The two component generalized finite Erlang mixture and its
properties and special cases

Abstract: This research proposes the construction of a two-component generalized finite
Erlang mixture with four parameters. Three distinct cases of this mixture are presented, dif-
fering in their mixing weights and corresponding component probability (Erlang) distributions.
Special cases of these mixtures, including the one-, two-, and three-parameter finite Erlang mix-
tures, have also been derived. The statistical properties examined for these mixtures include the
distribution function, survival function, hazard function, moment generating function, raw and
central moments, mean, variance, coefficient of skewness, coefficient of kurtosis, and order statis-
tics. Parameter estimation for the finite Erlang mixtures was conducted using both the method
of moments and maximum likelihood estimation. Furthermore, the 4-parameter mixed Erlang
distributions were applied to a real dataset on the relief times of patients receiving an analgesic
to evaluate their goodness of fit. The results demonstrate the potential of these mixtures to
provide robust modeling for empirical data, suggesting their applicability in various statistical
and practical contexts.
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1. Introduction

The gamma distribution is a versatile probability density function widely used in various
fields, particularly for modeling the time between events in stochastic processes. It is defined
by two parameters: shape and rate (or scale). The flexibility of the gamma distribution
lies in its shape parameter, which allows it to encompass several other distributions as spe-
cial cases. Notably, when the shape parameter equals 1, the gamma distribution simplifies
to the exponential distribution. When the shape parameter is an integer, it becomes the
Erlang distribution, a specific case of the gamma distribution that is often preferred for its
practical applications and discretized shape parameters. The Erlang distribution is espe-
cially useful in modeling queuing systems and other stochastic processes. Generalization
involves expanding a distribution by introducing additional parameters, thereby broadening
its applicability and enhancing its modeling capacity. This approach enables the develop-
ment of new distributions that can capture a wider range of behaviors and characteristics
in data, making them powerful tools in statistical modeling and analysis.

When there are two or more sub-populations in a population, mixed distributions can
be used to model the population, such that components of the mixture will suit the sub-
populations. Thus, mixture distributions are used to model data that the basic distributions
may fail to fit. Pearson[7] introduced mixed distributions in 1894 when he constructed a
finite mixture using two normal distributions with different means and variances. Finite
mixtures are among the three types of mixtures, the other two being continuous and dis-
crete. Finite mixtures are defined by the number of components which can be > 2, and
the number of parameters which can be at least one. Lindley|[3] introduced finite Erlang
mixtures when he presented the Lindley distribution, a two-component mixture, which he
applied in studying fiducial distributions and Bayes’ theorem. There since have been innu-
merable work on finite Erlang mixtures. Shanker et al.[22], Shanker[19], Shanker et al.[20],



Shanker et al.[21], Mussie and Shanker[17], Tesfay and Shanker[23], Tesfay and Shanker[24],
and Nwikpe and Iwok[18] are among authors who studied three component finite Erlang
mixtures, while Shanker[26], Shanker[27] and Rashid et al.[25] presented four component
finite Erlang mixtures. Shanker[28] and Shanker[29] defined five and six-component finite
Erlang mixtures respectively.

The focus of this paper is on two components four parameters generalized finite Erlang
mixtures, and their special cases, the one, two, and three-parameter finite Erlang mixtures.
Zakerzadeh and Dolati[16] defined the generalized Lindley distribution with three param-
eters as a mixture of gamma(a,f) and gamma(a + 1,0), with respective mixing weights
% and 5. Nadarajah et al.[5] demonstrated that the cdf of the two-parameter gener-
alized Lmdley distribution they proposed, was the a* order statistic of the Lindley dis-
tribution. A two-parameter Lindley distribution was studied by Shanker et al.[14] as the
sum of % gamma(l,0) and %, gamma(2,0), and Shanker and Mishra[15] presented it
a0+1gamma(1,9) and —lsgamma(2,6). Shanker and Mishra[13] defined a
Quasi Lindley distribution with two parameters as ~%5gamma(l, 0)—|—a+r1gamma(2, 0), and
Shanker and Amanuel[12] expressed a new Quasi Lindley distribution with two parameters
as g mgamma(l 0)+ g mgamma(2,0). The cdf of the Transmuted Lindley distribution
with two parameters was expressed by Merovci[4] as the sum of the cdf the Lindley dis-
tribution and the squared cdf of the Lindley distribution, with respective weights (1 + \)
and —\. They also presented the Lindley distribution as a special case of the Transmuted
Lindley distribution. Elbatal et al.[2] proposed a new generalized Lindley distribution with
three parameters as %gamma(aﬁ)—l—ﬁgamma(ﬁ ,0). The Lindley, gamma, and exponen-
tial distributions were expressed as special cases of the distribution.

as the sum of

The cdf of a four-parameter beta-generalized Lindley (BGL) distribution was expressed
in terms of the cdf of the generalized Lindley distribution by Oluyede[6]. A new generalized
Lindley distribution with five parameters was presented by Abouammoh][1 ] as the sum of

gamma(7, ) and gamma(n, ), with respective mlxmg weights ﬁ and TR Shanker|9]

proposed a one parameter Shanker distribution as 92 +1 gamma(1,0)+ 02 —gamma(2, ). The

Akash distribution with one parameter,

by Shanker[8]. Shanker[10] studied a one parameter Rama distribution, & gamma(1, 0)+

+2gamma(1 0)+ 92+2gamma(3, 6), was presented

036% gamma(4 0). Shanker[11] defined a one parameter Suja distribution as ﬁgamma(l, 0)
+ g5 1 gamma(5, 6).

The structure of this research is outlined as follows: The mixed Erlang distribution and
its properties have been presented in section 2. The three cases of the two-component four
parameter generalized finite Erlang mixture, and their properties and special cases have
been presented in sections 3, 4, and 5. In section 6, the three cases of the generalized finite
Erlang mixture have been fitted to a data set alongside other distributions to assess their
goodness of fit, and the conclusion of the paper is provided in section 7.

