The Stability for the Two-dimensional Incompressible MHD
System with Mixed Dissipation®

Abstract. The global well-posedness and stability on the two-dimensional (2D) incompressible
magnetohydrodynamics (MHD) system are studied in this paper. More precisely, when the
MHD system only has the dissipation of the second component of the magnetic field and mixed
dissipation of velocity, this system is stable. Another main goal is to establish the large-time
behavior of the solution for the linear system.
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1 Introduction

The MHD system is coupled from Naiver-stokes and Maxwell’s equations. Extensive physical
experiments and numerical simulations have shown an important phenomenon that a background
magnetic field can actually stabilize and dump electrically conducting fluids (see, e.g., [1, 2, 3,
4, 11]). The anisotropic incompressible MHD system in R? have the following form

Opur +u-Vuy — B-VBy + 01p = p11011u1 + p12022u1,
Opug +u - Vug — B - VBg + Oop = p21011us + fo2022us,
OB1+u-VBy — B-Vuy = m1011B1 + 12022 B,
OBy +u-VBy — B - Vuy = 121011 B2 + 11220022 B2,
divu = divB = 0,

L (u7 B)($7 0) = (UO, BO)7

(z,t) € RZ x RT, (1.1)

where u = (u1,uz2), B = (B, B2) and p(x,t) are unknown velocity, magnetic field, and pressure,
respectively. The constants p;;,7;; > 0 with 4,7 = 1,2 are viscous and magnetic diffusion
coefficients, respectively.

For simplicity, we denote

A = <H11 ,u12> Ay = (7711 7712>
po1 po2 )’ M21 722
as the matrices of viscous and magnetic diffusion coefficients. When all coefficients 115, 7:; (7, j =
1,2) are positive, Duvet [9] established the global existence of classical solutions to the 2D MHD
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equations for initial data (ug,bg) € H*(R?)(s > 2). For the anisotropic incompressible MHD
system, Cao-Wu [6] first proved the global existence of the classical solutions for the system
(1.1) with cases

1001 0110
(Al’AQ)_(l 00 1)’ and (Al’A2>_(o 11 o)'

Then, Du-Zhou [7] established some similar results for the MHD system with maximized partial
dissipation and magnetic diffusion in more general cases.

However, stability for the perturbations near the trivial steady state (u, B) = (0,0) and
their large-time behavior remain open. In this paper, we will focus on the following MHD
system (1.2) near the equilibrium state (U(?), B(0)

O+ u-Vu—0b-Vb+ Vp = (02uy,0%uz) " + Oab,
Ob+u-Vb—b-Vu=(0,02b9)" + Oou,
V-u=V-b=0,

(u, b)|t=0 = (uo, bo).

(1.2)

where
U9 =0, BO=¢:=(0,1).

Recently, Lin-Ji-Wu-Yan [14] obtained the existence and large-time behavior for the global
solutions of U =0, B®© = (1,0) with

0110
case 1. (A1]As) = <O 11 0).

For U =0, B0 =(0,1), Li-Wu-Xu [15] obtained the stability of system (1.1) with

1
Nk
Guo-Jia-Dong [12] got the stability of (1.1) with

1001
case 3. (A1]4s) = <1 01 O)l

00
11

O =

case 2. (A1]4y) = <

Lin-Chen—Bai-Zhang [16] proved the stability of (1.1) with

0110
case 4. (A1]4z) = <1 01 O)l

Our result is inspired by the work of [16]. If the magnetic field has less dissipation, the system
is still stable. For the system (1.1) with equilibrium state U(® =0, B =(0,1), we consider

the case
0 0
N

10
case 5. (A1]4s) = (1 01

Our main results can then be stated as follows.



Theorem 1.1. Consider (1.2) with the initial data (ug,by) € H*(R?) satisfies V-ug = V-by = 0.
Then there exists a positive constant >0, such that if

[1(uo, bo)l| 2 < &,

then the system (1.2) has a unique global solution for any t>0, satisfying
t
I, 0) (8) 1772 + 2/ 182w (|32 + [[OruzllFe + 101252 + 1|21 | Fudr < Ce?, (1.3)
0

where C>0 is a generic positive constant independent of € and t. In addition, (u,b) obeys the
following large-time behavior:

1V, VB (D)l — 0, [(V2u, V2B)(#)||2 — 0,  as t— oo. (1.4)

