   

By above labeling pattern, we observed that function 

ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤ is 1 {ݍ2 − 1. 

From the induced function ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . . ,  .we get the edge labels as follows ,{ݍ

Table 3: Edge labels of the graphܭଵ,ଵ,௠,௡. 

ℋ∗ Edge Labels Value of ݅, ݆ and ݇ 

หℋ(ݑ௜)−ℋ൫ݒ௝൯ห ݉ − ݅ + (݉ + 2)݆ 1 ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊ 

|ℋ(ݑ௜)−ℋ(ݑ)| ݉݊ + 2݉ + 2݊ + 1 − ݅ 1 ≤ ݅ ≤ ݉ 

หℋ൫ݒ௝൯ −ℋ(ݑ)ห ݉݊ + ݉ + 2݊ + 1− (݉ + 2)݆ 1 ≤ ݆ ≤ ݊ 

|ℋ(ݑ௜)−ℋ(ݒ)| ݅	 1 ≤ ݅ ≤ ݉ 

หℋ൫ݒ௝൯ − ℋ(ݒ)ห ݉ + (݉ + 2)݆ 1 ≤ ݆ ≤ ݊ 

|ℋ(ݑ) −ℋ(ݒ)| ݉݊ + 2݉+ 2݊ + 1  

 

From the above table 3, we observe that ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . .  defined by {ݍ,

ℋ∗(ݒݑ) 	= 	 ଵ
ସ

|ℋ(ݑ) − 	ℋ(ݒ)| is a bijective. Hence, ℋ is Hilbert graceful labeling and the 

graph ܭଵ,ଵ,௠,௡is Hilbert graceful graph.  

 

 



 

 

Example 3.3: Hilbert graceful labeling of the graph ܭଵ,ଵ,ଷ,ସ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem 3.4: The graph ܭ௠,௡,௟ admits Hilbert graceful labeling. 

Proof:Let ܩ be a ܭ௠,௡,௟  graph. 

(ܩ)ܸ = 	 :௜ݑ} 1	 ≤ ݅ ≤ ݉} ∪ ൛ݒ௝ ∶ 1 ≤ ݆ ≤ ݊ൟ ∪ ௞ݓ} ∶ 1 ≤ ݇ ≤ ݈} and 

(ܩ)ܧ = 	 ൛ݑ௜ݒ௝: 1	 ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊ൟ ∪ :௞ݓ௜ݑ} 1	 ≤ ݅ ≤ ݉, 1 ≤ ݇ ≤ ݈}. 

|(ܩ)ܸ| = ݉ + ݊ + ݈ 

|(ܩ)ܧ| = ݉(݊ + ݈) 

We define a function	ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤  {ݍ2

The vertex labeling is as follows: 

ℋ(ݑ௜) = 	4	[݅ − 1] + 1    1 ≤ ݅ ≤ ݉ 

ℋ൫ݒ௝൯ = 	4[݆݉] + 1     1 ≤ ݆ ≤ ݊ 

ℋ(ݓ௞) = 	4[݉݊ + ݉݇] + 1    1 ≤ ݇ ≤ ݈ 

By above labeling pattern, we observed that function 

ℋ ∶ (ܩ)ܸ 	→ ݔ} ∶ ݔ = 4(݅ − 1) + 1, 1 ≤ ݅ ≤ is 1 {ݍ2 − 1. 

From the induced function ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . . ,  .we get the edge labels as follows ,{ݍ

 

109 
 ݑ

 ଷݑ
13 

 

 ݒ
1 

 

 ଵݑ
5 

9 
 ଶݑ

 

ସݒ  
93 

 

ଶݒ  
53 

 

ଷݒ  
73 

 

ଵݒ  
33 

 



 

 

Table 4: Edge labels of the graphܭ௠,௡,௟ . 

ℋ∗ Edge Labels Value of ݅, ݆ and ݇ 

หℋ(ݑ௜) −ℋ൫ݒ௝൯ห 1 − ݅ + ݆݉ 1	 ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊ 

|ℋ(ݑ௜)−ℋ(ݓ௞)| ݉݊ + 1 − ݅ + ݉݇ 1	 ≤ ݅ ≤ ݉, 1 ≤ ݇ ≤ ݈ 

 

From the above table 4, we observe that ℋ∗:(ܩ)ܧ → {1, 2, 3, 4, . . .  defined by {ݍ,

ℋ∗(ݒݑ) 	= 	 ଵ
ସ

|ℋ(ݑ) − 	ℋ(ݒ)| is a bijective. Hence, ℋ is Hilbert graceful labeling and the 

graph ܭ௠,௡,௟is Hilbert graceful graph.  

Example 3.4: Hilbert graceful labeling of the graph  ܭଷ,ସ,ସ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusion  

In this paper, we proved that certain complete multipartite graphs are Hilbert graceful graphs. 

The proofs were presented systematically, with clear definitions and step-by-step 

constructions of the labeling functions, ensuring a comprehensive understanding of the 

results. We utilized illustrations to demonstrate the labeling patterns, which provided visual 

clarity and reinforced the validity of our findings. This work contributes to the field of graph 

theory by expanding the class of graphs known to possess the Hilbert graceful property. As 
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part of our future research, we aim to explore Hilbert graceful labeling in other families of 

graphs, potentially uncovering new insights and broadening the scope of this concept. 

Disclaimer (Artificial intelligence) 

Option 1:  

Author(s) hereby declare that NO generative AI technologies such as Large Language Models 
(ChatGPT, COPILOT, etc) and text-to-image generators have been used during writing or editing of 
manuscripts.  

Option 2:  

Author(s) hereby declare that generative AI technologies such as Large Language Models, etc have 
been used during writing or editing of manuscripts. This explanation will include the name, version, 
model, and source of the generative AI technology and as well as all input prompts provided to the 
generative AI technology 

Details of the AI usage are given below: 
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