2. The two-component finite Erlang mixture and its properties.

e The gamma («, 6) distribution is given by;

90{
(o)

el 2> 0:a0>0,0>0 (2.1)

flz;0,0) =

e The exponential (#) distribution,
f(2;0) =07 £>0;0>0 (2.2)



is a special case of the gamma distribution when o = 1.

e The Erlang (n,8) distribution,

011

F(n)e_‘%x"—l, x>00>0n=1,223,.. (2.3)

fz;n,0) =

is a special case of the gamma distribution when o = n is a positive integer.

Properties of the Erlang (n,0) distribution
1. The distribution function (CDF) of the Erlang distribution is given by

F(z;n,0)=1—¢ i (6=) = 7(1?(’5):5) (2.4)

t!
t=0

2. Its survival and hazard functions are, respectively,

S(xin,0) =1— F(z;n,0) = e i (9;“) _ F(Fn(,f)x)

. o f(xaTL?g) _ 0" —0z, n—1
and h(z;n,d) = Snd) F(n,@x)e x (2.5)

3. The moment generating function (MGF) is

o [ 0 \"
M,(t) = E(e") = SOy = (| — 2.6
() = B = g [ = (55 (2.6
4. The r** raw moment of the Erlang distribution is given by

N Qn > —0x _r+n—1 _F(T_’_n)
E(X)_F(n)/o ey d:c—m (2.7)

and hence, the first four raw moments are

E(X) :%, E()(z):n<n9——2|_1>7 E(X?’): n<n+10)3(n+2)’
and  B(x) = U0 F 1)@9;# 2)(n + 3) o

Remark: The above properties of the Erlang distribution will be applied in
obtaining properties of the finite Erlang mixtures, since the component probability
distributions are Erlang distributions.
5. The central moments are thus
i. Variance
nn+1) n* n

Var(X) = BE(X?) — [E(X)]* = — T ET® (2.9)

ii. Coefficient of skewness

nn+1)(n+2) 3n*(n+1) 3n®
z e e
(2.10)
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Hs _ % {E(X®) = BE(X)E(X?) +2[E(X)P’} = % {



iii. Coeflicient of kurtosis

% = % {E(XY) —4[EX)|[E(X?)] + 6[E(X)P[E(X?)] - 3[E(X)]'}
1 (n(n+1)(n+2)(n+3) 4n*(n+1)(n+2) 6n*(n+ 1) 3nt
ﬁ{ g - 7z L a }
(2.11)

6. The probability function of the k' order statistic is

O e .M(” v rwr

1=

:<k—19>n e ( ) P(&f))} (2.12)

7. The method of moments estimators for the Erlang distribution parameters are
given by

. nz? . nT
n=—x and 60 = —;

Yo (i —2)% >im (T —2)?

and the maximum likelihood estimators are

(2.13)

0 1 <
, and 5—ﬁ|ogf(ﬁ) — logn + logz — - ; logz; =0 (2.14)

e A k-component finite mixture f(z) is given by;

T) = ijfj(x) (2.15)

where f;(z) is the j" component probability distribution which can be discrete or
continuous, and w; is the weighted ;" mixing weight for j = 1,2,3,...,k, with the
following properties; w; > 0 and Z?Zl w; = 1. Hence, f;(x) is given by (2.3) in (2.15)
for a k-component finite Erlang mixture, and for two components, the mixtures will
thus be of the form;

9(2) = wgi(z) + (1 — w)ga(z) (2.16)
where g;(x) is an Erlang distribution.

Properties of the k-component finite mixture

1. The distribution function (CDF) of the finite mixture can be expressed as,

F(x) = /Ox ft)dt = ij /Oz fi(t)dt = ijFJ(x)
=> f(tydt = ij > fit)dt = ijpj(x) (2.17)

where Fj(x)’s are the respective continuous and discrete j* component CDFs.



2. The survival function is given by

0= [ - =3 JLE iwﬂj(w}

:Zf :Z Z t)dt = Z% (2.18)

Ea

where S;(x)’s are the continuous and discrete j component survival functions respec-
tively.
3. The hazard function of the mixture is given by
f(z)
h(x) = ——= 2.19
()= 5 (219

4. The moment generating function (MGF) of the finite mixture is

00 k 0o k
M,(t) = E(e") = / e f(x)dr = ij/o e fi(x)dx = ijM t
P =1

0

= Z e f(x) = ij Zemfj(x) = Z%’Mx(t)j (2.20)

z=0 j=1 =0 j=1

for the continuous and discrete component distributions respectively, where M, (t); is
the 5" component MGF.

5. The r*" raw moment of the mixture is given by

E(X") = /000 " f(x)dx = ij/o " fi(x)dr = ijE](Xr)
=> a'f(x) = Z%‘ > alfi(x) = Z%‘EJ‘(XT) (2.21)

for the continuous and discrete component distributions respectively, where E;(X") is
the 7" raw moment of the j* component.
The first four raw moments of the mixture will thus be

X)=ijEj(X), E(X2)=ij5j(X2)> E(X?’):ijEJ(X?’
and E(X*) = ij (2.22)

6. The central moments of the mixed distribution are

i. Variance
k k 2
po = B(X?) = [B(X)P? = w;B;(X?) - [ijEJ(X (2.23)
j=1 j=1
1i. Coeflicient of skewness
W 1
= 5 {B(X?) = 3E(N)BE(X) + 2[E<X>P}
1 2 2 3
j=1 j=1
(2.24)



iii. Coeflicient of kurtosis

= % {E(XY) —4[EX)][E(X?)] + 6[E(X)[E(X?)] - 3[E(X)]*}
ij X4] —4[2% ij E;(X?) Zw]
[j{:cu] E,;(X?) ] -3 [jgjcyj } (2.25)

7. The probability function of the k™ order statistic for the finite mixture is given by

1
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where f(z) is the mixture distribution and Fj(z) is the j* component distribution
function in the mixed distribution.
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(2.26)

8. Parameter estimation

Method of moments estimation (MME)
The r* sample moments have been equated to the r** moments of the mixed distri-
butions to obtain parameter estimates of the finite mixtures, that is,

1 n
=y =l =BE(X7), r=123,.. (2.27)
n

=1

Maximum likelihood estimation (MLE)

The parameters of the finite mixtures have also been estimated using MLE. The log-
likelihood functions obtained from the likelihood functions have been differentiated
with respect to the parameters, and the resulting equations solved simultaneously using
the Newton-Raphson method to obtain the numerical estimates of the parameters.