We observe that (1.3) of Theorem 1.1 rigorously assesses that any small initial perturbation
leads to a unique global solution of (1.2) and remains consistently small in H2. Since the local
existence result can be shown via the standard method, we only need to establish a global prior
estimate of the solutions. To use the bootstrapping argument, we introduce an energy functional
specifically to achieve our desired estimates. Let

E(t) = £1(1) + (1),

where

t
E1(t) = sup | (u,0)(7)|[3 +2/ (1021172 + [1O1uallZze + [[91b2]|772)dr,
0

0<r<t
Ea(t) = /Ot 102y (7) 2.
The main goal of the proof is to establish the following estimate:
E(t) < CE(0) + CEY2(1). (1.5)

The proof of (1.5) is not obvious and requires significant effort. We need to establish the following
three inequalities respectively, and there exists a generic positive constant C,

E1(t) < CE(0) + CEM* () + CEX (1), (1.6)
Ex(t) < CEL(0) + CEL(t) + CEV (1) + CEY2 (1) (1.7)

For any ¢>0, adding (1.7) to (1.6) by the appropriate constant, then we can yield the estimate
of (1.5). The bootstrapping argument implies that if

£(0) = [I(uo, bo) 17> < €%,
for suitable £>0, then £(¢) remains uniformly bounded for 0<t<oo,
E(t) < Ce?,

for some pure constant C'>0. The more details are provided in Section 3.



Another main goal of this paper is to establish the large-time behavior for the following
linear system

dyur = O3ug + Boby + (—A)1R3uy + (—A) 0D ug,

Orug = 8%1@ + O9by + (—A)‘%ﬁ@%ul + (—A) 18%83142,

0rb1 = Oruq, (1.8)
Dyby = B3ba + Dyus,

V.-u=0, V-b=0.

The decay estimates can then be stated as follows.

Theorem 1.2. Let (ug,bp) € HS(RQ) satisfies V - ug = V - by, where s > 0 and (u,b) is the
solution of (1.8). Let (Vug, Vby) € H*(R?). Then (u,b) satisfies,

IVa(@)ll e + Vb0 7. < O+, (1.9)
Moreover, if (Ouso, d3u10, 92bag) € H*(R?). Then we have
19pu ()| 7o + 10608l o < C(L+ )2, (1.10)

The rest of this paper is divided into three sections. Section 2 presents several tool lemmas
to be used in the proof of Theorem 1.1 and Theorem 1.2. The proofs of inequalities (1.6) and
(1.7), and Theorem 1.1 are completed in Section 3. The last section demonstrates Theorem 1.2.

2 Preliminaries

In this section, we provide several lemmas that will be very important in subsequent proofs.
Lemma 2.1 and Lemma 2.2 can help us treat the difficulty caused by the absence of dissipation.
Lemma 2.3 and Lemma 2.4 contribute to obtaining some results on the large-time behavior.

Lemma 2.1. (see [5]) Assume f,g,h,01g and Ozh all in L*(R?), it holds that
[ 17gbids < CUflallal 2 long 2RI 0o

Lemma 2.2. (see [10]) The following estimates hold when the right-hand sides are all bounded
in R2.
4 4 4 4
1l < CIAL N0 192 172" 10102 172"

which implies that
1l < ClFIME N0 112,

2 1/2
1l < CIF NIl
Lemma 2.3. (see [13]) Let f = f(t) with t € [0,00) be nonnegative continuous function.

Assume that ~
/ F(#)dt<oo.
0

Suppose that for any p>0, there is §>0 such that, for any 0 < s<t witht —s < 4,

cither  f(t) < f(s) or f(t)>f(s) and f(t)~ f(s) < p.

Then
f(t) =0, as t— oo.