3. The two component four parameter finite Erlang mixture: Case 1

S

Let ¢1(z) = Gamma(a,0), ¢o(x) = Gamma(a+1,0), w= s and (1—-w)= s
0 ea s 9a+1 Qa—l—l gja—l Sil?a
Th — —0x,a—1 —0x o _ —0Ox

e 9@ =T Y Yarster D’ st (F(a)+F(a+1)>

9a+1 wa—l on
= iFsTarn’ (@t
let s= é

&4

(x) _ ea—l—l e_ez a:a—l - ém
7932 T+ ;
_ Pa+ oz gotle—0rpa—l
B+ S5 T(a+1)

which is a 4-parameter generalized Lindley distribution with the following properties and special cases.

x>0;60>0,0>0,6>0,a=1,2,3,..

Properties

1. The CDF of the mixture is given by
0 ~(a,0x) s v(a+1,0x) [fay(a,bz)+ sy(a+1,0z)]

T 0+s ['(a) 0+s T(a+1) - 0+ s)T'(a+1)
[fafy(a, 0x) + dy(a + 1, 6z)]

(BO+ )T (a+ 1)

G(x)

2. The survival function is

() 0 T(«,bx) s T(a+1,0x) [fal(a,0z) + sT(a+1,0z)]

T f0+s I(a)  6+s D(a+1) 6+ s)D(a—+1)
[0l (o, 0x) + 6T (a+ 1, )]

(B0 + 0)[(a+1)

3 and the hazard function is thus
Batdz 6+l gz a—1

h(r) = 0 T T (faton)priean ]
T [0aBT(o,02)+6T (at1,02)]
(B+o)(a-+1) [fafT (e, 0) 4 6T (v + 1, 0)]

4. The MGF of the mixed distribution is

w0 =50 (55) + 55 <L>a“_ 0H0—t+s) _ 0[50~ 1) + 0]

0—t O+s\0—t 0+ 8) (O =)t (BO+0)(0 —t)et!

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

5. The r** moment about the origin of the 4-parameter generalized generalized Lindley distribution is given

by

E(X")

0 T'(s+ «) s 'r+a+1) [ad+s(r+a)l(r+a) [Bald+0(r+a)T(r+a)

and the first four moments are therefore

[Bal +0(1 + «)]

E(X) =

(B0 + 0)0
2y _ 1800 +6(2+ )] (1 +a)
e (80 + 5)62
o Bal+ 0B+ a)] 2+ a)1+a)
e (86 + )63
B(XY) = [Bad + 5(4 + )] (3 + a)(2 + a)(1 + a)

(30 + 6)6°

T 0+s 0T(a)  O+s 0T(a+1)  (@+s)0T(a+1)  (BO+6)0T(a+1)

(3.6)



6. The central moments are

i. Variance

11.

1i1.

_[Bab 2t a)(lta) {[Ba6’+ 5(1 4 a)] }2

1 (B0 + 6)6? (B0 +6)0
_ Pala+1)0(80 +6) + d(a+ 1) (a+2)(80 + 6) — (Bab)? — 6* (o + 1)* + 2Badf(c + 1)
B 62(80 + 0)?

(3.11)

Coefficient of Skewness
Hs i{ [Bal + 6B+ )] 2+ a)(l+a) {[ﬁa@%—é(l +a)]] {[ﬁa9+5(2+a)] (1+a)
o3 o (80 + 6)6° (80 + 6)0 (86 + 6)6?
[Babd +6(1 +a)]]”
2{ 50 +0)0 } }
~(a+1D)(a+2)(B0 +0)*[Bab + 6(a 4 3)] — 3(av+ 1)(80 4 0)[(Bab)? + Babd(a + 1)+
B o303(30 + 6)3
Babd(a+2) + 6*(a+ 1)(a + 2)] + 2[(Bab)?® + 3(Bab)?6(a + 1) + 3Babd*(a + 1)? + 6*(a + 1)?]

(3.12)

Coefficient of Kurtosis
fa i{ [Babl +5(4+ )| B+ )2+ )1 +a) 4 [[ﬂaG +dB3+ )] (24 a)(1+ 04)]
(80 + )0 (86 + )63
[[ﬁa9+5<1 +a>]] 6 [[5049—}-5(2—1-04)] (1 ~|—a)] [[5a9+5(1 +oé)]r_
(B0 +6)0 (80 + )62 (86 4 0)0
[Bab + (1 + a)]]*

| Grine ] )
(a+ 1) (a+2)(a+3)(B0+06)°[Babd + 6 (o + 4)] — 4(a + 1) (o + 2) (50 + 0)*[(Bab)® + Babd(a
B a0 (B0 + §)*

+1) + BabBd(a + 3) + 0% (a + 1) (a + 3)] + 6(a + 1)(80 + 0)[(Bab)? + Babd*(a + 1)? 4+ 2Ba0d(«

ot ot

+1) + (Baf)?5(a + 2) + &3 (a + 1)*(a + 2) + 2Bab6*(a + 1) (a + 2)] — 3[(Bab)* + 4(Bab)?5(a

+1) +6(Badd)*(a + 1)* + 4Bafd%(a + 1)* + §* (o + 1)] (3.13)

The probability function of the k* order statistic for the finite mixture is given by

n!(Ba + dx)fotte bt oy (n — k) (—1) [[Qaﬂ'y(oz, 0z) + 0y(a + 1,02)] ]!
(k= Dln = K)I(B0 + 6 (o + 1) = (B0 + )+ 1)

fi(z) =

(3.14)

Parameter estimation

Method of moments estimation
The parameter estimates of the finite mixture are obtained by solving the below equations simulta-
neously using the Newton-Raphson method.

[Bal + §(1 + )]

=z

(B0 + )0
[Bad +0(2+a)](1+a) >, x?
(B8 +6)62 n
[Bab +6(B+a)]2+a)(1+a) 30, x}
(B0 +6)63 n

Babd +0(4+a)]B+a)2+a)(1+a) 7, x}

(B0 + 6)6* n




Maximum likelihood estimation
The likelihood function of the 4-parameter finite Erlang mixture is given by

n _ . —
Ba + dx; §o+te brigd 1

L(0, 5,6, ) :H po+6 T(a+1)

i=1

n

= [(B0 + ) (o + 1)] " grlatDe=02 i ﬁ 2 ] [Ba + ox) (3.15)

i=1 i=1
and the log-likelihood function is
L =logL(0,,0,) = —nlog (80 + 0)I'(a + 1)] + n(a + 1)logt — 6 Z:l:Z + (v —1) Z logz;+
i=1

i=1

i log [Bor + 4] (3.16)

The partial derivatives with respect to the parameters are as outlined below.

n

e RO 319
% :_ﬁ+gﬁ (3.19)
g_z = —% + nlogf + Zzn; logx; + Zil ﬁ (3.20)

The above equations (3.17)-(3.20) are equated to zero and solved simultaneously, using the Newton-
Raphson method, to obtain numerical estimates of the parameters.

Special cases

i. when 0= 1, we have Type I 3-parameter Lindley distribution.

0o (Ba 4 x) e P!
B B Ma+1)

g(z) 2>00>08>0a=123,.. (3.21)

ii. when =1, we have Type II 3-parameter Lindley distribution.

0+ (o + 0x) e P2t
g(r) = ,
040 I'a+1)

x>00>0,6>0,a=1,2,3,... (3.22)

(Zakerzadeh and Dolati[16])

iii. when a=1, we have Type III 3-parameter Lindley distribution.

_PB+6)

= -0 .2
g(x) 5013 , >00>0,>0,0>0 (3.23)

iv. when f=0=1, we have Type I 2-parameter Lindley distribution.

0ot (o + x) e 02t
g(z) = ,
0+1 TI'(a+1)

2>00>0,a0=123,.. (3.24)

v. when a=0=1, we have Type II 2-parameter Lindley distribution.

_ 02<ﬁ+$) —0x

= ;0 2
g(x) 5051 e x>00>0,8>0 (3.25)

(Shanker et al.[14])



vi. when a=0=1, we have Type III 2-parameter Lindley distribution.

2
g(x) = %e%, z>00>0,6>0 (3.26)

vii. when a=0f=0=1, we have 1-parameter Lindley distribution.

o ‘92<1 + ZE) —0x

g(x) = srl ¢ x>0;6>0 (3.27)

4. The two component four parameter finite Erlang mixture: Case 2

2

Let g¢i(z) = Gamma(a, ), ¢o(x) = Gamma(a +2,0), w= i and (1 —-w)= ﬁ
2 o 0a+2 0a+2 a—1 a+1
Then g(x) = f 07 o—bm ya- 5 ~brgotl _ U e (T
0% + sT'(«) 02+ sT'(a+2) 0% + s MNa)  T'(a+2)
_ e 0" L [a(a + 1) + s27]
02+ INa+2)
let s = °
B
9a+2 0 330‘_1 5
= vz 1 — 2
=3¢ Ta+v2) (etet )+ 57)
1) 4622 got2
_Palatl)+ou el 25 0.0>0,8>0,0>0,a=1,23,... (4.1)

p6% + 6 I'a+2) ’

which is a 4-parameter generalized finite Erlang mixture with the following properties and special cases.

Properties

1. The CDF of the 4-parameter generalized finite Erlang mixture is given by

6? ~(a,0x) s Y(a+2,0x)  [Pa(a+1)y(a,0z) + sy(a+ 2,0)]

T 02+s I(a)  +s I(a+2) (62 + )T (o + 2)
[B0%a(a + 1)y(a, 0z) + dy(a + 2, 0z)]

G(x)

= 4.2
(802 +)I'(a+ 2) (42)
2. The survival function of the mixed distribution is
S(z) = 6 T(a,0z) s Dla+2,0z) [Pala+ 1) (o, 0x)+ sT(a+ 2, 0x)]
2 +s I(a) 2+s D(a+2) (0% 4+ s)I'(a+2)
[B0%a(a + 1T (a, 0x) + 6T (a + 2, 02)]
(86? +0)I'(a + 2)
3. and the hazard function is
Ba(a+1)+6x% 9o+2 _gp o— _ _
h(z) = 22+ T(at2) ¢ Peget _ [Ba(a+1)+ da?)gatiefr ol (4.4)
[80%2a(a+1)T(a,02)+T (a+2,0x)] 2 )
e pO?a(a+ 1), 0z) + 0T (a + 2, 0x)
4. The MGF is given by
ML(1) = 02 0\ s 0\ 00— )2 4] 0T [B(0 — )+ + 4] (45)
4 s \O—t 02+ s \0—t (02 8) (0 —t)t2  (BO2+0)(0 — t)ot? '



5. The r" raw moment of the finite mixture is

n 7 T(r+oa) s Iir+a+2) T(r+a)@Palat+l)+sir+a)(r+a+l)
BE(X") = 02 +s 0T () i +s O0T(a+2) (0% 4 $)0rT (o + 2)

_T(r+a)[B0Pa(a+1)+0(r+a)(r+a+1)]