Lemma 2.4. (see [8]) For given Constants Co>0 and C1>0, assume that f = f(t) is a non-
negative continuous function satisfying

/OO f(r)dr < Cy, andf(t) <Cif(s), forany 0<s<t.
0

Then there exists a positive constant Co := max{2C1 f(0),4CoC1} such that for any t>0,

fit) < Co(1+t)7h

3 The global well-posedness

The main purpose of this section is to prove Theorem 1.1. In the following, we establish the
validity of (1.6) and (1.7) respectively.
3.1 Proof of (1.6)
Proof. First, we take the L?-inner product of (1.2) with (u,b) to obtain
1d
2dt
Next, to estimate the H'-norm, applying V to (1.2) and dotting them with (Vu, Vb) in L?, we
find

(w0172 + [|O1ual|F 2 + [|02ua]|7 2 + |01b2]|72 = 0. (3.1)

1d
2 dt

2 2
- —Z/@iu Vb - O;bdx + Z/@ib V- Oibdx (3.2)
=1 =1

=1 + I,

where we used the significant fact that

2 2
Z/ﬁ,(u - Vu) - Qiudzr = 0, Z/@ib- Vb - djudx = 0.
i=1 i=1

By integration by parts and V - b = 0,

2 2
Z/bﬁiVb-é)iud:c—i—Z/b-(%-Vu-é)ibda::0.
=1 =1

Now, we bound I;. By Hoélder’s inequality, we have

1(Vu, Vb)|[72 + 101 Vug |72 + 102Vur |72 + 1101 Vbal|7»

< C|Vul| ]| VO] 12| VD] 14 (3.3)
< C|1b]| g2 VO] 2 [ V| g2
< Clbll g2 (10vuzl32 + 102uall72 + [|01b2l| 71 + [|02b1]F1),

where
IVull gz = [|01ul| g2 + [|O2ul| g2

= ||01us|| g2 + ||Oruz|| g2 + ||O2us || g2 + || Douzl| pr
< 2||0vuz| g2 + 2|02ur]] 2,
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similarly,
Vbl g1 < 2[01ba| g2 + 2([O2b1 || 112

For the term I,

< OVl 12| Vb]I74 (3.4)
< Cllullg=(101b2l7p + 192611 70)-
Collecting the estimates in (3.3) and (3.4), we yield

1d
571V, Vb)|72 + 101V |72 + 02V us |72 + (|01 V2|72

< Cll(u, b)l| 2 (010232 + 02w l3g + |01b2l 70 + 1102011 7).

(3.5)

To estimate the H2-norm of (u, b), applying 82(i = 1,2) to (1.2) and dotting them with (8?u, d?b)
in L?, one can obtain

2 2 2 2
d
7 2N Z0)II7z + D 10107 usllTz + D 1007wl 72 + D 10107617
i=1

=1 =1 =1

N

2 2
— _Z/af(u - Vu) - 0fudz + Z/a?(b - Vb) - 9 uda
i=1 =1

2 2
—Z/af(u'w) -afbderZ/af(b-vu)-afbdx
i=1 =1
= H1 + Ho + H3 + Hy.

Due to Newton-Leibniz formula and the fact of V - u = 0, it follows

2 2
m==Y" [0 vu-tfudr—23" o000 0tuts
i=1 =1

< C||Vul g2 [[Vul 74

< Cllul 2 (|0vuz||3r2 + |02u1 || 32)-

Then, we estimate Ho and H, together, by V - b = 0, one has

2 2
H2+H4:Z/B?b«Vb'B?udquZZ/aib’3iVb'5fz2Ud$
i=1 i=1

2 2
+Z/6i2b-Vu~8i2bdm+22/8¢b-8iVu~8i2bdx
i=1 =1
= Ho1 + Hoo + Hyy + Hyo,

where

2 2
Z/b - OFVb - DPudx + Z/b - 0?Vu - 02bdx = 0. (3.7)
=1 =1



By Holder’s inequality, we yield
Hyy + Hys = /a%b- Vb - udx + /agb - Vb - d3udx

+2/alb-alvu-a%bdx+2/azb-agvu-a§bdx

< C|IV20 2 VBl 2 | VPu] o
< Clbllaz (1013 + 10201 |72 + 10102172 + 1102011 71)-

Similarly,
Hoo + Hyy = 2/{91() -O1Vb - D}udx + 2/821) - 0yVb - D3udx

+/a%b-vu-a%bdm+/a§b- Vu - 93bdx
< C|IVBl|a [ V2Dl 2 | VPull 1 + O V]| £ [ V2D |7 2
< ClIbll = (V| Fz + V0] 1)
< Clb]l g2 (012 ]| F2 + 102w ||32 + (101021772 + [102b1][7)-
Combining the estimates in (3.7)—(3.9), one immediately gets