(B0 + 0)0T(a 1 2) (46)
and the first four raw moments are thus
_ [BOPa(a+1) +6(1 4+ a)(a + 2)]
BX) = (B0 + 0)0(1 + ) (4.7)
o [BOa(a+1)+0(2+a)(a+3)]
E(X?) = (307 + )02 (4.8)
5 (@+2)[B0Pa(a+1)+ 063+ a)(a+4)]
E(X?) = (B0 + 010" (4.9)
s (a+2)(a+3)[B0Pa(a+ 1)+ (4 + a)(a+ 5)]
E(X*%) = (07 £ 0)0 (4.10)
6. The central moments are given by
i. Variance
T2+ a)[BfPala+1)+0@2+a)(@+3)]  [T(1+a)[B0%a(a+ 1)+ (1 + a)(a +2)] 2
Hz = (B62 + 0)62T (a + 2) (B62 + 0)0T(a + 2)
Ba(a+1)°0%(86% +0) + d(a + 1)* (e + 2) (o + 3)(86* + 0) — f2a*(a + 1)%0"—
B Pl + 12307 + 0)°
P(a+1)*a+2)? = 2B8a(a+ 10?5 (a+1)(a+2) (4.11)

ii. Coefficient of Skewness

ps i{r(:& + ) [B0Pa(a+1) + @+ a)(a+4)] 5 [F(Q +a) [B0*a(a + 1)+ 6(2 + a)(a + 3)]]
(80% + 6)6°T(a + 2) (802 + 6)0°T (a + 2)
[F(l + a) [B0*a(a+1) +0(1 + a)(a+ 2)]] Lo [F(l + a) [B0a(a+1) + (1 + a)(a+ 2)]}3 }
(802 + 6)0T (a + 2) (80% 4 0)0T (v + 2)
_ Bafa+1) (e +2)0%(80% + 6)° + d(a + 1)*(a + 2)(ar + 3) (a + 4)(80° + 0)* — 3%a*(a +1)16"

o3 o3

(862 + 6) — 3Bala + 1)*(a + 2)50%(B0% + 6) — 3Bal(a + 1)3(a+ 2)(a + 3)06%(B6? + ) — 3(a +1)3
o303 (a + 1)3(B62 + §)3
(a +2)* (a0 + 3)06%(BO? + ) + 2833 (a + 1)360° + 3822 (a + 1)3 (o + 2)0% + 3Ba(a + 1)3(a + 2)?

0262 + 03 (a + 1)*(a + 2)3

(4.12)



iii. Coefficient of Kurtosis

% _ %{F@Ha) [ﬁ(g;(i;);z&ﬁ;a)(a +9)] [F(3 +a) %%Hﬁ ;a)(a +4>]}
{m +a) wf;(;z(i +6)10)F Zf(j 2+) o) (a + 2)]} e {m +a) [5(952;.;(?_ ;) ;2);( j(f 2+)a)<a + 3)]}
{m +a) [ﬁ(e;;;(i +5)10>F ?jf;) o) (a + 2)]} ' {m +a) [5(9;(;2(1 ;)19} fo 2+) a)(a +2)] ] : }
_ Ba(a+ 1)°(a +2)(a+3)0°(80% +6)° + d(a + 1)*(a + 2)(a + 3)(a + 4) (o + 5) (8% + 9)* — 450’

(a+1)5(a + 2)204(B86? + 0)? — 4Bala + 1)%(a + 2)%66%(B0* + §)? — 4Ba(a + 1) (a + 2)(a + 3)

(a0 +4)660%(B0% + 6)* — 4(a+ 1) (a + 2)*(a + 3)(a + 4)6%(B86? + §)? + 6633 (o + 1)°0°(B6* + §)+
o404 (a + 1)4(B62 + §)*
68a(a + 1)%(a + 2)%6%0%(86? + §) + 128%a* (o + 1)%(a + 2)004 (862 + &) + 68%a* (o + 1) (a + 2)

(a0 +3)80*(B80% +6) + 6(c + 1) (a + 2)3 (e + 3)53(86? + §) + 12Ba(a + 1)* (o + 2)*(a + 3)526>

(862 + 6) — 384 (a + 1)10® — 128303 (a + 1) (a4 2)0°5 — 183202 (o + 1)* (v + 2)20%52—

12B8a (o + 1)* (o + 2)6%6° — 36*(a + 1)*(a + 2)* (4.13)

7. The probability function of the k™ order statistic for the finite mixture is given by

fr(x) =

n: [6 (Oé—|— 1) +ox ]9a+2 —0z a1 n—k (n— ]{;) (_1)1 |i[ﬁ92oé(a+ 1),)/(0{791,) +(5’Y(Oé+2,91})] i+k—1
(k= Dl(n —k)(BO2 +6)'(a +2) — 7 (602 + 8)C(a + 2)

(4.14)

8. Parameter estimation

Method of moments estimation
The method of moments estimators for the parameters of the mixed distribution can be obtained by
solving the following equations simultaneously with the aid of the Newton-Raphson method.

[B02a(a+ 1) +6(1 + a)(a + 2)]
(802 +6)0(1 + «)

[B02a(a+ 1) +6(2 + a)(a + 3)]
(862 + 6)62 Z‘”

(a+2) [BPala+ 1)+ 53 + a)(a +4)]
(86> + )6 Zx

(a+2)(a+3)[0Pa(a+ 1)+ (44 a)(a + 5)] Z

(B0 + 6)* i

Kl

Maximum likelihood estimation
The likelihood function of the 4-parameter finite Erlang mixture is given by

n 2 a+2
L(9,8.6.0) = [ | folo 1) 405 077 ptmipot

€T

B2 +5  T(a+2) i

n

= [(B6* + 5)D(a +2)] " orletDefiin ﬁ 2 ] [Bala + 1) + 627] (4.15)

i=1 i=1



ii.

1il.

1v.

V1.

vii.

and the log-likelihood function is

L =logL(, 3,6, a) = —nlog [(86° + 6)I'(a + 2)] + n(a + 2)logh — 6 i ;i + (a—1) i logx;+

Z log [Ba(a + 1) + 6z7] (4.16)

The partial derivatives with respect to the parameters are obtained and the resulting equations are as
follows;

((55_}(; - (ﬁzziea) < + 2 Zn:x (4.17)
%% U%ﬁws Ezﬁmajﬁﬁéﬁ (4.18)
% - _(592—n+5)+zﬁoz a+xi)+5x2 (4.19)
g—z = —% + nlogf + Z log; + Z Baa + 1))1@1 (4.20)

The numerical maximum likelihood estimates of the parameters are obtained by equating equations (4.17)-
(4.20) to zero and solving them simultaneously using the Newton-Raphson method.