Ha + Hy < C|b]| g2 (|| 01uzl%2 + [|0aus %2 + (1010212 + [|02b1]1%1)-

Then, we estimate the term of Hs, by V- b =0, we get

2 2
Hs = —Z/afu Vb Pbdr — 2 Oy~ 9;Vh- 07bdz
i=1 i=1
< CIIV?ull L[| VO] L4 [ V2B 12 + C[| Vul oo VD] 7.2
< Cllbll g2 IVO] g [Vl g2

< C|Ibll g2 (|Ovuzlliyz + [|02un |32 + |91b2]| 32 + (10201 [|71)-

Putting (3.6), (3.10) and (3.11) together, we yield

DO | =
&‘Q‘

2 2 2 2

; D 10w, 070) 172 + Y 10107 uslF2 + Y 070207 uall72 + Y [10107ba |72
=1 =1 =1 =1

< O|(u, b)|| g2 (|01u2]| 52 + 102ut]| 52 + (1012|772 + [|02b1131)-

Combining (3.1), (3.5) with (3.12) and integrating it over [0, ¢] yields
t
a5 s +2 | (0l + 020 e + vl

t
< Clun, bl + € sup W)z [ (I0vual + 9o e + 010
<<t 0

+ [|02b1 || 71 )dT
< CE(0)+ CEV (1) + CEI ().

The proof of (1.6) is therefore complete.

(3.9)

(3.10)

(3.11)

(3.12)



3.2 Proof of (1.7)

The dissipation of £3(t) is generated by the background magnetic field. In order to establish the
bound of & (t), we need the following special structure of equation (1.2):

O2b1 = Owur +u-Vuy —b-Vby + O1p — 622U1
Proof. First, multiplying (1.2); by 0201 and integrating over R2, it follows
H02b1||%2 = /agblatuldl‘ + /62b1(u . Vul —b- Vbl)dl‘ + /82b181pdx - /82b10§u1dx
= My + My + M3 + My.
By integration by parts and applying the magnetic equation in (1.2)s,
d
M; = % /82b1u1dx — /ulag(agul +b-Vu, —u- Vbl)d.%'
d
= o /82b1u1daf + /82u1(82u1 +b-Vu, —u- Vbl)dx
= My + M.
It is easily conclude that

Mo = /62u1(82u1 +b-Vu —u-Vby)de

< ||02ur |72 + CllO2ur | g2 (1]l oe | Vurll g2 + lJullos | Vb1l 12)
< |02ur |72 + C|l(u, b) || g2 || O2ur | 2 (| Vur || 2 + [ V01| 2)
< [10aus |72 + Cll (u, b) || g2 (| Orual| Fr2 + 102ua 72 + 1010272 + 1021 [I71)-

Therefore,

d
M1 S a /82b1uld.73 + H82u||%2

(3.13)
+ Cl(u, 0) || 2 ([|0ru2 | 32 + (10201 572 + [[9102][52 + 10201 [ 71)-
By Holder’s inequality and Young’s inequality, one has
M2 = /ngl(u . Vu1 —b- Vbl)dl‘
< Cl|02ba |2 (ullLoe + (16l ) (Va2 + (| Vb1l £2) (3.14)
< Oll(u, 0)|| 210201 | L2 ([[Vur [ 2 + V01 ]| 22)
< O (u, b) || g2 (|0vu2ll72 + 102w |32 + 01021 F2 + [|9201][7)-
To bound My, by Young’s inequality, we get
1
My = —/82[)182211101%' < ZH@le”%z + CH82U1H%11 (315)

Now, we need to estimate Ms, applying V- to (1.2);, one can obtain

p=(—A)"V.(u-Vu) — (=A)IV - (b-Vb) — (~A)10103u; — (—A)1020%us.  (3.16)



Due to Holder’s inequality,
My — /62b181pd$ < C1|0ub1 12 1019l 12, (3.17)

where . .
[01pll2 < CII(=A)" V-0 (u-Vu)| gz + C[(=A)" V- 01(b- Vb)|| 2

+C|[(=A) 1 8103u || 12 + O[(=A) 18207 uz] 12
= M3y + M3z + M3z + M3y.
Using the fact of Riesz operator 8i(—A)_1/2 with ¢ = 1,2 is bounded in L", 0<r<oo, one find
Mz + Mgy = C||[(=A) 7'V - 91(u - V)| 2 + Cf|(=A) 7'V - 91 (b- VO) | 2
< Cllu-Vullpz + Cllb- V| 12

(3.18)
< Ol (w, D)2Vl g2 + [IV0] 1)
< Ol (u, D) 2 ([|O1u2]l g1 + [[02un || g + (0162 2 + (0201l 112)-
Obviously,
Mzz + My = C||(=A)10203uq| 12 + C||[(—A) 1 0a0us|| 12 (3.19)
< CHagulqu —i—CH&luQHHl. '
Combining the estimates in (3.18) and (3.19) together, we have
101pll L2 < CllGaur [ + CllOvug| (3.20)
+ Cl[(w, O) || 2 (101w 1 + (102w [ g + [[Orb2 ][ e + [|O2b1 [ 112)-
Putting (3.20) into (3.17), one can get
My < 51001 + Clonun 3 +Clovual
—4 L H = (3.21)
+Cl(w, b) |2 (1012 F1 + 12|71 + 1010271 + [10201][770)-
Combining the estimates (3.13), (3.14), (3.15) and (3.21) respectively, it follows
d
H82b1||%2 S 2£ /8gblu1dx + CHaQU1H2H1 + C||81U2H12ql (3'22)

+ Ol (u, ) [| g2 (|| O1ual|Fr2 + |02ua |72 + (0102152 + [|02b11772)-

Next, applying 0;(i = 1,2) to (1.2); and dotting it with d0;b; in L?, we can deduce that

2 2
Z |]8282b1||%2 = Z / 826¢b161-(6tu1 +u- Vu1 — b . Vbl + 81p — 8§u1)d$
=1

=1

2 2
d
dt;/ 2 1 1 ;/ 2 tV1 1 (3'23)

2
+ Z / 82(91b181(u -Vup —b-Vb + 81]) — 3%’&1)(158
i=1

= Qo+ Q1+ Q2+ Q3+ Qs + Q5.



Applying the struture of equation (1.2)2 and integration by parts,

2
Q1= Z / 828iu16i(62u1 +b-Vuy —u- Vbl)d:l?
i=1

= Q11+ Q12 + Q13,
where
2
Q12 = Z / 828@’&1(82() -Vui +b- &Vul)d:v
i=1
< Cl1 0V ull (VD] 2| Vur || o + [[bll 2l V|| 2)
< C[bl] g2l Vul 32
< C|Ibll g2 (101l Fr2 + [[02ua |1 F2)-
Similarly,

2
Qu=-3 / Dndur Dy - Vb + u - 3, Vby )da
=1

<0Vl ([ Vull 2| Vo1 | g + (]| 2 [ V201 ]| 2)

< Cllull 2|02V ua || g1 [ V]| g

< COllull g2 (102ur 72 + 181021 Fr1 + 118261 1 31)-
Combining the estimates for Q12 and Q13 respectively, we get

Q1 < [02Vurllzs + Cll(u, b) | g2 (1023 + [02wall3g2 + 0102170 + 10261 l3p)- (3.24)

Using Holder’s inequality and Young’s inequality to get

2
Qs = Z/éb@bl(azu -Vui +u- &Vul)d:v
1=1

< |02V by || L2 (|| Vul| o |V | o+ [Jul o [|VPur || 22) (3.25)
< Cllull g2]|02V01 || 2| Ve || g
< Cllull g2 (|01usll3s + 102wl 71 + 10261 ] 1)

Similar as @9,

2
@ =- 2/8281'61(82'[7 - Vb1 +b-0;Vby)da
i=1

- (3.26)
< [0V L2 (V0174 + [[bll o< [ V201 ]| £2)
< Cbll 2 (||0102][ 712 + [182b1[1771)-
By Young’s inequality, one find
& 1
Qs = — Z/@ﬁzbl@%aluldx < ZHaQVblH%/? + C||02u1||§12 (3.27)
i=1

Now, we need to establish the estimate of Q4.