Special cases

when § = 1, we have type I 3-parameter finite Erlang mixture.

1 2 9&—{-2
g(z) = BO‘(Z;JF);” ot 2)6—%6“—1, r>00>08>0a=1,23,.. (4.21)
o

when § = 1, we have type II 3-parameter finite Erlang mixture.

B ala+1) + dz? o2 otz a1

= ;0 ) =1,2,3,.. 4.22
g(I) 92—|—6 F(()é—|—2) z ) x> 07 > 07 > 07Ck ) 737 ( )

when o = 1, we have type III 3-parameter finite Erlang mixture.

_ 2B+ 62’ 93 om

when =9 = 1, we have type I 2-parameter finite Erlang mixture.

a(a+1)+x2 pot+2 e a1
= Tx® >00>0a=1,23,... 4.24
90) = = T Tayy T e 00> 0a=1.23 (4.24)

when o = 0 = 1, we have type II 2-parameter finite Erlang mixture.

() 26_{—1‘ 03 —0z
T =12

x>06>0,8>0 (4.25)

when @ = § = 1, we have type III 2-parameter finite Erlang mixture.

2—1—5x293 o
g(l’)— 82+5 2 )

When § = 2, the type III 2-parameter finite Erlang mixture becomes the Akash distribution. (Shanker[9]).

x>0;0>0,0>0 (4.26)

when o« = f = 0 = 1, we have 1-parameter finite Erlang mixture.

2 + a? 03 0w
21+19¢

g(x) = x>0;0>0 (4.27)



5. The two component four parameter finite Erlang mixture: Case 3

3
Let g¢i1(x) = Gamma(«, ), go2(x) = Gamma(a + 3,6), w:939—+8, and (l—w):ﬁ
93 Jalel s 9a+3 9a+3 xafl S$a+2
Th _ —0z _a—1 =0z, a+2 _ —0x
o 9@ = G T P+ sT(a+3) #+s° \[a) T(a+3)
e T oo+ D(a+2) + s
= e F(a+3)aa o ST
)
Let s=—
B
9a+3 :L,a—l 5
\) = e 1 2) + —a
g(\) 93+%e Ta 1 3) (a(a+ )+ )—i—ﬁx)

1 9 5 3 904-1-3
_ Bola +6)9(304+—i—6 )+ 0z o 3)679%0{71’ 2>0:0>0,8>0,0>0,a=123,.. (5.1)

which is a 4-parameter generalized finite Erlang mixture with the following properties and special cases.

Properties

1. The CDF of the 4-parameter generalized finite Erlang mixture is

6 ~(«a,0x) s Y(a+3,0z) Bala+1)(a+2)y(a,bz) + sy(a+ 3,0x)

&) = s T T Frs Tars) (@ +5)[(a+3)
_ BPa(a+1)(a+2)y(a, 0z) + dy(a + 3, 0x) (5.2)
(B6% +6)T(a + 3) '
2. and the survival function is
S(x) = 63 T(a,0z) s Dla+3,0z) ala+1)(a+2)(a,bz)+ sI'(«a+ 3,0x)
B 4s I(a) B3 +s I'(a+3) (03 + s)I'(a + 3)
~ B@a(a+1)(a+2)I(a,0z) + 6T(a + 3, 0z) (5.3)
B (863 + 6)I (o + 3) '
3. The hazard function is given by
Ba(a+1)(a+2)+6x3 923 _gr a—
h(z) = — 20D M T [Bafa + 1)+ 2) + 0ad)grtieteget (5.4)
BO3a(a+1)(a+2)T(a,0z)+6T (a+3,02) 3 ’
o) BO3a(a+ 1) (a + 2)[(a, 0z) 4+ 0T (v + 3, Ox)
4. and the MGF is
63 o \° 0\ 60 —t)? 0330 — t)° +§
03+s \0—t 03+s\0—t (03 +s)(0 —t)ot3 (B3 +0)(0 —t)~+3
5. The r** raw moment of the 4-parameter generalized finite Erlang mixture is
3
B(X") = > T'(r+a) s I(r+a+3)
#B+s 0T(a) 63 +s 0T(a+3)
CTr+a)Pala+1)(a+2)+s(r+a)(r+a+1)(r+a+2)
B (03 + 5)0T'(a + 3)
CTr+a)BPala+1)(a+2)+6(r+a)(r+a+1)(r+a+2)] (5.6)

(803 4+ 6)0T' (o + 3)



and in particular the first four raw moments are

_ BO3a(a+1)(a+2)+6(1+ a)(a+2)(a+3)

EX) (8O3 +0)0(a+2)(a+ 1) (57)
o BPala+1)(a+2)+62+a)(a+3)(a+4)
BXT) = (B6° + 0)0%(a 1 2) (5:8)
5y _ BPala+1)(a+2)+0B+a)(a+4)(at5)
E(X°) = (367 + 0107 (5.9)
o B+a)pfPala+1)(a+2)+ 04+ a)(a+5)(a+6)]
E(X*%) = (B6F + 0) (5.10)
6. The central moments are given by
i. Variance
T2+ a)[BPala+1)(a+2) +02+a)(a+3)(a+4)]
f2 = (B6° + 6)6°T(a + 3)
I(1+a)[f0Pala+1)(a+2)+ 61 +a)(a+2)(a+3)]]°
(803 +0)0T (o + 3)
_ Ba(a+1)%(a +2)*0°(86° +0) + d(a + 1)*(a + 2)*(a + 3)(a + 4)(86° + 6)—
- 02(a + 1)%(a + 2)2(B6° + 0)?
B2 (a+ 1)*(a+2)%0% — (o + 1)*(a + 2)*(a + 3)? — 2B0a(a + 1)*(a + 2)*(a + 3)0°
(5.11)

ii. Coeflicient of Skewness

s i{r(3 + a)[0Pa(a+1)(a+2)+ 03+ a)(a+4)(a+5)]
g3 o3 (803 +0)6T' (o + 3)
5 [F(Q +a)[BPPa(a+ 1) (a+2)+ 62+ a)(a+3)(a+ 4)]}
(863 + 6)0°T (o + 3)
{P(l +a)[BPPa(a+ 1) (a+2) + (1 + a)(a+2)(a + 3)]] N
(863 + 6)0T (v + 3)
) [m +a)[f0Pa(a+1)(a+2) +6(1 + a)(a+ 2)(a + 3)]}3}
(863 + 0)0T (a + 3)
Ba(a+ D)Ha +2)*0°(86° + 6)* + 6(a + 1)* (o + 2)* (o + 3) (a + 4) (e + 5)(80° + 9)*~

3822 (o + 1) a + 2)30°(86° + 0) — 3Bda(a + 1)*(a + 2)*(a + 3)03(B0% + 6) — 3B0a(a + 1)3
o303 (a + 1)3(ar + 2)3(B63 + 0)3
(a+2)3(a+3)(a+4)03 (B0 +6) — 36%(a + 1)3(a + 2)3(a + 3)?(a + 4) (803 + §) + 283>

(a+1)3(a+2)30° + 682002 (a + 1)3(a + 2)3(a + 3)8° + 6852 a(a + 1)3(a + 2)% (o + 3)%6363

(a+1)3(a+2)3(a+ 3)3

(5.12)



iii. Coeflicient of Kurtosis
Ha i{ ['(4+a)[B0Pa(a+1)(a+2)+ (4 +a)(a+5)(a+6)]
ot ot (8O3 + 0)0*T (a + 3)
A [F(?) +a)[f0Pala+ 1) (a+2) + 63+ a)(a+4)(a+ 5)]}
(B63 + 6)63T (v + 3)
[F(l + a)[BPa(a+ 1) (a+2) 4+ 6(1 + a)(a +2)(a + 3)]} N
(863 + 6)00 (c + 3)
6 {F(Q + a)[BPa(a+ 1) (a+2)+ (2 + a)(a+ 3)(a+ 4)]]
(863 + 6)0°T (a + 3)
[m +a)[B0Pa(a+ 1) (a+2) +6(1 + a)(a+ 2) (o + 3)]]2
(803 4+ 60)0T (. + 3)
., [m +a)[f0Pa(a+ 1) (a+2) +6(1 + a)(a+ 2)(a + 3)]}4}

(503 + 6)0T (o + 3)
Ba(a +1)%(a +2)%(a +3)0°(86° +9)* + d(a + 1)*(a + 2)*(a + 3)( + 4)(a + 5)(a + 6)

(86° +6)° = 4p%®(a + 1)°(a + 2)°0°(B6° + 6)* + 4Bda(a + 1)°(a + 2)°(a + 3)0° (B6° + 6)*+

4B6a(a + D)Ha + 2) o + 3)(a + 4) (o + 5)03(B0% + 6)* + 46%(a + 1) (o + 2) (a + 3)*(a + 4)

(a+5)(B80° +6)* + 6633 (a+ 1)%(a + 2)*0° (863 + &) + 686%a(a + 1)3(a + 2)* (o + 3)%603
64 (a+ 1)* (a4 2)*(80% + 6)*
(80° +0) +12B%00*(a + 1)° (o + 2)*(a + 3)0°(86° + 9) + 6%00* (o + 1)*(a + 2)* (o + 3) (v + 4)

0%(BO% +6) + 653 (a + 1) + 2)Ha + 3)3(a + 4)(80° + §) + 1288%*a(a + 1) + 2)* (e + 3)?

(a+4)03(B863 + 0) — 38%* (a + 1) a + 2)1012 + 126350 (a + 1) (a + 2)* (a + 3)6° + 1825202

(a+ 1) a+2) a+ 3)%0° + 1280%a(a + 1) a + 2)* (a + 3)%0% + 30* (a + 1)*(a + 2)*(a + 3)*

(5.13)
7. The probability function of the k™ order statistic for the finite mixture is given by
nl[Ba(o+ 1) (o + 2) + 02390 3e e g0t X /n — k ;
fe(x) = 3 (=
(k—1)!(n— Ek)![BO> + 6T (a + 3) — 1
BOa(a+ 1)(a+ 2)y(a, 0z) + dy(a + 3, 9:(;)} ke (5.14)
(80% +0)T'(a + 3) '

8. Parameter estimation

Method of moments estimation
By solving the equations below simultaneously using the Newton-Raphson method, the estimators of the

mixture distribution are obtained.
BOa(a+1)(a+2)+ (14 a)(a+2)(a+3)
(863 +0)0(a+ 1)(a + 2)
BPa(a+1)(a+2)+ 02+ a)(a+3)(a+4) 1 Z"E2

%

=z

(B6° +6)6>(a +2) =
BPPa(a+1)(a+2)+6B+a)a+4) (a+5) li 5
(56° + 6)63 R
B+ a)BPa(a+1)(a+2)+ 64+ a)(a+5)(a+6)] Zx4

(863 + 6)6*
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Maximum likelihood estimation
The likelihood function of the 4-parameter finite Erlang mixture is

a+3
0 —0x; ZEq_l

e

1 Bala+ 1)(a+2) + 6z
L(#.8,6,0) =[] B3 + 6 T(a+3)

= [(BO® + O)T(a + 3)] " onet¥e? i T H x¢ H [Ba(a+1)(a+2) + 6z} ] (5.15)
i=1 i=1
and the log-likelihood function is

L = logL(0, 3,6, a) = —nlog [(B86° + 6)I'(ar + 3)] + n(a + 3)logd — 0 z”: z; + (a0 —1) z”: log;+

i=1

Z log [Ba(a + 1)(a + 2) + 627] (5.16)

=1

The derivatives with respect to respective parameters are

L 3np6? n(a + )

50 (P o) E:% (5:17)
oL no? a+1)(04+2)

53~ (B 10) 225aa+4xa+m+wﬁ (5.18)
oL n x}

%‘Z_wm+5)+;;&ua+nm+2)+h§ (5.19)
oL nIl'(a+3) & " Bla+ 1) (a+2) + Ba(a+2) + Bala + 1)

b T(a+3) - nlogh Z logi Z Ba(a+1)(a+ 2) + ox? (5:20)

By equating the above equations (5.17)-(5.20) to zero and solving them simultaneously using the Newton-
Raphson method, the maximum likelihood estimates of the parameters are obtained numerically.