2 2
Qq = 2/8261‘1716181']961%' < CZ ||6287;b1||L2H816¢p||L2.
=1

i=1

10



Thanks to (3.16),

1010ipl 12 < C(=A) 'V - 018i(u - V)| 2 + C|[(=A) 7'V - 019;(b - Vb)|| .2
+ CH(—A)”@%@%&MHB + CH(—A)ilagai)aiUQ”L&

Due to the boundness of Riesz operator 9;(—A)~'/2 with 4 = 1,2 in L?, then

[(=A)IV - 9105 (u - V)| 2 < C|(Vu - Vu 4+ u - V)| 12
< C||VullZa + Cllull e[| Vul| 12
< Cllul| g2 || Vul| g2
< Cllullg2(|01uall gt + [|02ur ]| 1)-

In a similar manner,

I(=A)7'V - 210i(b- Vb) 12 < Clbll 2| V0]
< Clbll (19102 1 + 1| O2ba[| 1)

Obviously,
1(=A) 197 050;ur |2 + | (=A) 10207 Oyuzl| 2 < C|Oual| g2 + C||Oruz| a2

Therefore,

1
Q4 < 1||32Vb1”%2 + Cl|Daur |32 + CllOruzllp

(3.28)
+ Cl(u, 0) | 2 (1812 | F1 + 102 [31 + 1010272 + 11021 71)-
Putting (3.24)-(3.28) into (3.23), we can decude
2
105V b1 ]2, < 2L Z/@gﬁiblaiuldx + C||Oruz|%2 + C||d2us |32
L= ar & " H (3.29)

+ C|[(u, b) |2 ([|Orull7r> + |O2ur |72 + [|01b2|l72 + 10201 771)-
Adding (3.22) and (3.29) together, one derives
d d <&
HGleH%,l < 2dt/8gblu1dx + 2% Z/@g&ibl&uldw + CH(%UQ”%Q
i=1
+ Cll0gur || 32 + Cll(w, b) | 2 (| 0vull7 + 02w l|7 + 10102172 + (192011 F1)-
Integrating it over [0, ], it follows
t t
| Nosbldr < Clltua.bo) e + b + € [ (I0vualfye + 0o By
0 0

t
+ Coiug [ (u, ) || 2 / (|01uzl32 + 102ua |72 + 101b2 |32 + 10201 |32 )dr
<7<t 0
< CE(0) + CE(t) + CE (1) + CEY? (1),

which implies (1.7). O
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3.3 Proof of Theorem 1.1

This subsection completes the proof of Theorem 1.1, which can be achieved by the bootstrapping
argument [17]. As we know, the local well-posedness of (1.2) in R? can be established via a stan-
dard procedure. We only need to establish the global bounds and then apply the bootstrapping
argument to obtain the desired stability result in Theorem 1.1. The key components are the
following energy inequalities established previously in subsections 3.1 and 3.2.

E1(t) < CE(0) + CEV2(t) + CEX* (1), (3.30)
Ex(t) < CEL(0) + CEL(E) + CEV (1) + CEY (1), (3.31)
Proof. For any t>0, adding (3.31) to (3.30) by the appropriate constant yields,
E(t) < Co&(0) + Co&32(2). (3.32)
where E(t) = &1(t) + &(t), and Cp>0 is a pure constant. We take

1

bo)l|%e < ——.
H(UO, 0)HH2 — 1608,

The bootstrapping argument starts with the ansatz that

It follows from (3.32) that

E(t) < Co€(0) + CoE V2 (HE(t) < CoE(0) + 002é05(t) = Cog(0) + 5E(1),

then,
E(t) < 2CHE(0).

The bootstrapping argument then implies that, for any ¢ > 0,

1

E(t) < —.
0= 3c2

This completes the proof of (1.3).
Now, we establish the decay results in (1.4). First of all, we establish the large-time behavior
of (Vu, Vb), based on V-u =0 and V - b = 0, we rewrite (3.2) as,

%%ll(w, VO)72 + 101 Vuall 2 + 82 VuallZe + 101 Voo |72
:—/Vu-Vb-Vbdx+/Vb~Vu-Vbdx
< CIVull 219012 < Clulp bl 2.
For any 0 < s < t<oo, integrating it in time, by the upper bound in (1.3), that is
1(Vu, VB ()[I72 — [[(Vu, VB) () [|72 < Ce(t — 5).

Due to
[(Vu, Vb2 < C(|01uz|| L2 + [|02url|p2) + C([|01b2]| L2 + [[02b1]|L2)-
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Invoking (1.3), we then infer
| 1w 90t < o,
0

then using Lemma 2.3 to obtain
[(Vu, Vb)(1)]|22 — 0, as t— oo.

Next, we need to establish the large-time behavior of (V2u, V2b). Applying V? to (1.2) and
dotting them with (V2u, V?b), we have

5 dtH( u, V20)|172 + (|01 V2uz |72 + [|02Vur |72 + (|01 Vb2 |7

- / V2(u - Vu) - Viudz + / V2(b- Vb) - Vudx
(3.33)

—/VQ(wa)~V2bdx+/v2(b-Vu) - V2bdx
= + F> + F5+ Fy.
By V-4 =0 and Lemma 2.1, we conclude
Fy=— /(v% -Vu - V2u +2Vu - Vi - Viu)dx
—/V2u . Vu1V2u1d:L‘ — /V2u . VU2V2UQd$
—2 / Vu - Viu Viude — 2 / Vu - ViusV2iugde
< C||V2ul| 2|V | 1210V |62V %0 | 1521029 2un |1
+ C||V2ul| 2 | Va6 02 Vua || 62|V 2 un | 162 |01V 2us || 5
+ C||V2ur | 2 |Vl 22 101Vl 152 [V 2 |52 102V 2 ||
+ C||V2us|| 2|Vl Yo |0 V| 162 |V 2 un | 162 101V 2ua ||

< OVl V%)) 20 (101 V 2z |15 + ([0 2w [|157)
< C@)|[ull 4 + 51101V usz |25 + 5|02V %ur |22

(3.34)

Similarly, by V- b = 0, it follows
Fy=— /(v% Vb - V?b + 2Vu - V?b - V2b)dx
= —/V2U181blv2b1d£ﬂ—/V2’LL28252v2b1d$—/VQU'Vb2V2b2d$
< C|IV21 ||V 2 |12 0oV 2un || 16 0101 |17 9301 ]| 5
+ O V21| 2| V2us || 152101V 2us || 1| 0abo |15 | 030] 1
+ C||V2ul| 2 | Vba |15 [0V ba | 157V 2b2 | 147101V b2 | 1

1/2 1/2 1/2 3/2 1/2
<CHbHHzHuH L1002z |15 + 1029 2ua | 152) + Cllull g2 |b][ 3 101V ba |
2/3 8/3 4/3
CEO Nl 221132 + Nl 32 118l1%2) + 51101V 22|22 + 02V ua][22 + (|01 Vb 22).

(3.35)
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By integration by parts and V - b = 0, it is easily seen that
B+ Fy = /V2b-Vb-V2ud$+2/Vb-VQb-Vzudx

+/v2b-vu-v2bdx+2/vz)-v2u-v2bdx
= Fo1 + Foo + Fy1 + Fy4.

Similar to F3, by Holder’s inequality and Young’s inequality,
Fo1 + Fpy = / V2b - Vb Vuide + / V2 - Vb Vusda

+2/Vb- V2b1V2u1dw+2/Vb-VQbQVQUde
< Cllull 216122 (1025 iz | 157 + (|00 2un || 1467
< CO)|[ull22 10157 + 8(10:V ual|22 + 102V us |22).

By Lemma 2.2,
Fy + Fypp = /v2b181u1v2b1da:+ /V26282U1V261dx+/V26~Vu2V2b2da:

+2/Vb-V2u1V2b1dx+2/Vb-VquVngdx

< Cl|Oguall! 10102z 5" | 0ua | 15930z | 12 V201 |2
+ C| V2| 2 [Vl 57101 V| 22 [V 2o | 2 00 V20157
+ CIIV2l| 2 IVl 57120157 11 2l (100 V2 57 + 10292 | 2)
< Clul32 10]132 101 V2uzl 15 + Cllull 216152 1101V 2ba |
+ Clullyz 18112 (100 V2ual| 5 + 102V || 1)
< CO)(lull s 1bl1L " + Il 2 1ol22 + lll 321611575 + 31101 V2uz |2
+0[|02V2ur[|72 + 6[101 Vb2 7.
Therefore,
Fy+ Fy < CO)(|lul§a 10l 2™ + llull 32 1811 + lull35 16l 515 + 8110y V2uz| 2

ol o (3.36)
+0)102V2ur |72 + 8|01 Vb2 3.