Special cases

when 0 = 1, we have type I 3-parameter finite Erlang mixture.

1 2 3 9a+3
g(x) = Jala +ﬁ£§i§ e I'(a+ 3)6‘%‘”“17 r>0;60>0,5>0,a=123,.. (5.21)
«

when § = 1, we have type II 3-parameter finite Erlang mixture.

ala+1)(a+2)+d6x> 63
= T ;0 o =1,2,3,.. 22
g(x) R F(a—|—3)€ 7, x>0;0>0,0>0,a=1,2,3, (5.22)

when o = 1, we have type III 3-parameter finite Erlang mixture.

68 + ox® 94 iy

g(x) = N 5 x>0;0>0,08>0,0>0 (5.23)

when =0 = 1, we have type I 2-parameter finite Erlang mixture.

ala+1)(a+2)+2* 63 R

= >0;0>0,a=1,2,3,... 5.24
g(x) 93 +1 I‘(a—i—B) 4 Y ) , )&y ( )

when o = 0 = 1, we have type Il 2-parameter finite Erlang mixture.

654—1:394 om
90 = GE 16

x>060>0,8>0 (5.25)



vi. when o = § = 1, we have type III 2-parameter finite Erlang mixture.

5 304
g(z) = %56%’ z>0;60>0,8>0 (5.26)

When § = 6, the distribution is a one parameter Rama. (Shanker[10])
vii. when a@ = =6 = 1, we have 1-parameter finite Erlang mixture.

64236 _,
= —e
3+16

g(x) o >00>0 (5.27)



6. Application

An application of the three cases of the generalized finite Erlang mixture has been demonstrated in this
section. To assess and compare their goodness of fit, the three distributions have been fitted to data on the
relief times in minutes of patients receiving an analgesic. The data set was provided by Gross and Clark[31] in
1975 and has since been applied by various authors including Shanker[9] in studying the Shanker distribution,
Shanker[26] in fitting the Amarendra distribution, Nwikpe and Iwok[18] in evaluating a three-parameter
Sujatha distribution, and Oguntunde[30] in assessing the generalized inverse exponential distribution. The -2
log-likelihood (-2In(L)), Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC) and
Akaike Information Criterion Corrected (AICC) statistics have been used for comparison, and they are
computed using the formulae below.

AIC = =2InL 4 2k, BIC' = =2InL + kinn, AICC = AIC + %, where k is the number of parameters and
n is the sample size.

Data set: The relief times (in minutes) of 20 patients receiving an analgesic
1.1,1.4,1.3,1.7,1.9,1.8,1.6,2.2,1.7,2.7,4.1,1.8,1.5,1.2,1.4,3.0,1.7,2.3,1.6,2.0
Table 1. Parameters estimates, -2In(L), AIC, BIC and AICC statistics for the 3 cases of the 2-component
4-parameter Erlang mixture, and other mixed finite distributions using the relief times’ data set.

Distribution Estimated parameters -2In(L) | AIC | BIC | AICC
Akash distribution - 6=1.1569 - - 59.52 | 61.52 | 62.52 | 61.74
Exponential distribution - 0=0.5263 - - 65.67 | 67.67 | 68.67 | 67.9
Shanker distribution - 6=0.8039 - - 59.78 | 61.78 | 62.78 | 62.01
Lindley distribution - 0=0.8161 - - 60.5 62.5 | 63.5 | 62.72
Sujatha distribution - 0=1.1367 - - 57.5 59.5 | 60.5 | 59.72
Amarendra distribution - 0=1.4808 - - 55.64 | 57.64 | 58.63 | 57.86
2-component | Case 1 | a=8 0=>5.1 £5=0.001 | 6=2.87 | 36.7 44.7 | 48.68 | 47.37
4-parameter | Case 2 | a=7 | 60=5.08 | 5=0.0001 | 6=3.69 | 36.6 44.6 | 48.58 | 47.27
Erlang mixture | Case 3 | =10 | 6#=5.52 £=0.15 | 6=3.42 | 35.45 | 43.45 | 47.43 | 46.12

The finite Erlang mixtures give better fits compared to the rest of the finite mixtures, as seen in the statistics
used in the comparison, which are lower for the mixed finite Erlang distributions compared to those of the
Akash, exponential, Shanker, Lindley, Sujatha, and Amarendra distributions. Case 2 gives a better fit than

case 1, while case 3 gives the best fit among the 3 cases of the mixed Erlang distributions.

7. Conclusion

Three cases of the two-component 4-parameter generalized Erlang mixture have been derived, each with
varying mixing weights and component probability (Erlang) distributions. These include their special cases:
the two-component 1, 2, and 3-parameter finite Erlang mixtures. The properties of these mixtures, including

the distribution function, survival function, hazard function, moment generating function, raw and central
moments, mean, variance, coefficient of skewness, coefficient of kurtosis, and order statistics, have been
thoroughly explored. Parameter estimation was conducted using the method of moments and maximum
likelihood estimation. Applying the finite Erlang mixtures to a real dataset demonstrated that they provide
superior fits compared to other mixed finite distributions.
For future research, it is recommended to construct additional finite Erlang mixtures using various mixing
weights and probability distributions and to further explore their applications in different contexts.
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Figure 1: The pdfs for the Erlang distribution and the 3 cases of the mixed Erlang finite mixture using the relief
times’ data set.
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