Choosing § = ¢ and inserting the estimates in (3.34), (3.35) and (3.36) into (3.33) leads to

%W?u, V20)[122 + (|01 V2usl|2s + [|02V2ur |22 + [|81V b2 |2 (3.37)
< Cllullf® + Iul 5200150 + lull 38 18112 + Nl s 6] 54 T).
Foe any 0 < s<t, integrating (3.37) in time, by the upper bound in (1.3), that is
1(V2u, V20) ()13 — |(V2u, V?b)(s)|[72 < C('73 +2/T)(t — s).
Due to

1(V?u, V2b) |72 < C (101 Vuzll 2 + [102Vunlz2) + C([01Vbal| 2 + 182V ball2),
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and (1.3) implies that
[ 1) <o
0

Then, applying Lemma 2.3, we derive
1(V2u, VD) |2, — 0, as t— oo.

Therefore, we finish the proof of Theorem 1.1. O

4 Proof of Theorem 1.2

This section aims to establish the proof of Theorem 1.2. It main relies on Lemma 2.4.

Proof. We first prove (1.9) in Theorem 1.2. Taking the H'-inner product of (1.8), we have

t
I, B) (1) 20 + 2 /0 (I9vus 2 + 92w |3 + 1OrbalZ)ds = [I(uo,bo) 3. (4.1)
By integration by parts and Holder’s inequality,
2 1 2 2
10172 = = | druzdpurde < S([[Oruz|[ze + [[O2uLe),

then we yield
IVull7z < 2(|0vusl7z + [|82u1|72).

Thanks to (1.3), we can conclide that
[ Ivugde< e, [ ol <c.
0 0

In order to obtain the integrability for |[Vb|[2, on the time. We need to first establish the
estimation of [|82b1|7,. Dotting (1.8); by d2b1 and integrate over R?, we obtain

||62b1||%2 = /atulﬁgbldx—/8§u162b1dx
+/(—A)18f8§u18261dx/(—A)18?82@82b1dx

= ulagbldx—/ulagatbldx—/agulagbldx

+ /(—A)—la%agu@bldm/(—A)—lafazugamdx
= Ko+ K1+ Ky + K3+ Ky.

By integration by parts, Holder’s inequality and (1.8)3 ,
K1 = — /u1820tb1dx = — /uﬁ%uldx = ||82U1||%2

Due to the Riesz operator d;(—A)~1/2(i = 1,2) is bounded in L?, we have
Ky + K3 + Ky < Cll02b1| 2 (105wl 2 + |07 uz| 12)

1
< 5110201172 + Clld5ual|72 + CloFusllLe.
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Therefore,

d
||62b1||%2 < 2£ /u182b1dx + C|]82u1||?{1 + C||81U2||§_11

Integrating it over [0, t], it follows

t t
[ obadr < Clltunsbo)lys + Cllw b+ € [ (0wl + [orualfpdr. (42)
0 0

Adding (4.2) to (4.1) by the appropriate constant, we get

t t
B2 + C / (0vusllZyr + [1Bzun |2 )dr + / (01ballZs + [[0aby|22)dr
0 0
< C|| (o, bo) |31
It is easily seen that
/0 (12 + [|VB]22)dt < C.

Applying V to (1.8) and dotting them with (Vu, Vb), one can obtain

d
a1V, V) ()72 + 2101 Vuz (1) 72 + 102V ur (1)[172) + 21|01 Vb2 7 = 0.
Therefore, by Lemma 2.4, we know that
[(Vau, VD)2, < C(1+1)~V2

Next, we prove the decay rate in (1.10). Applying 9y to (1.8) and multiplying them with
(Oyu, O;b), we obtain

d
Z10®) 172 + 19:b(®)]172) < 0.

Taking the L?2-norm of the velocity and magnetic field equations in (1.8), and integrating them
on [0,t] for any ¢ > 0, we can infer

t t t
/0 10uu(r) [2adr < /0 |2 us () acr + [ 0Bu(r)|3zdr + /O 12b(r)| 2,
and
t t t
| 1odozedr < [ o2a(o)3edr + [ 0wutr) Badr
0 0 0
Through (1.3) and Lemma 2.4, we derive
|18pull32 + [|8;b]|22 < C(1 + ) Y/2,

Similarly, applying V* to (1.8),

(0,U) = 03U, + 0281 + (—=A) 102020, + (—A) L 0:030s,
Uy = 8%[]2 + 09 By + (—A)*1816§’U1 + (—A)716%822U2,
8By = &y,
8;By = 82By + 0yUs,

V.-U=0, V-B=0,

where U = V5u, B = V*h. Repeating the above process, then we can yield (1.9) and (1.10).
This completes the proof of Theorem 1.2. O
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4.1 The stucture of the solutions
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